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PREFACE. 



Algebra is a means to be used in other mathematical 
work ; it develops the mathematical language^ and is th& 
great mathematical instrument. If the student would be- 
come a mathematician^ he must understand this language 
and possess facility in handling the various forms of literal 
expressions. 

Attention is called to the sequence of subjects as herein 
presented. Involution is introduced as an application of 
multiplication, evolution as an application of division, and 
logarithms as an application of exponents. Throughout the 
book the student is led to see that one subject follows as an 
application of another subject. The beginner is led to see at 
the outset that Algebra, like Arithmetic, treats of numbers. 

Algebraic terms and definitions are not introduced until 
the student is required to put them into actual use. Correct 
processes are clearly set forth by carefully prepared solutions, 
the study of which leads the pupil to discover that method 
and theory follow directly from practice, and that methods 
are merely clear, definite, linguistic descriptions of correct 
processes. • 



iv PREFACE. 

The book is sufficiently advanced for the best High 
Schools and Academies, and covers sufficient ground for 
admission to any American College. 

Great care has been given to the selection and arrange- 
ment of numerous examples and problems. These have 
been, for tlie most part, tested in the recitation-room, and 
are not so difficult as to discourage the beginner. 

It remains for the author to express his sincere thanks 
to W. H. Hatch, Superintendent of Schools, Moline, 111. ; to 
Professor W. C. Boyden, Sub-Master of the Boston Normal 
School, Boston, Mass. ; and to 0. S. Cook, connected with 
the literary department of Messrs. Silver, Burdett & Co., for 
reading the manuscript and for valuable suggestions. 

GEORGE LILLEY. 

Washington Agricultural College and 
School of Science, 

Pullman, "Washington, June, 1892. 
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ELEMENTS OF ALGEBRA. 



CHAPTER I. 
FIRST PRINCIPLES. 

1. In Algebra figures and letters are used to represent 
numbers, instead of figures, as in Arithmetic. 

Thus, we may use x to represent the number of dollars in a man's 
business, the number of cents in the cost of an article, the number of 
miles from one place to another, the number of persons in our cIeiss, 
etc. 

In Algebra, the letter x is reasoned about and operated upon just 
the same as the numbers which it represents are reasoned about and 
operated upon in Arithmetic. 

2. SymbolB of OperatioiL The signs -f, — , X, and -r-, 
are used to denote the algebraic operations addition, sub- 
traction, multiplication, and division, that in Arithmetic 
can actually be performed. + is read 'phis; — is read 
minus; X is read w.ultiplied by ; -f- is read divided hy. 
A dot or point is sometimes used instead of the sign X . 
Thus, a Xh and a • h both mean that a is to be multiplied 
by h. The multiplicand is usually written before the 
multiplier. 

Division in Algebra is more frequently represented by 

placing the dividend as the numerator, and the divisor as 

1 
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the denominator of a fraction. Thus, a -^ J, or - , means 



that a is to be divided by 6. Eead a divided by b, 

Kote. Do not read such expressions as — , m over n; it is meaningless. 

3. We must be careful to distinguish between arith- 
metical and algebraic operations. The former can actically 
be performedy whereas many operations in Algebra can only 
be indicated. 

Thus, suppose a man owes 9 5 for a vest and i 20 for a coat, actual 
addition gives 925 as his total indebtedness. But if the number of 
dollars he owes for the vest be represented by m, and the number of 
dollars that he owes for the coat be represented by n, his entire debt 
can only be indicated. In order to show that the number represented 
by m is to be added to the number represented by n, we use the sign 
+ written between them ; thus, m + n. 



Exercise I. 

Eead the following algebraic expressions : 

1. a + 100 ; a + 10 - 2 ; 6 - 2 ; J - 100 + 8. 

2. a + b; m + n + 6 ; m + s — r; a ^ b -\- m. 

3. c-f2x5; c — 10x2;s-7iXr — 20. 

/» 

4. q + t + 8xm; c + m-i-n — s^q; {-c-r-a^p + t'X. 

Indicate by means of algebraic expressions the following: 

5. The sum of m and n. The difference between 79. 
and n. The sum of x, y, and cu 

6. The sum of m, n, and r diminished by t If you had 
m cents, earned n cents, and are given r cents, and then 
spend t cents ; how many cents will you have left ? 
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7. John has m apples, Henry has n apples, and Charles 
has b apples ; express the number of their apples. How 
many more have John and Henry than Charles ? 

8. If you buy goods for a dollars and sell them at a gain 
of b dollars, express the selling price. 

9. I buy goods for m dollars and sell them at a loss of 
n dollars ; express my selling price. 

10. Henry had x marbles ; he gave John m marbles, and 

Charles n marbles. How many had he left ? 

* 

11. I pay n cents for a reader, x cents for a history, y 

cents for a grammar, 6 cents for car-fare, and have m cents 
left ; express the number of cents that I had at first. 

12. A boy earned a dollars, then received m dollars 
from his father, n dollars from his mother ; and spent k 
dollars of what he had for books, x dollars for a coat, and 
y dollars for a sled. Express the number of dollars he had 
left. 

4. The Sign of Multiplication is generally omitted in 
Algebra, except between figures. Thus, 

5 ah means 5XaXh\pr8tuz means pXrXsXtXuXz; 
2 • 3 • 4 • 5 means 2 X 3 X 4 X 5, or 120. 

Again, if the number of gallons in a cask of cider is represented by 
a, and the number of cents in the cost of one gallon is represented 
by m, then the nurnber of cents in the cost of n casks is represented 
by amn. 

5. In the expression o -{- 2 ah — a -\ — — ; 5, 

2 ab, a. — , and -m— are called Terms. 
n ooc 
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Exercise 2. 



Bead and state the meaning of the following algebraic 
expressions : 

772/ 71 

1. 5 a 6 a; H ah. Eesult : 5 times a times b times 

c 

X, plus m times n divided by c, minus a times b ; etc. 

2. kl + \- zr : par s + abed + m 71X7/ — 80. 

en 

_ 7 ^,OfCLxaoca r\ t t . •* t 

3. amnpgr — caXo+ f^ : 26a4-ll— r. 

owyz mnojp 

qfn 77, 

4 5x — ^+12»7rs^-6AA;-T-a + 100;?. 
ah 

^ Sabd— 10 mnr + lmnrst 

ad — t 

n 7 . «— ^ . 2afe . 2xycd . ft+s c+x—b , , b+y 
4 y u X a I 

6. It is customary to write the letters in the order of 
the alphabet. 

In a product represented by several letters and numbers, the num- 
bers are written first. Thus, 

cX6XaX5X3 is written 3 !x 5 a 6 c ; both mean 15 a 6 c. 
Also, sXrXnXmX 25 is written 25 m n r s. 



Exercise 3. 

Write algebraic expressions for the following : 

1. The product of x, y, and z\ of m, n, and 5 ; of 3 and 
xy\ of 5, a, 6, and 3 X wi ti. 

2. The product of a and b divided by their sum. Their 
product divided by their difference. 
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3. The product of m, n, r, and 25 divided by the sum of 
m and n. The same product divided by the dilBFerence of 
m and n, 

4. A travels at the rate of 3 miles an hour ; how many 
hours will it take him to travel 30 miles ? How many 
hours to travel a miles ? To travel m n miles ? To travel 
60 amn miles ? 

5. A man bought 18 loads of wheat, of m bushels each, 
at n cents a bushel ; how many cents in the entire cost ? 

6. In example 5, suppose that he sold the wheat at a 
gain of r cents a bushel ; how many cents did he gain ? 
How many cents in the selling price ? 

7. In example 5, suppose that he sold the wheat at a 
loss of a cents a bushel ; how many cents would he lose ? 
how many cents in the selling price ? 

8. A man bought a boxes of peaches, each containing b 
peaches, at c cents a peach ; and m baskets of grapes, each 
containing n pounds, at r cents a pound. How many cents 
did he pay for both ? 

9. A man worked n hours a day for m days, at a cents 
an hour. With the money he bought a coat for x cents ; 
how many cents had he left? 

10. One boy sold a apples at c cents each ; another sold 
n peaches at m cents each ; a third sold r pears at t cents 
each. How many cents did they all receive ? 

11. I buy 5 tons of coal at $10 per ton, and pay for 
it in cloth at $ 2 per yard ; how many yards will it take ? 
I buy a tons of coal at b dollars per ton, and pay for it in 
cloth at m dollars a yard ; how many yards will it take ? 
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12. A man works n weeks at b dollars a week, and his 
son works m weeks at r dollars a week. With the money 
they pay for c cords of wood at d dollars a cord; how many 
dollars have they left ? 

13. If 5 cords of wood cost $15, how many dollars will 
3 cords cost? If c cords cost $m, how many dollars will 
n cords oost ? 

14. A man drove 3 hours at the rate of 10 miles an 
hour ; how many hours will it take him to walk back at 
the rate of 6 miles an hour ? If he drives 3 days n hours 
each day, at the rate of t miles an hour, and 5 days m hours 
each day, at the rate of s miles an hour, how mauy hours 
will it take him to return over the same distance, at the 
rate of r miles an hour ? 

15. If you buy t tons of coal at the rate of $d for n 
tons, and sell it at a loss of $ Z on each ton, how many 
dollars will you receive ? Suppose you sell at a gain of 
$& on each ton, how many dollars will you get for it ? 
Suppose you sell all of it for r dollars, and make a profit, 
how many doUara profit will you get ? 

7. Symbols of Selation. The signs =, >, and <, are 

used for the words, equals, is greater than, and is less than, 
respectively. 

Symbols of Aggregation. The signs (),[],{}, and , 

are used to show that the terras enclosed by them are to 

be treated as one number. They are called parenthesis, 

bracket, brace, and vinculum, respectively. Thus, 

(2 a + b)(Sx - y), [2 a + h]lSx - y], {2 a + 6} {3 a; - y], 
2a-f-6x3a; — 2/, each shows that the number obtained })y adding 
the terms 2 a and b is to be multiplied by the result obtained by 
subtracting y from 3 a;. 



k 
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FIRST PRINCIPLES. 

Symbols of Abbreviation. The signs (of deductioD) 
(of reason) '.', and (of continuation) ...., are used for the 
words, herice or ihereforty since or becatcse, and so on, 
respectively. 

8. Since 81 = 9 X 9, or written 92 for brevity, 81 is 
called the second power of 9. Since 27 = 3 X 3 X 3, or 
written 3^ for brevity, 27 is called the third power of 3. 
Similarly a^, (m v?), {in -h n)^, are called second powers of 
a, mn, and m -\- n\ also a?, (mn)^, {m + v)^, are third 
powers of a, m n, and m + n, c? means a x a\ a^ means 
a X a X a ; etc. In general, a" is called the nth power of 
a, read a nth power. 

9. In the expression a? + b^c^ — 3 :c" ; 2, 4, 5, and n 
are called Exponents, b^c^ means bxbxbxbXcXc 
xeXcXc; 4 and 5 are used for convenience to show how 
many times b and c are used as factors. 

We must be careful to keep in mind the meaning of each indicated 
operation when reading an algebraic expression. Thus, the expres- 
sion 5 3^ y^ — 2 a^b (a"^ — b^)^ -I- 3 a* c* rf"* means, five times .the thinl 
power of X times the second power of y, minus two times the fourth 
power of a times h times the fifth power of the expression in the 
parenthesis, a seventh power minus h sixth power, plus three times 
the fifth power of a times the fourth power of c times the with power 
of d. 

Exercise 4. 

Eead the following : 

1. w^; 3m5^; SmV/; nbAlh^; ab^ + b, vi^-n^; lOaVr^. 

2. m^n^ -h 5aHxy — 3 7n^^a^; mhi^ - 2abm.n + a^UK 

3. 10 {a 6)10; {m^n^ {m nf ; {cfi - nf-, {m^ - 3 n)\ 

4. (m 71 - m3)8; 3 a^ b (ci - b^: {a^ -f V^) {a^ - b^f. 
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5. 3 a»5»; 3 (a 6)" ; ^2 (j5 _ ^ _ ^7yo (^^3 ^^8) (^ ^)6 

6. (10 m + n^) (10 n^ - m^)^ <lba(x- ff (x + y)^ ; 

a2 + &3 ^_ ^4 + ^7 (c6 ^ ^^3)4 
— \, oi* ^ — • 

7. •.•a + 2:c = 6 + ic, .-.3; = ^^ — a; (a"* — c")2 = (m^ + 7i2)2, 
•.- or - e = vi^ + n^; m* - it-s = 2 a^ - 2 m^, .'. ^ = m^ ; 
ic4-^H-^ + a:4-....t0 7i terms = nXj aXaXaXaX 

....* to n factors = a"; 1 + .2; + a.-^ + o.-^ + .... = ; 

air^— 1) 1 — ^ 

a + ar + a /"^ H- a?'3 + .... to n terms = -^^ r-^. 

r — 1 

Write algebraic expressions for the following : 

8. The sum of m and n. The double of x. The second 
power of the sum of a and 6. The second power of diflfer- 
ence between x and y. Five times the third power of the 
difference of x and y. 

9. The second power of the sum of x second power 
and y. The second power of the sum of x and y second 
power. The product of the fourth power of x, the third 
power of y, and the second power of m. The product of 
the first power of x and three times the nth power of y. 
The product of x second power plus y second power, and 
X second power minus y second power. 

10. The product of the sum of x second power and y 
by n a. Five n third power minus seven m n plus six a 
second power, m third power minus two times h second 
power c plus n fourth power is equal to n times y, 

11. Seven times m fourth power times n second power 
minus two times n seventh power times m third power 
plus three times a third power times h second power plus 
eight times a second power times h third power plus five 
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times a fifth power. Since a plus h equals m minus n, 
therefore the second power of a plus b is equal to the 
second power of m minus n, 

12. Therefore, x is equal to m third power, because x 
plus three m third power is equal to two x plus two m 
third power, a plus a plus a, and so on to n minus two 
terms, equals n minus two times a. The second power 
of m plus '/I, divided by m minus n is less or greater than 
m times a plus h plus c plus d plus e. a less than 5 is 
equal to m greater than n. 

13. A horse eats a bushels and an ox 6 bushels of oats 
in a week ; how many bushels will they together eat in n 
weeks ? If a man was a years* old 50 years ago, how old 
will he be x years hence ? 

10. The Numerical Value of an algebraic expression is 
the number of positive or negative units it contains, and is 
found by giving a particular value to each letter, and then 
performing the operations indicated. Thus, 

If a = 3, 6 = 4, a: = 5, t/ = 6, find the numerical values of : 

Replacing the letters in each expression by the particular values 
given for them, we have 

Process. 4a^b^ = 4xS^X4^ 



= 4 X 9 X 64 
= 2304. 



9bx^ 9 X 4 X 58 



25a8|/2 25X38X62 
9 X 4 X 125 



25 X 27 X 36 
_20 
"27" 

11. If one factor of a product is equal to 0, the whole 
product must be equal to 0, tvhatever values the other factors 
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may have ; and it is also clear that no product can be zero 
unless one of the factors is zero. Thus, a & is zero if a is 
zero, or if h is zero; and if a 6 is zero, either a or & is zero. 
Again, if ic = 0, then a^l^xys? =■ 0, also a x {jf^ + & z •\- a^) 
= 0, whatever be the values of a, 6, y, and z. 

Exercise 6. 

If a = 6, 6 = 2, c = 1, ic = 5, y = 4, find the numerical 
values of the following algebraic expressions : 

1. 3c2; 72^; 5a6; ^xy\ 8^3; 3 a;^; ^; 7y*; ac^O; 3c6* 

2. 9 6*; 2ax\ ^; 10 x^; \i/\ 5b y; Ja^; ^abcxy, 

3. ^2 c^; ^ aa;; 7 c^ ; f a^ ; a*^^^; 8 a^^ 2^ ; ^acxy. 

If m = 2, 71 = 3, ^ = 1, 5 = 0, r = 4, s = 6, find the 
values of: 

4 ^^^^^ . ^^2^. 4ps2. Smn\ 6m> , gm^g 

Example 6. Find the value of 5 6« + ^ari/ — 5 a* — fa^ft', 
when a = 2, 6 = 3, as = 5, and y = 10. 

Replacing the letters in the expression by the particular values 
given for them, we have 

ProcesB. 

56« + T%an/-5a2-faW = 5X33+y%X5X 10-5 X S*- j X 2« X 3* 

= 5X 27 4-3X5 -5X4-3x27 

= 49. 



Example 7. Find the value of m n y* 4- m^n xyt + 7nWr*8 



nv^rfi 



4t/^ * 
when m = 5, w = 2, ?• = 3, 8 = 4, a; = 0, and y = 1. 
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FroceBS. 

mny^+mhixyt+mhih's--^-^ = 6X 2 X l^+O + S^X 2» X 3*X4- ^ ^ ^^ 

26X8 
= 5 X 2 X 1 + 25 X 8 X 8 1 X 4 - -r— -r 

4X1 

= 10 + 64800 - 60 
= 64760. 

If a = 1, & = 2, c = 3, and d'= 0, find the numerical 
values of the following algebraic expressions : 

8. 10a — 46 + 6c + 5rf; ab + bc + ac — da, 

9. 6ab — 3 cd + 10 ad" 2 b c+2bd; 2bc+ 10c d. 

10. a«+62 + c2_^. a6c+10 6c6^ + 5acc?+3a6d. 

11. a* + 68+ c2~rf; +56-8C + arf; -40arf + a6. 

12. 5a+3c-664-6d; 36cd + 2acd-10a6d. 

13. 5 6c8 + a8 + 68-1.25a63c: 15 ^2^ j_l,;4^ 10 a J. 

6 a^ M 1 n^ 

/yo fl n 1ft 

15. 125 a6 crf*m + ^ - -— ; a* + 6^ + ^s + iPx. 

80 x 

16. f a^s + ^a J2c- ?-*; 3 a^ja^^ + ^ ~ ^• 

17. |ac»rf«-|a'63rf-+|;/^a6-J+^. 

18. |..6c+fc3^5« + ?^;|-^ + ^^ + ^^ + faV^s^. 

19. JatZy + J a — f rt2^3^2^. /3^^5.j 1. 

12. Negative Knmbers. if a person owes a debt of ten dollars, 
and has but six dollars in money, he can pay the debt only in part. 



12 
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For his six dollars in money will cancel only six dollars of his debt, 
and leave him still owing four dollars; we may consider him as be- 
ing worth four dollars less than nothing. The total number of dol- 
lars that he is worth may be represented by — 4, because it will take 
four dollars in addition to the six dollars to pay the debt. If a person 
gains eight dollars and loses eleven dollars, the number of dollars in 
his net loss may be represented by — 3, because it will take three dol- 
lars in addition to the gain to balance the loss. Similarly, if he gains 
100 dollars and loses 120 dollars, the number of dollars in his net loss 
may be represented by — 20. To enable us to represent these num- 
bers, it is necessary to assume a new series of numbers, beginning at 
zero and descending in value from zero by the repetitions of the unit, 
precisely as the natural series ascends from zero. To each of these 
numbers the sign — is prefixed. The negative series of numbers is 
written thus : 

.... -10,, -9, -8, -7, -6, -5, -4, -3, -2, -1, 0. 

For convenience the algebraic series of numbers is represented as 
follows : 

Scale of Numbers. We may conceive algebraic numbers 
as measuring distances from a fixed point on a straight line, 
extending indefinitely in both directions, the distances to 
the right being positive, and the distances to the left nega- 
tive. From any point on the line, measuring tovjard the 
right is positive and toward the left negative. 



+ 
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In the above illustration consider A the zero or stai-ting-point on 
the scale of numbers, and the distance between any two consecutive 
numbers one unit. The distances to the right and left of A are posi- 
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tive (-h) and negative (— ), respectively, as indicated by the direc- 
tions of the arrows. 

To add + 9 to + 4 (read 9 and 4 in the positive series) j we start at 
4 in the positive seriesy count nine units in the positive direction^ and 
arrive at 13 in the positive series. That is, + 4 + (+ 9) = 13. 

To add + 9 to — 4 (read 9 in the positive series and 4 in the negative 
series), we begin at 4 in the negative series, count nine units in the 
positive directiaa, and arrive at 5 in the positive series. That is, 
-4 4- (+9) = +5. 

To add — 9 to + 4, we start at 4 in the positive series, count nine 
units in the negative direction, and arrive at 5 in the negative series. 
Thatis, +4 + (-9) = -5. 

To add — 9 to — 4, we start at 4 in the tiegative series, count niyie 
units toward the left, and arrive at 13 in the negative series. That 
is, -4+ (-9) = -13. 

To subtract -\- 9 from + 4, we start at 4 in the positive series, count 
nine units in the negative direction, and arrive at 5 in the negative 
series. That is, + 4 - (+ 9) = - 5. 

To subtract + 9 from — 4, we begin at 4 in the negative series, 
count nine units in the negative directimi, and arrive at 1? in the 
negative series. That is — 4 — (-f 9) = — 13. 

To subtract —9 from +4, we begin at 4 in the positive series, 
count nine units in the positive direction, and arrive at 13 in the posi- 
tive series. That is, + 4 — (— 9) = -f- 13. 

To subtract — 9 from — 4, we start at 4 in the negative series, count 
7iine units in the positive direction, and arrive at 5 in the positive 
series. That is, — 4 — (—9) = + 5. 

13. The sign + is often omitted before a number in the positive 
series. Thus, the numbers 3, 5, and 6, taken alone, mean the same 
as (+3), (+5), and (+6), showing that the numbers are in the 
positive series 

The sign — must always be written when a number is in the 
negative series. Thus, the numbers 3, 5, and 6, taken in the negative 
series, are written (- 3), (- 5), and (— 6). 

The Algebraic Signs + and — mark the direction that 
the numbers following them are to take. These signs are 
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used to indicate opposition (opposite direction), also opera- 
tion. The former is called the positive, and the latter the 
negative sign. 

An Algebraic Number is one which is represented by an 
algebraic term with its sign of direction. Thus, + 3,-3, 

— a, and + ba are algebraic numbers. 

Absolute Value shows what place a number has in the 
positive or negative series. Thus, + 3 and — 3 have the 
same absolute value ; that is, three %vnits. 

Absolute Numbers are those not affected by the signs + 
or — . 

Example. • The meaning of an algebraic expression, as 

3aj2+(-2a6)-[c-(-i()], 
is explained thus : 

To 3 x^ units in the positive series add 2 ah units in the negative 
series, ^nd from their sum subtract the expression in brackets, c in the 
positive series minus y in the negative series. The signs written 
before the terms (—2 a 6), (— y), and before the bracket, indicate 
operation. The sign written before 2 ah and t/, also the sign under- 
stood before 3 x^ and c, indicate opposition. 

Exercise 6. 

1. Over how many units and in what series of numbers 
would a point move in passing from + 3 to — 8 ? — 10 to 
+ 1? +5 to +15? -12to-l? -lto-12? 15 to 5? 
9 to 9? -5 to -5? 

2. Which is the greater, or — 6 ? 3 or — 3 ? — 5 or 

— 3 ? + 10 or — 1 ? + 50 or — 50, and how many units ? 

3. How many units is + 6 greater than 0, + 3, — 3, — 6, 
and — 5 ? How many units is — 5 less than 5 ? How 
many units is a less than b ? 
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4 If a point start at (+ 3) and move three units to the 
right, then five units to the left, where is it ? Express its 
distance from 0. 

5. Suppose a point start at (+ 2), and move six units 
to the right, then eleven units to the left, where is it ? 

6. Where is the point which, starting at (— 5), moved 
(— 3), then (+ 8) ? Express its distance from the starting- 
point. 

7. Suppose a point starting at + 3, move + 2, then — 7, 
then + 5, then — 6, then + 10, then — 11, where would it 
be ? Express its distance from + 3. 

Explain the meaning of : 

8. 2 [3 6 + (- 5 a)] - 5 [(- a) + {+ 6)]. 

9. (+Sx) + [+ Sx- (+ 12 y) + (- a;) - (By)]. 

Also the meaning of the signs + (as used or understood) 
and — . 

Explain the meaning of: 

10. 6a6A2 + (+aH^) + (+a^h^(y^) + {-a^h^ + (+a^lfi) 
+ 20 a2j2c2 + (- aH^) + (- aH^. 

11. a^A? + (-^fx^^) + (+ a« ofi) + i-yoc) + m? n^ 
- (+ a}^ m»). 

12. + (+ a^) - (+ &8) ~ (+ aS) - (+ 68). 

13. (x + y)2 + {a + xf - (a; + yf - (a + x)\ 

Find their numerical values when a = 6 = c = m = n = A; 
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Read the following expressions, and find their numeri- 
cal values when a = 0, b = 1, c = 2, d = B, e = 4, 
n = 5, and m = 6 : 

14 (^^{+c)-{+ n«) (+ c) ^ (+ d^) + a2(+ W) (+ c8). 

15. 3 [e + (+ n)] - 5 {+ c) ^ (a + b) + 2 (+ a) -f- 6. 

16. (+c) [a + (+w) + {+d)- (+e)] - (+ m) -4- (+ d). 

17. [(+OT) -(+d) + (+ m) - (+ e)(+c)] ^ [(+ m) (+6)]. 

18. d^-i-(+d'') + 2(+b')-^(+c')-(+(f')^d-e»>-^{+4:'). 

If a = 5, 6 = 4, c = 3, <i = 2, and e = 1, find the numeri- 
cal values of the following expressions : 

19. (+a2)+(+68)_(+c2)^(.^g6). a*c-a*d;^+d^-^{a^lP). 



20. <»-*); ^+(| + f)^+(|-jL)4; 



_3_.7 
3e + 3c 6* 

If a = 1, 5 = 2, c = 3, (? = 4, e = 5, find the values of: 

€-3 e-2"^r+3' 5^' a24.^2 + c2_^2 ^2 

^^ e'+b^ a2+62 ^4-c2 «2_^72 jc_^^c ^c_^c 



c^-h'' eh c ' h^^d^-^hd' e^-\-ed.-\-d? 

a* + 4a36+6a2Z/2 + 4a&3 + ?,4 28 , 12 



24. aft— 15t>-^5; — ^ ; . 

a + b c-h d b + c 

^^ a*-4a3c+6a2c2-4«c8+^^ ,o . • /o xn nx 
2^- &^-4^3,^e,2,2^4^,^^,. ; 12.-4a^(2aX6)-26. 

26. [(I2e-4a)-f-2a] X6; a^- (a2 64g8) ^ (^^^4) 
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27. — 1— ; , , J -f- — , . , (a + 6) (6 + c). 

28. (& + g) (cH-^) + (c + rf) (^ + ^) + ^2 + ,2^,2_^ - 

29. 12e-(4«-2a)X&-26; 3 ^^^--"''-^^-..^1 

30. 66-^(a — c) — 36? + a6c6^-^24a;c-f5r]^-f-5 
+ a X e. 

Express the following statements in algebraic symbols : 

31. To the double of a add b. 

32. To five times x add b diminished by one. 

33. Increase b by the sum of a and x divided by y. 

34. Write x, a times. 

What is the sum of ic + x + ,r 4- , • . . written a times ? 

35. Write three consecutive numbers of which n is the 
least. 

36. Write five consecutive numbers of which m is the 
greatest. 

37. Write m, a minus 1 times ; also m plus n times. 

38. Write seven consecutive numbers of which x is the 
middle one. 

39. Write a, icth power, minus y, nth. power. 

40. To the double of x, increased by a divided by b, add 
the product of a, &, and c. 

41. To the product of a and b add the quotient of x di- 
vided by a, and divide their sum by y diminished by c. 
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42. Write a exponent n plus the quotient of x divided 
by y, minus h times the quotient of h divided by the ex- 
pression, a exponent c plus 6 exponent m, is greater than h 
minus x^ 

43. Write x fifth power minus 6 sixth power plus y to 
the ?nth power, divided by z to the nth power, is less than 
2' tenth power. 

44. Write a to the nth power divided by 6 exponent rtiy 
minus x exponent n, equals a minus 6, divided by the sum 
of a second power and h third power. 

45. Write c fourth power divided by a second power, 
^ minus the product of x and y, plus x ..,. written n times, 

equals a exponent m. 

46. X exponent m, plus the fraction, a fifth power minus 
three times a second power 6 third power, divided by x 
minus y, equals x minus y, added to the sum of 4 a and 6 
minus m, plus 1 divided by x to the nth power. 

47. Five times the third power of a, diminished by 
three times the third power of a times the third power 
of 6, and increased by two times the second power of h, 

48. Three times x exponent 2, minus twice the product 
of X exponent 3 and y, plus the third power of a. 

49. Six times the third power of x multiplied by the 
second power of y, minus a exponent 2 times the fourth 
power of &. 

50. a times the second power of n, divided by x minus 
y, increased by six a times the expression x plus y 
minus z. 
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CHAPTEE 11. 



ALGEBRAIC ADDITION. 



14. In Art. 12 it was shown that to add a positive 
number means to count so many units in the positive di- 
rection^ and to add a negative number means to count so 
many units in the negative direction. 

In Algebraic Addition of several numbers, we count from 
the place in the series occupied by any one of the num- 
bers, as many units as are equal to the absolute value of 
the numbers to be added and in the direction indicated 
by their signs. Thus, 

Example 1. Find the sum of 3 a and — 9 a 

Solution. 3 a signifies a taken 3 times iii tbe positive series, and 
— 9 a signifies a taken 9 times in the negative series. We count from 
+ 3 a, 9 a units in the negative direction, and a is taken in all 6 times 
in the negative series, or — 6 a. That is, 3 a + (— 9 a) = - 6 a. 
Similarly (+ 9 a) + (- 3 a) = + 6 a. 



Example 2. Find the sum of a, 2 6, and (— 3 c). 



>+ 




+2^ 



-3CI<. 
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Explanation. Suppose these algebraic numbers to be accurately 
meaciured as represented on the line of numbers A C7. Start at B^ 
then count 2 6 wmJU in the 'positive direction and arrive at C Now 
count 3 c vmiU in the negative direction, and arrive at D in the posi- 
tive series. 

Thus, (+ a) -^ (+ 2b), or a + 2h = A G ; 

a+26 + (-3c),ora + 26-3c = ^Z>. 

The sum of the algebraic numbers is equal in absolute value to 
il D in the positive series. That is, 

(+ a) + (+ 2 6) -f- (- 3 c) = a + 2 6 -- 3 c. Hence, 

The sum of several algebraic numbers is expressed by con- 
necting them with their 'projper signs. 

Notes 1. The sum of several algebraic numbers is the excess of the num- 
bers in the positive series over those in the negative series, or the excess of the 
numbers in the negative series over those in the positive series, according as 
the one or the other has the greater absolute value. Thus, in Example 1 the 
algebraic sums are —Qa and + 6 a. In Example 2 the algebraic sum is ^ 2> 
in XYiQ positive series. 

2. The sum of algebraic numbers is the simplest expression of their aggre- 
gate values. 

3. Algebraic addition is not always augmentation as in arithmetic. Thus, 
(+ 7) 4- (- 5) = 2 ; also (+ 8) + (-i2) = - 4. 

15. A Coefficient of a term is a factor showing how 
many times the remainder of the term is taken. Thus, 

In the term 5a6w, 5 is the coefficient of abm, and shows that 
abmh taken 5 times ; 5 a is the coefficient of 6 m ; bab is the co- 
efficient of m. In the term 4 m (a 6 - 2 a), 4 is the coefficient of 
m (a 6 — 2 a) ; 4 m is the coefficient of (a 6 — 2 a) . 

Note. A coefficient may be numerical or literal. When no numerical 
coefficient is expressed, 1 is always understood to be the coefficient; as, ar ; x^. 

Like Terms are those havinp; the same letters affected 
with the same exponents. Thus, 
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2m^na?f^y rn^nx^y^, and — 10m^n5c*y* are like terms, as are 
also bx^^y^z' and — 3x^°y'2*; but Sx^y^ and bx^y^z^ are un- 
like terms. Like teims are said to be tuuilar. 

A Monomial or Simple Expression consists of one term : as, 
x; 10 a be, — 5 a^ar*. 

16. To Add Similar Monomials. 

I. When all the Terms are Positive or Negative. Add 
the numerical coefficients; to the sum, annex the common 
symbols, and prefix the common sign. 

II. When Some of the Terms are Positive and Some are 
Negative. Add separately the numerical coefficients of all 
the positive terTos and the numerical coefficients of all the 
negative terms; to the difference of these two results, annex 
the common symbols, and prefix the sign of the greater sum. 

Example 1. Find the sum of 10 ay*, — 3 ay*, 4x2/*, — 11 ay*, 
and —17 ay*. 

Explanation. For convenience write the terms 
as shown in the margin. The sum of the coeffi- 
cients of the positive terms is 14, and the sum of 
the coefficients of the negative terms is 31. The 
difference of these is 17, and the sign of the 
greater sum is negative. Hence, the required 
sum is — 17 ay*. 



Process. 

-f 10 a y* 
+ 4ay* 

— 3 ay* 

— Hay* 

— 17 a y* 

— 17ay* 



Example 2. Find the sum of (a + y), 1.1 (a^ + y), - 2.9 (a -f- y), 



.29 {x + y), -i (a; + y), and 1.26 (a + y). 

Explanation, (a+y), enclosed in parentheses, 
is treated as a simple symbol. The coefficients 
of (a + y) are 1, 1.1, 2.9, .29, J, and 1.26. The 
sum of the coefficients of the positive terms is 3.65, 
and the sum of the coefficients of the negative 
terms is 3.15. The difference of these is .5, and 
the sign of the greater sum is positive. Etc. 



Process 

+ (a^ + y) 
1.1 (a-f-y) 

+ .29(a + y) 

+ 1.26 (a + y) 

-2.9 {x + y) 

- ii^ + y) 

+ .5 (a + y) 
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Exercise 7. 

Find the sum of: 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 



+ 2 a), (+ a), (+ 4a). (+ 3a), (+ 5a), and (+ .la). 
+ 5 a «), (+ 2 a x), (+ 6 a a;), (+ a x), and (+ a x). 
+ 6 c), (+ 8 c), (+ 2 c), (+ 15 e), (+ 9 c), and (+ c). 
— 6abe), (+4rtJc), (+abc), (—2abc), and (+5a6c). 
-|a^), (-fo,^), (-1^), (-Ja;2), and (-a;^). 
+ § ic), (- I a;), (+ I a;), (- 2 a;), (+ | a;), and (+ x). 
+ 3 a8), (- 7 a3), (- 8 a% (+ 2 a^), and (-11 a*). 
+ 4a2 62), (-an2), (-'Ja^l^, and (+.5a2 62), 
+7a6crf), (+ 2ahcd), (—l.labcd), and (— 4.1a6cd). 



10. + (6 + c), - .01 (6 + c), +.7(b + c), - 10 (& + c), 
and +iib + c). 

11. +10(,r-y)3, -{x-yf, +. 01 {x-yf, -.2{x-yf, 
and — 3 (a; — y)^. 



12. + 



KO'-t(0'-KO'--"(0' 



17. If the monomials are not all like, combine the like 
terms, and write the others, each preceded by its proper 
sign (Art. 14). 

Example 1. Find the sum of (+ 7 x), (+3 6 y^, (- 2 x), (-5 6 y% 
(+ 4 x), (- 8 h y2), (-h 9 x), (+ h y% (-f 1 1 ic), and (- 6 1/2). 
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Zizplanation. For convenience, write 
the expressions so that like terms shall stand 
in the same column, as in the margin. 
The sum of the terms containing x is 
+ 29 a;, and the sum of those containing 
b y^ is — 10 6 y^. Hence, the result is 
+ 29x-l0by^. 



Process. 

+ 7x+ 3 6 2/2 
- 2^~ bby'^ 
+ 4x- 8 6y2 

+ 9x+ by^ 
+ lla;~ 6yg 
+ 29 a; - 10 6 2/2 



Example 2. Find, the sum of + .05 (a + 6), — .01 (m-\-n), 
+ 7 (a + 6), - 3 (m -f n), - 11 (a + 6), and + 10 (m -}- n). 

Explanation, (a + b) and (m -f t^), 
enclosed in parentheses, are treated as 
simple symbols. The sum of the like 
terms containing (a+6) is —3.95 (a-f-6). 
The sum of the like terms containing 
(m + 7i) is + 6.99 (m -f n). 



Process. 

+ .05(a + 6)-. .01(m-fn) 
4- 7 (a-h6)- 3(m + 7i) 

- Il(fl4-fe)+ 10(^ + ri) 

— 3.95 (a -}- 6) + (5.99 (m -+- w) 



Exercise 8. 

Find the sum of : 

1. (+ .3 x), (+ .5 y), (+ .01 a), (+ 3 y), and (- 7 ir). 

2. (H-}a), (-ia6), (+ | rr), (+ A«&X and (- J «). 

3. (+ 5 c2 ^2)^ (_ 2 a8^), (- 2 c2^), (+ 10 a^ x), (+ 8 c2 r^), 
(— 4 a^ ic), (— 4 c^ a?2), and (+ 4 a^ ic). 

4. (+ I ^), (- J a 2^), (+ V '^^). (+ ^ « &)» (+ 1^^^), 
(+^^^), (+Ja6), (-1^), (-i«^), and (+fa&). 

5. 7a, — 3(a; — y), 8a, .3(:c — y), .03 (a; — 3/), and —.la. 



18. A Polynomial or Compoimd Expression consists of two 
or Toore terms. 
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Example. Find the sum ofSax— .ly + 5, .7 ax-{-y — afn—9j 
and — .3 // X — 1.02 y + 5 p — .3. 

Process. Sax — .ly +5 

.7 ax+ y — am — 9 

-.Sax- 1.0-2 y — .3 + 5p 

HAax— .12 y — am — 4.3 -\- b p Hence, in general. 

To Add Polynomials. Write tJie expressions so that like 
terms sluill siaiid in tlie same column. Find the sum of the 
terms in each column, and connect the results with their 
projper signs. 

A polynomial may be regarded as the sum of its monomial tenns. 
Thus, the sum of the terms (-f a), (— 6), and (—3 c) is « — 6 — 3 c. 
Hence, the sum of two or more polynomials whose terms are all 
unlike is expressed by writing their terms with their respective signs. 
Thus, the sum of a — b, c — d, and m + 7i — x is a — b + c — d 
-\- m -{- n — X. 

Exercise 9. 

Find the sum of: 

1. 2x-\-y, 5x-{-3y, — Sx — 2y, and •— 4 ar + 3 y. 

2. 5x + 3y+3a, —Ix + Ay — Sa, and 2 a? — 3 y. 

3. 36-3 c, 2c-2;r, 3c-7 6, and 4:h-2c+3x. 

4. 14a + X, 13h — y, —11 a -\- 2y, and a; —2 a — 12 J. 

5. ax — 4:mn -]- bd, bd — ax — 3mn, 7 m n ^3 ax 
+ 3bdy and 5mn — 30ax — 9bd. 

6. a — 6, 2 b — c, 2 c — d, 2d — 3a-\-n, and m — n + x. 

7. ab c + 3 abm — 5 cm, 3 cm -\- 11 abm + 9 ab c, 
90abm — 21cm — 31abc, and 3cm — 51abm + 13abc. 

8. m + n+p, m — n—p, m^n+p, and m-{-n—p. 
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9. a + b + c + d, a + h + c—d, a + 6— c + rf, a^b + c + d, 
and —a + b + c + d. 

10. 1.25 a6+ 1.1c + .99 6, and 3 a6 + 2.2 c -h 1.01 6. 

11. JaH- J(i6 + .9 62, |a-^a6-15y*, f a+|a6 
-f .6 62, and .1 a - 1.01 a b 

12. |m2-.2m + J, .lm2 + .01m — .2, m^ + Simw-i, 
and ^ m — 5§ m 7t — 1| m^ — 2^. 

13. xy — ac, 3a;y — 9ac, — 7a;y + 5 ac + 1.01 c<i, 
4 a;y + 6 a c — .09 cd, and — a?y — 2 ac + cd. 

14. .5a3-2a26-f 63, | a26 - .75 a62 + 2 6*, and 

- f a8 + a 62 + J 63. 

15. 3 (//? - 7i)3 + .3 (a; + y)«, .4 (m - n)^ - .2 (x + yf, 
.7(m--7i)8-3.03(a; + y)fi and 5.1(w-n)8-3.1(.^; + y)^ 

16. f>a^V^-%d?¥^a?y^xf, ^a?lfi-1cfi}^-Zxf 
+ 6ic2y, 3a362+3a263-3a;2y+ 535^2^ and2a268 
-a3 62-3aj2y-.3a;2/^. 

17. \aa?-lcfi + lx^y-\-V^^ 3aa^2 + |a^y+ 7.5aa 

+ i63, 2aic2+icX^y-|a2-|68, and T^^^^ + i^^ 
+ ia2-i68. 

18. ac2 + Ja62 + |a8-|a26-f a.6c4-|a2c, Ja26 
+ J 63 + f a62 + \b(?+ 2abc + l^V^c, and 1.1 a^c- 1.2ac2 
+ 162c- f6c2- 1.3 c3+ 1.23 a 6c. 

19. 3.1aj8-4.2rc2 4.i.2aj4-1.7, 2.22 a;3_ 12 a? + 3.33 a; 

- 10.09, 2aj3+7ar5-2aj+l, 3aj8+ 1.22 a^ + 12.12 

- 1.33 X, and 11.11 afi + 5.55 x^ - 6.2 a: + 3.77. 

20. a3 62c3 + a2 63c2+ 3a2&8c8^ 1.8 a3 62c3 - 1.4 a2 ja^s 
+ 1.5 a8 63 c2, 1.5 a^h^c?-^ 1.9 a3 62 c8 + 1.3 a^ 63 c3, and 
1.7a3 62^-1.2a2^^c2 4- 1.01 a2^c3. 
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21. 2C+.l«»4-3&c, .5c"+3.9a"+2.026c, c^+2.09a» 

- ibc, and J6 + f &c- 3.03. 

22. a & — rr + ^ajy, .1 x + ,01 ax — 2.02 a 6, J a a? 
+ i^y — ^a6, 6a; — 1.01 aa; -f .Ix, and ^a:y + | arc 

23. 3 a + .1 y - 7.01 2; + 6.01 y + .2a + Sz- 1.5 a 

- .82; + 9.01a + 3.03 y + z- 4:.Q4:y - 2,01z + 2.2 a- y. 

24 3 a 6 + 9 - ic2 y, it's y + 3 a; y + 5, 6 izjy^ 4. 4 ^.^^ 

- 3a;y, 10xy+l + Sxy^, and 17 - 3^:2^ _ 2a?y. 

25. .5 (m - 3izj)", - J (m - 3a;)*, .75 (w - 3 i»)», and 

- 1.25 (m - 3 a;)". 

26. a2 + 6*+ c8, -4a2-5c», 8a2-76*+ 10 c^, and 
6 6* - 6 c3. 

27. 3a2-4a& + 62+2a + 36-7, 2a2-462 + 3a 
-56+8, 10a6 + 8&2 + 9j, and 5a2-6a& + 362 

+ 7 a - 7 6 + 11. 

28. a^'-4:a^y + 6 a?y^- 4.x f + y^, 4: a?y- 12 0? f 
+ 12xf--4:i/^, Ga^f-Uxf + QT/^, and 4:xf-4:y^. 

29. a8+a&2+ac2-a26-a6c-a2c, a26 + &» + 6^2 

- ab^ — l^c-'abc, and a^c + l^c + c^ — abc — be^ 

- ac2. 

30. 5 a3 - 2 a2 & + 9 a 62 + 17 &3^ - 2 a^ + 5 a2 6 
-4a 62- 12 68, 63-4a62-5a2 6-a8, and 2 a2 6 

- 2 a8 - 6 68 - a 62 

31. a?» — 2/"+3a', 2af* — 3y" — a, and af» + 43/"— a". 
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CHAPTER III. 



ALGEBRAIC SUBTRACTION. 



19. In Art. 12 it was shown that to subtract a positive 
number means to count so many units in the negative di- 
rection, and to subtract a negative number means to count 
so many units in the positive direction. Hence, the addi- 
tion of a positive number produces the same result as the 
subtraction of a negative number having the same absolute 
value. 

Thus, +3+ (+6) = + 3 + 6 = 9. +3- (-6) = + 3 + 6 = 9. 

Also, the subtraction of a positive number produces the 
same result as the addition of a negative number having 
the same absolute value. 

Thus, +4- (+6) = +4-6 = -2. +4+ (-6) = +4-6 = -2. 

We observe that the subtraction of one number from 
another produces the same result as counting or measuring 
from the place occupied by the subtrahend to the place 
occupied by the minuend. Thus, 

Subtract — h from + a ; also + a from — 6. 



^■^a+6 



-a -IK 




±^_^4.-a+/5 



B 



D 



-<: 
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Explanation. Suppose the algebraic numbers to be accurateljr 
measured on the line of numbers C D, We start at B in the positive 
series, count h units in the positive direction, and arrive at D ; and 
the distance fi^om A (0) to D is equal in absolute value to -4 X) in the 
positive direction. But in counting from A io D the absolute value is 
the same as the absolute value in counting from C*(the subtrahend) 
to B (the minuend), and we have coonted in tlie direction opposite to 
that indicated by the sign of the subtrahend. Thus, 

C ^ = + (+ 6) + (+ a) = a + 6. That is, 
(+ a) - (- 6) = a + b. 

Subtracting + a from — b gives the same result as counting from a 

in the positive series to b in the negative series, and the distance from 

^ to C is equal in absolute value to £ C in the negative direction. 

Thus, 

BC = +{-d)-\-{-b) = -a-b. That is, 

(— 6) — (+ a) = — 6 — a, or — a — 6. Hence, 

Algebraic Subtraction is the operation of finding the dif- 
ference from the subtrahend to the minuend. 

To subtract — 5 a from + 2 a is the operation of finding how far 
and in what direction we must go to pass from 5 a in the negative 
series to 2 a in the positive series, and is found, by counting from 
— 5 a to + 2 a, to be 7 a units in the positive direction. That is, 

+ 2 a - (- 5 a) = + 7 a. 

To subtract + 5 a from — 2 a, we count from 5 a in the positive 
series to 2 a in the negative series and pass over 7 a units in the 
negative direction. That is, 

- 2 a - (+ 5 a) = - 7 a. 

These differences may be found by changing the signs of the sub- 
trahend and proceeding as in addition, as shown by a comparison of 
results. Thus, 

Minuend. Subtrahend. By Addition. 

+ 2a-(-5a) = + 7a >j r+2a+(-f-5a) = + 7a. 

-2a-(+5a) = -7a I j -2a + (-5a)=-7a. 
4- a - (- 6) = + a + & f ^^' ^ + a + (4- h) = a + b, 
- b-i+ a)--a-b) \^- b+{- a)--a-b. 
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Hence, in general, 

To Subtract one Algebraic Kumber from another. Change 
the sign of the subtrahend, and add the result to the minuend. 

Notes : 1. Algebraic subtraction considered as an operation is not distinct 
from addition ; for it is equivalent to the algebraic addition of a number with 
the opposite algebraic sign. It includes not only distance but dirtciionf and 
direction depends upon the sign of the subtrahend and which number is consid- 
ered the minuend. 

2. Algebraic subtraction is not in all cases diminution. Tlius, 
8 - (- 2) = 10 ; also 2 - (- 8) - 10. 

Example 1 . Subtract -f 3 a* 6 c m* from -|- 10 a* 6 c m*. 

Solution. Changing the sign of the subtrahend, and proceeding 
as in addition, we have -f 10 a' 6 c m* -h (— 3 a* 6 c m*) = -f 7 a*6 c m*. 

Example 2. Subtract + 27 (x^ - 2/«)« from 13 («« - i/»)». 

Solution. Treating (x* — y')* as a simple symbol, changing the 
sign of the subtrahend and proceeding as in addition, we have 

13 (x2 - ^8)8 -|. [_ 27 (x3 - fy] = - 14 (zs - y»)». 

Exercise 10. 

From: 

1. +9a*&c take —aHc, —14:alPxi/^ take +19al^xy^. 

2. + £cV take -xY ; + 99 m njfirst^^ take +99 mnj^rst^^. 

3. — 10 axy take —axy\ xy^ take —be. 

From the sum of: 

4. - 11 a^, 4- .5 x^, and + 1.25 x^ take + 5.5 ofi. 

5. abc^, — 3 a 6 c^, and -f- .3 a 6 c^ take the sum of 
-a6c8 + 3.03 a 6 c8 and - 1.01 a «) c3^ 

6. 108 mnp^^, — 10.8 m np^^, and + mnp^^ take the 
sum of — 10 m np^^, + 33 mw^^^, and — 108.1 m np^^. 
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7. 5{x + y)y — 2 (x + y)y and + (x + y), take the sum of 

- (^ + y), + 6 (^ + y\ and - 2.5 (x + 3^). 

Find the aggregate value of: 

8. +17aa^ - {-5ax^ + {- 24:aa^ - {+a a^). 

9. + i^axf-^ {+axf)-{'- 5 axf), 

- (+ 3 :i?y) - (- lOa^y) + (- Sa^y). 

11. + i (« + ^)' - [- -1 (« + *)'] + [- (« + &)'] 

12. ^x^ + (+ ia:«) + (-.lic*)-(+^2^a-) + (-|a:-) 
+ (+ 1. 1 a^) - (- 3^ a:"). 

20. Example 1. Subtract 3a6 + Sa^y* - 14a» - 7y« from 
15a8-8i/«+23a»?/. 

Process. 

Minuend ] 5 a' — 8 2/* + 23 a* y* 

Subtrahend, with sigfis changed +14 a* + 72/*— 5 a' y* — 3 aft 

Difference 29 a^ - y« + 18 a«2/* - 3a6 

Example 2. Subtract 3a;y2 + ^_5a2 5_j_5jp3 f^Qj^ 5 a; y* — 3 a^ 6 
+ 3m. 

Process. 

Minuend 5 xy^ - 3 a* 6 + 3 m 

Subtrahend, with signs changed -3xi/^+5a'6 — n — 5p' 

Difference 2 xy^ + 2 a^h •{- ^ m — n — b p^ 

Hence, in general, 

To Subtract one Polynomial from another. Change the 
algebraic sign of every term in the subtrahend, and add the 
result to the minuend. 

Note. It is not necessary that the signs of the subtrahend be actually 
changed, we may conceive them to be changed. 
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Exercise 11. 

Subtract : 

1. 5a; — 3y + 2« from 3 x + i/ — z. 

2. X — y + z from ^ x — 2y — 3z, 

3. a — b + 20c from — a — & + 10 c. 

4. ^x — ^y ^ \z from | a; + y + 2. 

5. 1^ - f y + ^z from - ^^ + ^y - ^«. 

6. J^-iy-i from -i^-f i^H- J. 

7. a8-4aa6 + 26c + 5 from 3 a^ - a^i - 6c - 5. 

8. a:?y — 3 a6ic + 2 ojy'^ — 1 from 325^^ — a6a?+ 2 a;^. 

9. abcxy -{• 2aby^4bx from 2a6ca;y — a&^ + fta; — 3. 

10. acy—'bxy + abc — 1 from bxy — iacy — abc + a. 

11. .4a:*-.3^+.2ic2-7.1a; + 9.9 from a:*- 2.10 a;^ 
+ .2 a:^ _ 07 ar + .9 

12. 1.2a^ -1 + X + 1.1 a:* + 1.7 a:^ + a from 1 - a; 

— .1 a:* + .2 a^ - .3 aj8 + a. 

14 .125 m8 - .66f ;?i ti^ - .83 J nm^^M^n^ + a from 

15. fm3-f y-|7i + Jaj from ^77i2-.|7y+f.7i-Ja;. 

16. a^Jc + xT/'-^c from 3Ja2jc 4. 2 J a: ?/" - 4f c. 

17. 10c-.a-6 4- 5rf+ 6a-15c + 3i from 25a-6 

— 5c + 8c? — 20 a. 

18. af — 3 a;"^ — y~ from 4oif^ + xi^i/^ — af. 
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19. — .9a"*aj2-.3afe3.z; + .6+.03&"'cic2 from .9 a-'a^^ 

20. From the sum of J a^ - J fes + J c^ ^ a^ - 3^ c^, 
and 2| 68 - f a2 - If c* take JJ a^ _ _7^ j3 _ 4 ^4 

21. From the sum of Zt? •— y^x — x^, 1 3? -^X^^x^ 
4- llj^^o;, and 11 0^2? — 6^a^ _ 2^a; take x^ — 2by^x 

22. From af + y* take the sum of 11 «" + y^— z, 

— 6 re* — 5 2r — 3 2f, and — 5 a:" + 3 y" + 4 2;. 

23. Add the sum of 3J y - .3 y^ and 5-31^ + 2.7 y« 
to the difference obtained by subtracting 3 + 1| y^ — .5 3/ 
from 1 — y8. 

Queries. Why change the signs of the suhtrahend in subtracting ? 
Why add the suhtrahend, with signs changed, to the minuend? 
Does the use of the signs + and — in Algebra differ from their use in 
Arithmetic ? How ? 

Miscellaneous Exercise 12. 

1. From rrfi — n — 1 take the sum of 2 tz — 3 + 2 m^ 
and 3 m^ — 4 + 5 71^ — 71. 

2. From the sum of 1 - 8.8 y + .9 ic^ ^^d 1.1 ic^ ^ 3 ^^ 

— .2^ — 1 subtract 2a? — x^ + by. 

3. Take a:^ + £c — 1 from 2 a^y and add the result to 

— 2 aj8 - a;2 - a; + 1. 

4. Take a^ — h^ from ah — V^y and add the remainder 
to the sum of ah — a? — 3h^ and a^ -\- 2 h\ 

5. To the sum of7?i + 7i — 3/> + 5 and 2 w + 3 ti + 5 jp 

— 3 add the sum of m — 471 — 1 p and 5^ — 6 7?i — 2. 
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6. Take 3 icS"* - 2 a^" y" — /-^ from 3 ^""^ + 2 x^-y- 

7. Take 2a;iyi-322 + 2//J + 2 — 1 from xii/i'\-z-4:yi. 

8. Take .8 biy^ - .4 a^ a,* + .3d from .4 a^ a* + .3 c 

9. Take | o^t - 1 ic* i/* + 33^ y? from f .-c* + 1 -2^* //* + i 2^^. 

10. From the sum of .7 c y? — .4 a jc + .5 6, .04 6 — | cyS 
+ -J m, — I a.T + § cy^ — |, and -^^ a a; — .23&— .8 wi+.S 
take the sum of .55 a x + | m + ^ and .33 7n — l.lcy^ 
+ .67 m. 

11. Find the sum of a™ - 7 6" + cp and | 6" + | a'*, 
and subtract the result from cp — 4 ti. 

12. From a"^ — 2 x" - of take the sum of ^a"" — ^h*" 

- x'* and J a™ + § ^^ — / — *•". 

13. From — oT—b'*— c^—ff take the sum of Ja"+ §^" 

- I c'', ^5 a" - ii c", and V ^" + ^'• 

14. From 3 {a^ - ft^)* - {x^ + ff take § (^3 + ^2)3 

- c6 + 3J (a8 - ¥f. 

15. From unity take 3 a^ — 3 a + 1, and add 5 a^ — 3 a 
to the result. 

16. Add 3a:2»- 7 a:» + 1 and 3.x3« + a:» _ 3, and 
diminish the result by x^"* — 2. 

17. From zero subtract | n^ — | .r -f 2. 

18. From .3 w?- 1 + J ti take b rfi - 2.7 w^ - ^ 71, 
then take the difference from zero, and add this last result 
to -^ 5 7i2 + 3.31 7w3 + n. 

^ 8 



24 ELEMENTS OF ALGEBRA. 

Example. Find the sum oi 8ax— .ly + ^, .7 ax + y — am — 9, 
and — .Sax — 1.02 y H- 6 p — .3. 

Process. Sax — .ly +5 

.7 ax+ y — am — 9 
— .Sax— 1,02 y — .S -{- 5 p 

S^ax — .12 y — am — 4.S -{• 5 p Hence, in general, 

To Add Polynomials. Write the expressions so that like 
terms shall stand in tJte same column. Find the sum of the 
terms in each column, and connect the results with their 
projper signs. 

 

A polynomial may be regarded as the sum of its monomial terms. 
Thus, the sum of the terms (-[- a)^ (— 6), and (—3c) is a — h — Sc. 
Hence, the sum of two or more polynomials whose terms are all 
unlike is expressed by writing their terms with their respective signs. 
Thus, the sum of « — 6, c — dy and m + n — x is a — h + c — d 
+ m + n — X. 

Exercise 9. 

Find the sum of: 

1. 2x-\-y, hx-^-^i/y— ?tx-'2y, and — 4 a? + 3 y. 

2. 5^ + 32/+3a, — 7a; + 43/ — 8 a, and 2 a? — 3 y. 

3. 36-3 c, 2c-2a;, 3c-7 6, and 46 — 2c + 3a;. 

4. 14a + re, 136-?/, -11a + 2 y, and a? - 2 a — 12 6. 

5. ax — 4cmn -\- hdy hd — ax — Zmn, 7 mn --3 ax 
+ Sbd, and 5 m 7i — SO ax — 9 bd. 

6. a — 6, 2 6 — c, 2 c — d, 2 c? — 3 a + ti, and m — n + x. 

7. a6c + 3a6m — 5c7w, 3cm+lla6m + 9a6c, 
90a6m — 21cm — 31a6^, and 3cm — 51a6m+ 13a6c. 

8. ra + n+p, m — n—p, m — n+p, and m-\-n—p. 
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V 

9. a + b + c-hd, a + b + c—d, a-\-b^c + d, a-^b + c + d, 
and — a + fe + c + d. 

10. 1.25 a&+ 1.1c + .99 6, and 3 aft + 2.2 c + 1.01 6. 

11. |a+ Ja 6 + .9 62, |a-^a6 -15 yj, I a+§a6 
+ .6 62, and .1 a - 1.01 a 6 

12. fm2-.2w + J, .lm2 + .01m-.2, m^ + Simn-i, 
and ^ w — 5| m 71 — 1| m^ — 2^. 

13. xy — ac, Sxy — dac, — 7 xy + 5 ac + l.Ol cd, 
4:xy + 6 a c — .09 c* d, and — a?y — 2ac + cd. 

14. .5a3-2a26- J68, | a26 - .75 a 62 + 2 6«, and 
~fa8 + a62 + J63. 

15. 3 (m. - 7i)3 + .3 (a; + y)», .4 (m - n)* - .2 (x + y)», 
.7(m-7i)8-3.03(a; + y)fi, and 5.1(m-n)8-3.1 (.>c + y)6 

16. 5a^V^-8a?b^ + x^y + xf, 4:a^}fi'-1 cfiV^-Zxy^ 
-\-ex^y, 3a8 62 + 3a263-3ic2y4.5^^2^ and2a2 68 

-aH'^-S^y-Sxf, 

17. f aa?2-|a2 + |^5y4. j8^ 3 aa:2 + | ^^ 4. 75^2 
+ J68, 2aar^+|.x3y- Ja2-f68 and i^aai^ + i^y 

+ i«^-i68. 

18. ac2+ Ja62 + |a8-|a26-f a.6c + Ja2c, Ja26 
+ J 63 + f a62 + 1 6c2+ 2abc + lJ62c, and 1.1 a^c- 1.2ac^ 
+ J62c-f6c2-1.3c3+ 1.23 a 6c. 

19. 3.1a;8-4.2a32+1.2a; + 1.7, 2.22 a? -1.2 a? + 3.33 ;» 
-10.09, 2i»8+7a?-2a;+l, 3 rc8 + 1.22 ar^ + 12.12 
- 1.33 x, and 11.11 a^ + 5.55 a;2 _ 6.2 a: + 3.77. 

20. a3 62c3 + a2 63c2+3a2 68c8, 1.8 a862c3 - 1.4 a268c8 
+ 1.5 a8 68 c2, 1.5 a^h^c^^ 1.9 a^ 62 c^ + 1.3 a? b^ <?, and 
1.7 a3 62c8 - ].2a2^,8c2 + 1.01 a2 68c8. 
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whatever. Similarly for the product of more than two 
powers of a factor. Hence, 

The powers of a number are multiplied by adding the 
exponents. 

If the multiplicand and multiplier consist of powers of 
different factors, we use a similar process. Thus, 

3m^ X 2 m^t}? X 5 m^n^ = 3 X 2 X dmmmmm mmmmm 
» X nnnnn 

= 30 mio n\ 

a^'b"' X a'^V =aaa .... to n factors x a a a .... to ^ factors 

Xbbb .... to m factors Xbbb .... to r factors 

= aaa .... to (n+p) factors X blrb .... to (m + r) 
lactors 

= a"+' 6"* + *". Hence, in general, 

To Find the Product of Two or more Monomials. To the 

product of the numerical coefficients annex the factors^ each 
taken with an exponent equal to the sum of the exponents 
of that factor. 

Notes : 1. When no exponent is written, the exponent is 1. Thus, a is 
the same as ai, 6 as b^. 

The exponent is used to save repetition, 

2. We read a^, a square, and a«, a cube, because if a represents the number 
of units of length in the side of a square, and the edge of a cube, then a^ and 
a^ will represent the number of units in the surface and volume of the square 
and cube, respectively. 

niuBtratioxiB. 

11 mi» X 10 mio = 11 X 10 m}^ + lo = 110 m» 

3aHcmX2ab^cmX babc^m^ = 3 X 2 X 5a2+i+i6i+2+ici+i+»mi+i+2 

= 30 a* lA c* w*. 

3aHJc» X 4a X 6'c* = 3 X 4a5+i65 + Jc8+^ = \2a^hc^. 
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Exercise 13. 

Find the product of : 

1. a?BJid7ofi] Sax and Ba^ofi; a^ba? and 2a^l^x^, 

2. ^xyTp and \ofii/mn) ^abcdrn?n^ and ^a^V^c^cPmn. 

3. f fi^gSy and A^ j8g6y»+i . .^'a^sfiyi Q,iii^a^Qfiy^z. 

4. Saufi^ and 10 a^^xy^^; \^]r ^^^ f ^^y^* 

5. Sabcx^^y and f a»6»c»yi^ ^a^iVary and lat^OcVy-. 

6. ^ a"*6"af 2^' and :2a^b^2^y^; 3^1/ and a:«3^. 

7. a"» 6" and a" fc*" ; 2:''"^'y"'+^ and 5.7a:"^y"^ 

8. abxy^ and a^lt^afiy; a-+'6"+'" and a"'-''^'— '. 

9. .o5a;-''-^«.y-'+' and .5 2;'+'/ + '; .3a2--a:8-« j^j^i 
a* a:"; 5a"i&"af and 5ai6 2;"*^ 

10. 2 a* a;, 2:2^, a^y, a^a^j^, and a^. 

11. a-, 6*, 3 c', a', 6«, C and d*. 

12. 2c"'d, ac", fPa;", a"* a:™, and ci 

13. ai m xi, ah ni xi, am x y, and 2 c? n^ x^ ^. 

14. a^x^y a^y^y aix~^, a^y~^, b^a~ix^, and 5^2:^ yl 

15. \a^ma^, ^mix^, .3 a a;"*, 5.1m', and a~*a:"^ 

16. 32/», a-^fz"^, a^b"", a^b\ \a'f, and |a'6-'». 

17. (a + 6), 5 (a + 6)2, 3 (a + b)\ ^ (a + J)^, and (a + b) 

18. (a + 6)(c+rf)^ (a + 6)2, 3(c + rf)^ and (a + 6)7(c+c?;- 

19. 3 (a + by {x - I/)"*, -I {a + 6)^, and f (a: - yf. 
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22. Algebraic Multiplication is the operation of adding 
as many numbers, each equal to the multiplicand, as there 
are units in a positive multiplier ; it is also the operation 
of subtracting as many numbers, each equal to the multi- 
plicand, as there are units in a negative multiplier. Hence, 

The multiplier shows that the multiplicand is taken so 
many times to he added, or so many tim^ to he subtracted. 

Thus, 

(+ 6) X + 4 = (+ 6) 4- (+ 6) + (+ 6) + (+ 6) = + (+ 24) = + 24 
(- 6) X + 4 = (- 6) + (- 6) + (- 6) + (~ 6) = + (- 24) = - 24 
(+6) X -4 = -(+6)-(+6)-(+6)-(+6) = -(+24)=-24 
(-6) X -4= -(-6)-(-6)-(-6)-(-6) = -(-24) = + 24. 

The sign of the multiplicand (6) shows that the product (24) is in 
the positive and negative series of numbers, respectively; and the 
sign of the multiplier (4) shows that the first two products are to be 
added and the last two are to be subtracted. Hence, 

The sign of the multiplicand shows what series of numbers 
the product is in, and the sign of the multiplier shows what 
is to he done with the product. 

Law of Signs. The product of two factors is positive when 
the factors have like signs, and negative when they have un- 
like signs. 

Since 

-2x-2 = +4;-2x-2x-3 = + 4X-3 = -12; 

-2x-2x-3x-4 = -12x-4 = + 48; 

-2x-2x-3x-4x-5 = + 48x-5 = -240; 
etc. Hence, 

The product of an even number of negative factors is posi- 
tive; of an odd number, negative. 
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The change of signs may be illustrated as follows : 



ax-St^ 



Ctyrirk 



ax-3 



ax-Zrt: 



ax-/t^ 




>\ax-^/ 



ax+z 



<7X+4 



^^2X4^ 



>iaX'^s 



'OX-^J^ 



-axi-i^i^ 



-flX+J 



-«x+-?k— - — 



-ax-/ 

— >» 



— -^ 



-ax-3 

> 



 . y 



•ax-/ 



— -<- 



Let the measuring unit be represented by a. 

From A (o), the starting-point on the scale, measure toward the 
right and left. The products of 4- a and — a by the factors from + 5 
to — 5 are : 

0X4-5, ax-f4, ax+3, ax+2, rtX + 1; 
a X - 1, a X - 2, a X - 3, rt X - 4, a X - 5 ; 

-aX+5, -0X4-4, -aX + 3, -aX + 2, -0X4-1; 
-aX-1, -aX-2, -oX-3, -aX-4, -aX-5; 

' respectively. The directions taken by the products are shown in the 

figure. 

HloatrationB. 

x2y« X - x's X - { .y22 X - i x:^ X - 4 y^a = 4- 1 X ^ X Ax^y^z^^ 
aJ*y-» X — |a:"y**2 X - yz-'' X - x-*" = - ar^+n-znj^-n+n+iji-r 



Exercise 14. 

Find the product of : 

1. 5 a, — 3 6, 7 c, — 2 cfi, — 1 1 a^, and a ; a^ x, 
a y^y and — xy. 

2. ahx, —af^, —ax, and a^a?] — ulfi, —h i?, 
— a, —- a^, — a^, and — 5 a*. 



-<^fy 



-cd?. 
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3. — a, be, — 1, ^, ^ a^, ^o^y, and 75 a ; ax, ex, 

- 7/1 X, — y", and .3 m. 

4. I^aftc, —d, ax, —1, and ^axyz; a'^xm^ a^^*, a" ft'', 
and a b. 

5. —a^x, 3x, aV^, ay, az, and axyvw; axy, — i%a"*ft", 
and — 3 J a" t*" a;^ y*. 

6. - a2 5c^ 2b^ecP, - .5 a^crf^ - ^ a-ioj-io^io^-w 
and a 6^ d\ 

7. -1, a-3, a;7^ ax-^ a^^x'^ a-^b'^sfi, and -J^ci^^ 

8. a a?, — a^, — 1, .3 a a;, and — aiyi; a^x, — aJ, ai> 
and — ai a;i. 

9. —my,mx,—mn, — xy, and it^^s; 3ai&i and 

- .7 ai fei 

10. a", a"", a^", a^**, and a^". Express the result in 
two ways. 

11. 2^y-'x'\ mx^y^', -3"3"ari, and --2--^pa?f. 

12. 32", -23« X 33« 32«, - 28" X 3*«, 3^" x 2«, and 

- 26" X 3« + i. 

23. Example. Multiply a + ft by m ; ako a — 6 by m. 

The symbol (a + h) m means that m is to be taken (a + 6) limes. 
Hence, 

Process. 

(a + h)m = m + m + m+ .... taken a + 6 times 

= {m+m+m+ .... taken a times) -\-{m + m + m+ ,,,, taken ft 

times) 
= am + hm. (1) 
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Also, 
(^a — b)m = m+m+m+ .... taken a—b times 

= (m+m-{-m-^ taken a times) — (mH-m+m-f.... takenR 

times) 
= (mX d)-(mX b) 
= am — bm. (2) 

Similarly, (a + b — c)m— am + bm — cm. 

These results are obtained by multiplying each term of the multi- 
plicand separately by the multiplier. Hence, in general, 



To Multiply a Polynomial by a Monomial Multiply each 
term of the multiplicand by tlie mvitiplier, and add the 
results. 

Exercise 15. 

Multiply : 

1. bc+ac-ab hy abc; 8a3M-| 6V-|c» by ^a^Ji^. 

2. 5a2-62-2c2 by a^b^c^^; .6 3^ - .5 a^ y^ - ,S a^ y^ 

- .2 2:6 by ,2a?y^. 

3. f m?— ^m7i + f /i^ by ^mn; x — y — ^a^y^ by xy, 
4 |a--^62 + ^^a62 by|a62. a^ - a^}^ - ab hy aV^. 

5. 6a2a8_ ,ha^b^x^^ + .2V^7?hy ^abx^; psT-qx'' 

— 7" hy paf* r, 

6. 3a"— *-2&"-2_^4a'"&''by a62; .4a— 'i'^-la-^'J' 
+ h^" by fa^+'ft". 

7. «*"• — 3a'"6-'»+6" by a"»6*"; 2ia;i — 2i^i + 2ia?iyi 
by 2^x^y^. 

8. aJ — a^jf— alS + fti by aibi; xi—xiyi+xiyi—.dyi 
by 2;4y~i. 
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Find the product of : 

9. x^i/-4: a:V+ 4/, x^y\ and -ii/', m^^ - 2tr?^n^^ 
•V >t®«, m"", ?i"«, and m^n^. 

10. \aH-^^\ah-^x^\}flx\ \a}?, \^'^x, and Ja263a;6. 

11. xi — yJ, ici, ?/i and — a:iyJ; a — &J, ai, 6?, a 2 62, 

— ai ftJ, and — a ftt. 

12. a:3_2/3, 2:*, x^y\, -2;fyi, f .yt, f art, -|yf, and 

13. 2:4 -.2 6M + .3 6 2'i -65, J 2:i -6* ar2, and \ &f 2:*. 

14. lft-2'" JJ5 rt-'»6-'» + |j, Sa-"*, -5 6-^ and 
7 a-"* 6-"*. 

15. «"•+" + «"6'" + a" 6'* + &"'■+■", rt", ft™, rr", 6-", and 
a""* a-" 6-" 6"". 

24. Example 1. Multiply 7/1 + n by as+y; also m + n by x — y. 
(m + n) (x + y) means that ar + y is to be taken wi + n times. Hence, 

Process 

(m + «)x(j:+y) = (a: + i/) + (x + y)4-(a:+i/)-f taken wi + n times 

= [(a:+2/) + (^+y) + (^'+?/) + taken w times] 

+ [(^*+2/) + (^+y) + (3^+1/)+ taken n times] 

= (^ + y) w + (a: 4- ?/) n 

= (1) Art. 23, mx -{• m\j -v nx •\- n y. (1) 

Also, 

(w + n) (x — 2/) = (3^""^) + (j—y) + (x — ?/)+... . taken m+n times 

~ [(^ — y) + (^' ~ 2/) "^ (^ ~ !/) + • • • • taken m times] 
4- [(x — y) 4- (x — ?/) + (x — 2/) 4- . . . . taken ?* times] 
= (x - y) wt 4- (x - ?/) n 
— (2) Art. 23, m X — m 2/ + n X — n 2/. (2) 

Similarly, {m -\- 71 + p) (x + y — z) = m x -\- m y — m z + n x + ny 

— nz -{• px -\- py — 2^z 
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These results are obtained by multiplying each term ot the multi- 
plicand separately by each term of the multiplier, and connecting the 
products with their proper signs. 

Example 2. Multiply *« - r* 4- 2ar« - ar - 5 by z* + 3a:* + 5. 

Process. 

x«- x«4-2r2-x-5 



-H 3 j:» 4- 6 a;* - 3 X* - 3 z8 - 15 a:« 

+ 5 z« - 5 ar* + 10 z« - 5 x - 25 

xW + 2 x» -h 7 x« - 8 2* - 3 x« - 15 x« + U» j:2 - 5 X - 25 

Explanation. Multiplying each term of the multiplicand by 
each term of the multiplier and connecting these results with their 
proper signs, we have x*<^ — x* 4- 2 x* — x* — 5 x* -f- 3 x* — 3 x* -h (5 x* 

- 3 X* - 15 x« 4- 5 x« - 5 x« + 10 X* - 5 X - 25. Uniting like terms, 
for a simplijied product, we have x^<^4- 2 x* — 3 x* 4- 7 x* — 8 x* — 15 x* 
4- 10 x" - 5 X - 25. 

The process used in practice is shown above. The first line under 
the multiplier contains the product of the multiplicand and x*. The 
second contains the product of the multiplicand and 3 x*. Etc. To 
facilitate adding, write the several products so that like terms shall 
stand in the same column. 

Kote. It is convenient to arrange the terms of the multiplicand and multi- 
]>Iier according to powers of some common letter, ascending or descending 

Examples. Multiply f a x 4- | x^ 4- J a« by f a« 4- f x« - f ax. 

Solution. Arrange the expressions according to the descending 
powers of x. Taking the multiplicand } x* times, we have x* 4- a x* 
4- \ a^x^. Takmg it —{ax times, and writing the product so that 
like terms shall stand in the same column, we have — ax* — a'^x^ 

— \a^r. Again, taking it }a* times, and writing the product as be- 
fore, we have ^ a^ x* 4- J a' x 4- J a*. Adding the partial products, 
we have x* 4- J a*, or arrangini^ alphabetically, J^ a* 4- x* 



a 
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ProceBB. 

ix^+iax + ^a^ 

X* + ax^ + ia^x^ 

— ax^ — a^ x* — J a' ar 

+ Jaax2 + ^a8a: + ia< 

Example 4. Multiply - Sx^+^i/* - .Sx'^ + ^i/^+i + 3.3x»"^ + 
by - .2x«^-2 + 4a?»-»y'»-i. 

Process. 

3.3a;"'y'*+* — .3 a;'» + ^^*» + ^ — 3z'""*-*^* 
4 a;"» — iy» — 1 _ ,2 a:"*y**~2 

13.2 r*™-! y2n + l _ 12 a:2my2« _ 12.00 j;2m-|-l ^2-- i 

13.2x2m-ly2» + l_l 86a;2.Myi«_ii 94j2m4-l^»-l+ (5a.2m + 3^»-2 

Explanation. Arrange according to the ascending powers of x, as 
shown. The product of the multiplicand by 4x'*~*y'* ~ ^ gives the 
first partial product, as shown on the first line under the multiplier. 
The product of the multiplicand by — .2x*"y''~' gives the second 
partial product. Taking the sum of the partial products, we have 
the product required. Hence, in general, 

To find the Product of two Polynomialfl. Multiply the 
multiplicand by each term of the multiplier, and add the 
partial products. 

Exercise 16. 

Arrange the terms according to the powers of some 
common letter, and multiply: 

1. a^ + h^-ah by ab + b^+ a^; a^-2ax + 4:X^ 
by a^ -{• 4q!^ + 2 ax, 

2. x'^ -{- y^ — a^y^ hy x^ + y^l X + y + X ^ y hy X'\-y 
— x + y. 
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3. y— 3+2/*by y— 9+y2; a^^— a^ + y*— a«by y+a. 

4. Ja:2-|a;-| by Ja? + f a:-i; 1.6aa+ 1.2a6 
+ 9J2 by .4a -.3 6. 

5. a^ — y^+x — y by a^ + y' + a; — y; |a? — aa; — }«* 
by |a?- Jaa: + Ja^. 

6. a:^ — a? y + a: + y2 + y + 1 by a; + y—l ; fa:^+ 3 a a; 
+ ia2 by 2:x? + ax-\a\ 

7. 13x8-5a^-a:2 + aj6_a: + 2bya:2-2a:-2. 

8. 3aa-2a8-2a + l + a* by 3a2+ 2a»+2a + l4- a* 

9. 1.5a:8 + 1.5 a? + .5a^ + .5 a: -f a:^ + 1 by ar* - .5 a; 
+ l + a:*-.5a:8. 

10. 1 + 9 a + 5 a3 + 3 a* + 7 a2 + a* by 4 a* - 3 a« 
+ a* + 4 — 4 a. 

11. 4a:2^_|. 8a;y»+ 16y*+ 2a:8y + a:* by a;-2y. 

12. x^- 7?y^+ a?y^- a?f+ / by «« + 7^\ 7?f 
— a:^y — a;y*-|-x* + y* by a: + y. 

13. cfi + V^-k-c^ — al — ac — hchja + h + c. 

14. a^ + fe^ + c^4-6c + ac — aJbya-fJ — c. 

15. aJ + cd+ac + Jd by a6 + cd — ac — ft rf. 

16. a?» + y2 - 3 a:2 _ y2 by 2 a; + 2 y - 2 (a: - y). 

17. 3 (m + 7i) — .1 X (a 4- 6) by a — & + .1 (w — n). 

18. aa:*+6a:*+r by aaf'4-6a;"+7'; a: J -f yi by a:^ — yi. 

19. a"* + 6» by a"* + 6"; oT + i* by a*" - 6*; ar^ + 6 by 
a:i + 6*. 
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20. 33r-^--2y''-^ hy 2x-Sf; aoT + bx'' + aha: 
\yy a 7? — h a? — 1. , 

21. 3a*"'2;+3a2y + a2» by a* - a** + a; ; a;i-.y-t by 

22. .2ai-.365 by .2ai+.36t; ajt+a^i^^H^^? bya:J-yi. 

23. a;t y-i + y"^ + a;iy~i + x^ by a;t — y"l 
Find the product of: 

24. 1 + a;, 1 + a^, and 1 + a:^ - a; - 2:8. 

25. a; — 2 a, a; — a, a; + a, and a; + 2 a. 

26. 3 a: + 2, 2 a; - 3, 5 a; - 4, and 4 a; - 5. 

27. ar^ - a: + 1, ar^ + a? + 1, and a:* - a^ + 1. 

28. ^ — ax-\-c?, ^■\-ax-\- cfi, and a:* — a^ a;^ ^ ^4 

29. a + &, a - 6, 3 a + 6, and a^ — 2 «» j _ ^ 6^ -[. J3 

30. a"+6", a"'-6*,a2"*+ »"*&•*+ 6'", and a2«_^^mjn^ja»^ 

25. A Binomial is a compound expression of two terms ; 
as, a — 6 ;• a 6 + 2 fc^. 

In each of the following products, observe that : 

2a; + 3 2x4-3 

2a: + 5 2a: - 5 

4 3:2+ 6x 4a:2+ (j^. 

10a:+15 -10a;-15 



4x« 


+ 16 a; 


+ 15 


2a 


— 


3 




2a: 


4- 


5 




4a;2 


— 


6a: 








10 a: 


-15 


4x2 


+ 


4a: 


-15 



4a:2- 4a. _ 15 

2x - 3 
2 a: — 5 

4a:a- 6 a: 

- 10a;4- 15 
4a:2- 16a: 4- 15 
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1. Thejirst term is the common algebniic tenn of the binomials 
uiultiplied by itself, or the square of the common algebraic term. 

II. The second tenn is the algebraic sum of the other two terms of 
the binomial expressions multiplied by the common algebraic term. 

III. The last term is the algebraic product of the terms which are 
not common to the binomial expressions. Hence, 

To find the Product of two Binomials, having one Crommon 
Algebraic Term. Add togetlier the sqvxire of the common 
term, the algebraic sum of the other two terms muUipHed by 
the common term, and the algebraic product of the terms 
which are not common. 

In general, (a; + a) (a: ± ft) = x* + (« ± 6) ./• ± a 6 (1) 

(x — a){x±b)=^ x^^-{-a±b)x^^ab (2) 

In which a, 6, and x represent any numbers. 

Notes: 1. It is of the utmost importance that the student should learn to 
write tite products of binomial expressions rapidly, by inspeetlon. 

2. To square a monomial, multiply the numerical citejicitint by itself , and 
multiply the exp'ment of each letter by two. The proof is evident. Thus, the 
square of 2a* ft" « 2 X 2rt*^*A"xa - ial^^. 

Also, (36-"a"»;2«3 X Zb-'^^^J^^^ = 9 6-*'«a:8'». 

Examples. Write the product of the following by inspection : 
(2x + 7y)(2a:-53/); (a-96) (a~86); (a-6)(a + 13). 

Solution. Squaring the common term, we have 4t*. Taking 
the algebraic sum of the other two terms, + 7 y and — 6 y, we have 
+ 2 y. Multiplying this sum by 2 x, We have -{■ Axy. Taking the 
algebraic product of the terms not common, + 7 y and ~ 6 y, we have 
— 35 y^. We thus obtain 4 a:^ + 4 ary — 35 y^ for the product. 

Similarly, {a-^b) (a-86) = a^+ (-9&-86) X a+(-96) X (-86) 

= a3-17a6 + 72H 
Also, (a - 6) (a + 13) = a^^ (-6 + 13) X a + (-6) X (4- 13) 

= a«4-7a--78. 
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Exercise 17« 

Write, by inspection, the products of the following : 

1. (a -3) (a + 5); (6 + 6) (6 - 6) ; (x + 4:)(x + 3); 
X - 4) (aj + 1) ; {x- 7) {x + 2). 

2. (a; -8) (a; -6); (a + 9) (a -6); (a -8) (a + 4); 
2a;-4)(2a;~5); (3a;+ 7) (3 a? - 5). 

3. (a^-32/2)(aj3-42/2); (a;_7y)(a;-|.8y); (a"»-l)(a"'+2); 
3a:5_5)(3a;6_4). 

4. (2 a2y3 + 4) (2 a2,v^ - 8); (3 aa; - 4) (3 aa; + 7) ; 
a;3+ 3a)(a;3_4a). {a? - Z a?) (a? J^ 2a?). 

5. (2a;+a)(2a;-2a); (2a;" + 5 a) (2 a;"- 3 a); (3ai-2y) 
3 a; + y) ; (- 6 m + 2 a:^) (4 ^ 4. 2 a^S), 

6. (a:-a)(a;-5a); (a-56)(a + 86); (a3-2a;)(«3_6a;); 
5 a:io + 3 a2) (5 a:io - 4 a2). 

7. (32/2-5a:5) (22/2-52)5); (3 a^H- 2a&)(3a5-4a6*); 
a» -f 3) (a» - 6). 

8. (4a + 5)(4a — c); (2 6- 5 a) (2 c — 5 a); (a^^ + ^ar) 
«2^ + i^); (ai - 1) (ai + f ). 

9. (2a;* + l)(2a;* + 12); (2 a^ - 3 aa;) (2 a* + 6) ; 
X — .3 x^ y") (y — .3 x^f). 



26. (a: + 2/)(a:- .v) = a? + (3/-2/)Xa; + (+y) x(-2/) 
= a? — y^. In which a: and y represent any two numbers. 
Hence, in general. 

To find fhe Product of the Sum and Difference of two 
Numbers. Take the difference of their squares. 
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Examples. Find the product of (2 a" + 3 b- •) (2 a"» - 3 b" •) ; 
(8;)* + ll2*)(8p*- ll2*). 

Solution. (2a"» + 3ft-*) X (2a* - 3ft-») is the square of 
2 0"*, 014 0^"*, minus the square of 3 6—*, or 96-**. Therefore, 
(2 a"» + 3 6- '') (2 a"» ~ 3 6- *) = 4 a* »* - 9 fr- « *. 

Similarly, (8;?* + 11 «*) (8;?* - 11 2*) = 64i)« - 121 z. 

Exercise 18. 

Write by inspection the product of the following : 

1. (2x+3y)(2x-37/)i (a; + 2y)(a:- 2y); (5 + 3rr) 
(5 - 3 a;) ; (5 rr + 11) (5 a; - 11). 

2. (2a:+ l)(2a;-l); (2 a: + 5) (2a; - 5); (5a:y + 3) 
(5 a; y — 3) ; {c -h a)(c^ a). 

3. (c2 _ ^2) (c2 - a2) ; (mn + 1) (vm - 1) ; {a 1/ + h) 

4. (a^ + if) (a:* - f)\ (1 - pq) (1 + pq)\ (m - n) 
(m 4- n) ; (a"* + a*) (a"* — a*). 

5. (5a;2r^-4y2)(5a:y-i + 43^); {ox^+Si/){oa^''3i/); 
(a?-3a;)(a:8+ 3a;). 

6. (2 aa; + 6y) (2 a a; — 6 y) ; (m"' + rr^) {m'' — ?i-*); 
(10 a— - 136—) (10 a-" + 13 6— ). 

7. (mi + wl) (m* - n*) ; (4 ai- 20 a;^) (4ai + 20 a:^®) ; 
(ai-6-J)(ai4-6-*). 

8. (lla:i+ 30.y*)(lla:4~30y*); (15 a2 6« - IGaJft') 
(15a2 68 4.i6a*6i). 

9. (ia6-2 + §6-iari)(Ja6-2-§6-ia:-i); (a+6)(a-6) 
Ca2 + 62). 
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10. {ab + l){ab--l)(aH^+l); (2a'«+ 4a»)(2 a'"-40 
(4 a^^ + 16 a2«). 

11. (5a8+ 662)(5tt3-662)(25a^-^366*); {a'^-^-a^h^) 

12. (x-J + x-^y) {x-i — x-^y) (arf + x-^ f^ \ 

Queries. In finding the product of monomials, why add expo- 
nents of like factors ? What is the product of a^ and a« ? Prove it. 
Why is the product of an even number of negative factors positive ? 
How prove (1) and (2) Art. 25 ? 

Miscellaneous Exercise 19. 

Multiply : 

1. 2 a^** - a" + 3 by 2 a2» + a" - 3 ; 5 + 2 a:2a _^ 3^ 

2. a*+ 2a2*-3 by 5-ia* + 2a2'; \x^-5 + &xi 
by \x^ + \ x"^. 

3. f a* - a - fl* by § ai + rr^ - 6 a'i; 2 a"—' &-«' 
+ a-^' ftp by 3 a"* ft*' - a^" J-^". 

4. ^Q^f—Zx-^'y-^ by 4ic''2/*+ 5a;2«3/26. ^fn _^ ^_|» 
by ai" + o-i". 

5. .3 a* - .02 an + 1.3 a^J? + .5 «&»- 1.2 i* by .3 ^^ 
—• .5 a 6 — .6 6^. 

6. l-2ici-2irt by l-.'ci; a* — 8a-* + 4a-i — ai 
by J a"^ + a + i a"^. 

7. 2cTi-«t- 3ic-i by 2 a? - 3 a;-* - a;-^; a« - 1 

-fa"" by a^ + a~i 
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8. x"*+* - iC"+* - «• -h a;*-* by a;* + « -a?- x +1; 
of" + 3a;*-»-2a;— ^ by 2a;" + ' + a:"+«- 3«*. 

9. 2 re**-' - 3 a;»* + a:«- + * - af +• by a^— * - .5 a:** 

— .2a:«" + ' + x*-». 

10. 3a?»-2ar + ' -5af + *+ar+» by 3x— *+ 2x*-« 

— 5aj"-'-a;*. 

11. af" + '-3af+'+aJ— *-2a^+* by 2aj— •+3a:•*— 
— 4aj"— . 

12. 5af-V+»-2af-y-*'*-a:—V*"* by 3a;*+V" 
+ 4a:*+V"' — •»*"^'2/'- 

13. m'+'-3m''?i+»i'-*7i«— m'->?i* by m— *-3m'ti 

14. 2.r-+ Y-* + 3a:-'S/— ' - x"+V""* + 4x"+V"* 
by 2af+Y"*'-^^^y"*' + '^V"'* + 4a:'"'y~'. 

15. af+*y'-' 4- a;*-^V""' — 2aj*+y — 4a:--^'y-* 
+ i«";/~' by 2iC«-"/-2a;*-*/+'+6a:*--//-^«-2a:*-"y*+' 
-f4a?'-"y-»-*. 

16. (y«+a^-»)(jr-^'");(|a:^r-f^"V)(|^:y~*+f^^^ 

17. (x" + y«)(aj*-2r); (a;i-5)(a:i + 4); (7a;-32r^) 
(7a;+ 32ri). 

18. (4a;-5aj-i) (4a: + 3ari); (| ctj"* - ^^a^J?) 
(f ct6-f + ^a^ft?); (a* + 7 + 3a-*)(a* + 7 - 3a-*). 
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CHAPTER V. 

INVOLUTION. 

27. Involution is the operation of raising an expression 
to any required power. 

Involution may always be eflected by taking the expres- 
sion, as a factor, a number of times equal to the exponent 
of the required power. 

It is evident from the law of signs that even powers of 
any number are positive ; and that odd pqwers of a number 
have the same sign as the number itself. Thus, 

(— m* ny = (— m' n) X (— m* n) 
(- m* n8)8 = (- m* n') X (- wi* n^) X (- m* n«) 
(-3m^ny = (- 3m»7i) X (-Sm^n) X (- 3m«?0 X (- 3m»n) 

= + 31 + 1 + 1 + 17718 + 8 + 8 + 8 ^1 + 1 + 1+1 1 + 81 ^12,^4. 

(a™ 6^)» = a** 6^ X a"» 6<^ X a"» 6« X to n factors 

= (oT'Xar'Xa'^X .... to n factors) X (b^X^Xb'X .... 
to n factors) 

= Ca»«+»» + »»+« ••tontenns\ ^ /'ge+c+e+.... tontermaN 
_ am X n >< jc ^ n 

= a*"** 6*"*, where c, m, and n are positive integers, a and 6 
may be integral or fractional, positive or negative. 

Similarly, (a"»6<^d* p^y = a"»'*6<^*»c?*« .... /?*•". Hence, in 

general. 
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• 

To Baise a Monomial to any Power. Multiply tlie exponent 
of each factoi* by ifie exponent of the required power ^ and take 
the product of the resulting fouetors. Give to every even 
power the 'positive sign, and to every odd power the sign of 
the monomial itself. 

Notes : 1. Since, - o»" ■» - 1 X a»», the nth power of - a«» - (- 1 X a«)» 
« ( — 1)» X o"*». Or we may write ± a«», for the nth power of — o"», where 
the positive or negative sign is to be prefixed, depending upon the value of n 
whether an even or odd integer, m being positive and integnU. 

2. Any power of a fraction is found by taking the required power of each of 
itstenns. Thus, (^- j = -; (^-) -^. 

niustratlona. 

(- 3»*^5)* = — 3^><*ai«><«y*><' =_ 27a*y". 
(4 m« W^y = + 41 x«^a X X „c XX = + 4* m«* n«*. 

Exercise 20. 

Write the results of the following: 

1. (4a26*)2; (3a«68)8; (2a^y«)^ {.2a^b^c^f: (.1 a"6«)2; 
(3 a 63)8; (^3^2)2 

3. {--2ab(?a?y^f; {--abcdxy^; {-a^l^cf; {-<?}F)^) 

(3a68c-*)«; {-2a}pf, 

4. (lXa463c2^)U. (-2a2"6")6; {-^xyzf\ (a^y-a^'"")-; 
(a* 68 c d?)\ 

5. (— 2a''6«'*)8; (wi")*; (a«)^ («6-ic-2)6; (m"?!-"*)-""; 
(-2)8; (-a)^^ (-l)»^ 
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6. n{2a ft-* c n -*)*; n (n^ m^'^y; m (mT a-^; 

7. 2a{-3m7fic(^)^; m(- 3 a^H^c^m^)^; a}^ {3 a^^-^)^ ; 

8. (2 x\ yi «A)*; (- A;»af ^" 2?T ; (- 3 ai* J"'* c)" ; 
(- 3 a-* c* ict 2/A)6. 

Affect the following with the exponent 7 ; that is, raise 
each to the 7th power. 

10. (-ic>'»)«; (aibi)^; (AUbxy; [(-aj"*»)"f ; {-IfrnTf. 
Write the Tith powers of: 

11. m{a-3d)^{x-yy\ (a-3d)i*»(a;-y)2; 3(a~6+c+d) 
(a — oj)"*. 

12. a6c(a-6T(^+y+2!™r; a"(i»-y + 2;)2"'(a?~3r)^'*'. 

28. It may be shown by actual multiplication that : 

(a+6)a =aH6H2a&; 

(a-hy =a2+62-2a6; 

(a+64-c)2 = a2+6Hc2+2a6+2ac+26c; 

(a-h-c)^ = a2+6'^4-c2-2a6-2ac+26c; 

(a+6+c+<i)'=a^+6^+c2+<Z24-2a6H-2ac+2ad + 2&c+26rf-|-2crf; 

etc. etc. etc. 

In each of the above products, observe that the square consists of : 

I. The sum of the squares of the several terms of the given 
expression, 

II. Tvrice the algebraic product of the several terms taken 
two and two. 
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These laws hold good for the square of all expressions, 
whatever be the number of terms. Hence, in general, 

To Square any PolynomiaL Add together the squares of the 
^several terms and twice tJie algebraic product of every two 
terms. 

Example 1. Square 3 o» — 4 x*. 

Solution. The squares of the terms are 9 a^ and 16 x^^. Twice 
the algebraic product of the terms is — 24 a^ x^. 

Therefore, (3 o« - 4 x»)« = 9 a« -f- 16 x»<> - 24 a»x*. 
Example 2. Square 2 x* — 3 x^ — 1. 

Solution. The squares of the terms are 4 x*, 9 x*, and 1. Twice 
the algebraic product of the first term and each of the other two 
terms gives the products — 12 x* and — 4 x*. Twice the product of 
the second and third terms is 6 x^. 

Therefore, (2x»-3xa- l)« = 4x»+ 9x* 4- 1 - 12x«-4z8 -f 6x«. 

niufltrations. 

(2 o« - 3 x-»)« = (2a ~)» + (- 3 x-»)«+ 2 (2 oT) X (- 3 r-») 

=:4a«'" + 9x-««- 12a~x-". 

+ 2(x-«y») X (- ix»y-») + 2(ar-«r) 
X(fy«>f2(x-«y»)X(-iy)4-2(-ix-2^-«) 
X (|2^) + 2(-ix»|r») X (-iy)+2(f y«) 

x(-ly) 
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Exercise 21. 

Square, by inspection, the following : 

1. X + 2 ; m + 5 ; n + 7 ; a — 10 ; 2 X + 3y ; a + Sb; 
a — 3b; 2a; — 3 y. 

2. X + 5y; 3x — 5y; 2a + ab; 5x — 3xy; 5abc^c; 
xy-^-2f', »"• + 3 6"". 

3. 2aj + 3ai; xy + x'i; 3 a'^ + 5 a^ b'^ ; 1-x; 
1 — cy; m — 1; ah^ — I; -J a" — .05. 

x-iy-i+l; .0002 af» + .005 y. 

5. ^rn?n^p^ — | m7i*; a;y + ys; + a?2; 2a? + 3x — 1; 
a?-2a;+l;a:2+2a;-4. 

6. 2rc2— ic + 3; a;^— oa;— 2; Q?—2xy+i^\ 4:n^+7n^n—n^; 
a^ — 3a; + 2. 

7. xy — 2n + 1; m — n — jp — g-; a:^ — 2q? + 2a; — 3; 

1 + a; + a;2 + a;3. a;+3y+2a-6. 

8. 2s?-3a?-'X+3] x — 2y — 3z + 2n\ nC" + 7f 

9. Ja-26 + ic; a^-2r + ia-J6; fa?-a: + |; 

10. l + |a;-Jx; l^^-^x-^, ^a' - ^a" + Ixy; 

2 a;J + 5 a;i + 7. 

11. S3i^-2xi + ^x\-x-i; ?«s"+a;i''.y-t*-|33'-3; 
2i - 3i. 

29. Any Power of a BinomiaL It may be shown by 
actual multiplication that: 
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(a + 5)3 = a8 + 3 a2 J + 3 a J» + 6»; 
(a - 6)3 = a3 _ 3 ^2 J + 3 a 62 - J8. 

(a + 6)4 = a* + 4 a8 6 + 6 aa 63 + 4 a 68 + 6* ; 
(a - 6)* = a* - 4a86 + 6 a2 62 - 4 a68 + 6*; 
(a + 6)fi = a^ + 5 a*6 + 10a»62 + lOaajs + 5 a6*+ 6«; 
(a - 6)6 = a^ - 5 a*6 + 10 a^y* - lOa^V^ + 5 a6*- 6*; 
and so on. 

In each of the above products we observe the following 
laws: 

I. T?ie number of terms is one more than the exponent of 
the binomial. 

II. If both terms of the binomial are positive, all the terms 
are positive, 

III. If the second term of the binomial is negative, the 
odd terms, in the product, are positive, arid the even te^^ms 
negative, 

IV. Tlie first and the last terms of the product are respec- 
tively the first and the last terms of the binomial raised to 
the power to which the binomial is to be raised, 

V. The exponent of the first term of the binomial, in the 
second term of the prodiLct, is one less than the exponent of 
the Uncmwl. ar,d in each sw^ceediv^ term, it decreases h, one. 

The exponent of the second term of the binomial, in the 
second term, of the produ^, is one, and in each succeeding 
term it increases by one. 

Thus, omitting coefl&cients, 

(a + 6)« = a« + a^b + aH^ + a^V^ + aH* + a6® + b^ 

VI. The coefficient of the first arid the last term is one, 
that of the second term is the exponent of the binomial. 
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The coefficient of any term, multiplied by the exponent of 
the fi/rst term of the binomial in that term, and divided by 
the number of the term, wUl be the coefficient of the next term. 

Votes : 1. The sum of the exponents in any tenn of the expansion is the 
same, and is equal to the exponent of the binomial. 

2. The coefficients of terms equally distant from the first term and the last 
term of the expansion are equal. Thus, we may write out the coefficients of 
the last half of the expansion from the first half. 

If one or both of the terms of the binomial have more 
than one literal factor, or a coefficient or exponent other 
than 1, or if either of them is numerical, enclose it in 
parentheses before applying the principles. Thus, 

Example 1. Expand (^afi-ba^xy, 

ProcesB. 

(2a:«-5o2x)* = [(2aH»)-(5a2x)]* 

= (2x«)*-4(2aH»)«(5a2a:)+6(2a:8)3(5a«a;)2-4(2a:«)(5a2x)» 
+ (5o2a:)* 

= 2*xi2_4x2«a:»X5a2a:+6X22a:6x b^a^x^-AX 2a:« 
X58a«x«+5*a8x* 

= 16a;i2-4X8a;»X5a2ar-f 6X4a:«x25a<xa-4x 2a:« 
X125a«a;»4-625a»x* 

= 16xia-160a«a:W+600a*a:8-1000a«a:«+625a8a:* 

Explanation. In the expansion the odd terms will be positive, 
and the even terms negative. The first term is (2 a;*)*, and' the fifth 
or last is (5 a^xy. The exponent of (2 x^) is 4, and in each succeed- 
ing term it decreases by 1. The exponent of (5 a^x) is 1, and in each 
succeeding term it increases by 1. The coefficient of the second term 
is 4. For the second term we take the product of 4, (2 x*)', and 
(5 o'x). To find the coefficient of the third term, we multiply the 
coefficient of the second term 4 by 3 (the exponent of (2 x*) in that 
term), and divide the product by 2 (the number of the term), and 
have 6. Hence, the third term is 6 (2 x*)* (5 a*x)*. The coefficient 
of the fourth term is found by multiplying Q (the coefficient of the 
third term) by 2 (the exponent of (2x*) in the third term), and 



INVOLUTION. 59 

dividing the product by 3 (the number of the term). Hence, the 
fourth term is 4 (2 sfl) (5 a' x)*. Performing operations indicated, we 
have the required result. 

Example 2. Raise 1 — } a:" to the fifth power. 

ProoeM. 

(l-Ja:«)» = (l)»-5(l)*(|x-) + 10(l)»(Ja:-)«-lO(l)«(fz-)>+5(l)(|x-)^ 

= l«-5Xi<x|a"+10Xl«x|x««»-10Xl«XyX«»4-6Xl 

Exercise 22. 

Expand and simplify the following expressions : 

1. (a - bf; (a + «)«; (a« - ae)*; (a« - 4)«; (2 + a)*; 
(a - 1)6; (1 - a)6; (2a -3 6)*. 

2. (xi-3)«; (aa:-3ar^»; (a; - 3)»; (2o«a;+ 36«y»)»; 
(2aa;+ 3 6y)*. 

3. (a + 2)«; (a-2)«; (2-Ja)«; (Ja-36)*; (Ja + J6)«; 
(a + 6)10. 

4. (ai- 2 -a-*)» ; [(x + y)»+ (a;-y)»]*: (1 + o + a*)* 
— (1 - a + 2 a2)». 

6. (a + 26)«-(a-2J)*; (3 -2a + o«)» -(2 - a)«; 
(3* + 5i)« - (2i - 3i)a. 

Qnerlea. How prove (— my = ± m^, according to the value of 
fi{ whether an even or odd int^r? How prove the method for 
squaring any polynomial? How prove the laws for raising a bino- 
mial to any power t 
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CHAPTEK VL 

ALGEBRAIC DIVISION. 

30. Division is the inverse of multiplication, and is the 
operation of finding the other factor, when a product and 
one of its factors are given. The product is now called the 
Dividend, the given factor is the Divisor, and the required 
factor is the Quotient. Thus, 

since a^ X a* = a^, 

sinc5e a-^ X a^ = a*, 

since a* X a-* = a, 

since a^-^ X a*» = a"*, .•. a^ -^ a* = a™-» 

since a"»+'» X a-" = a« .•. a"» ~ a"" = a"»+'» 

since 3a^b*x2a-^b = 6ab^, .-. 6a6«-f 2a-a6 = 3a»6* 

since 9a-^b^ X 3a*66 = 27a6', .% 27ab'' ■^3a*b^ = 9a-^b^; 

since 5a^6~*x4a~*6' = 20aH*, .-. 20a^6*-f4a~*6' = 5a^6~*; 

etc. Hence, in general, 

To Divide a Monomial by a Monomial. To the qiwtient of 
the numerical coefficients annex the literal factors, each taken 
vjith an exponent obtained by subtracting its exponent in the 
iivisor from its exponent in the dividend. 

IlIustrationB. 

l5aH^^ebc ='.^ =^'(Art2). 

2c 2 c '^ 



c 
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Exercise 23. 

Divide : 

1. 3a862 by ab; iSa^fe^ by 3a^h^; 20a^}^(?hy 5ab^(^; 
3 rni by 5 mi, 

2. rr^ by rr^^; a* by a"-^; a^l'^c^ by a^b'^t^; a""+" 
by a"—; 2'+" by 2'-*. 

3. 15 a-i 6-i a? by 9 «-« &-^i a:^. ^ ^J ji by | ai bi ; 
21a"m^af by T amsf. 

4. 24a*^-by 3a";?"; Z&a''m?ifn by 9amyn*; ic^+V* 
by a^2/2 

5. (a; — y)* by (a; — yY ; (a — /;)*+* by (a — c?)*-^ ; 
|6TA« by f 6<»A?. 

6. (6 a^}^c X I5a«6«c«) by (5 a^bU^ x 2a* c^) ; a*"" by 
a-"; (2m?i«)2* by (2m7i«)* 

31. Only a positive number, + a, when multiplied by -\- 6, can 
give the positive product +a6. Therefore, +a6 divided by + 6 gives 
the quotient + a. 

Thus, since oX6 = 4-a6, .*. +a6-r + 6 = + a; 

since aX — 6 = — a6, .•. — ah -i — 6 = + a; 

since —a X b = — ab, .-. — a6-r + 6 = — a; 

since — aX— 6 = + a6, .*. +a6-^ — 6 = — a. 
Hence, in general. 

Law of Signs. If the dividend and (he divisor have the 
same sign, the quotient is positive. If they have opposite 
signs, the quotient is negative. 
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Example. Divide 12 a"* by - 4 a* 

Solution. Since there is a factor 4 in the divisor, there must be 
a factor 3 in the quotient, in order to give a product of 12 in the divi- 
dend. Since there are m factors of a in the dividend, and n in the 
divisor, there must be m — n factors of a in the quotient, in order to 
give a product of a"» in the dividend. Hence, 1 2a'" -f — 4 a* = — 3 a"*-*, 
because only a negative number, — 3a"»--'», when multiplied by —40* 
can give the positive product, 12 a"». 

niustrations. 

- 15a»m«6«-r 3a«m*6a = - 5a«-26»-2m«-* = -5a»6m» 
- 5 xio 2/»2« -^ - 10 xV^* = + i xio-8 i/«-«z«-« = + \ x«y-*««. 



m — ft 



Exercise 24. 

Divide : 

1. 6a? by Zx\ -20a^6V by lOalc) 35 a^^ by -Ta^; 
^laH(? by -1aH(?. 

2. 27a:c* by -9 a:*; -|a«66c« by §a*6c2; .Sa^JWci^ 
by I a^Ji^ci*; 12a?''«/i by -|afy. 

3. d\m?n^3fi by -2J m-i7i-3a;-2; - 5| 7/i-8a:-i2/^o by 
\^a}w?x'^y] Z.2la-^3?f by 2.02|a-«a;y2 

4. .O^a^mV^ by -.Ofa^m^^V; -9.3m3«+2^-37/i^ 
by .3m8«+ia:»-*yK 

5. .66jc«y*by-.ia:^y"-2*; -f(a ft)3c8 by .6(a-J)V0; 
- .Sai-'ii" by -.2a"'6r 
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6. - .375 xi yi (xi - yi)i by - ^ xi y (xl - yl)J ; 
8 m-^n'^x-'^y'' by 9m"*^n ^x-^y-^. 

7. -1.2aio(x-y)7r» by .3a*(x-y)*2*i; m-«n*(x-y)' 
(?/ — 2j)^ by 7n- 2«n**(a: — y)-' (y — 2)i^. 

Simplify the following, that is, perform the indicated 
operations : 

9. (a-26* ^ 2a6) X -2aH'^ X (- .Gflij* -f - .SaHi). 

10. (.3a-"'6—c-''-r- .03a"'6"c'») -h Ifa-^^fc-a-c-s^i. 

11. (4|a-»6rfx-2-^lJa-76-3rf4) 

X [6 a^c'^d^ X -7- (84 a^b^c-^l a^l^c^)]. 

12. (x^ " X a-U-ia-^-") X (aUx8'•yi-^64x2•"y-t). 

13. (-14aiH«r-3-f--7aH*c-*) 

^ (28 a'"6V -r - 4 a^-ft—c-'). 

14. (1.7a-U-4cixa-=-l.la-a6-ix8)x (a'-i-c-^-s-ati^cS). 

32. Since (a + 6) m = a ?» + 6 m. . •. (a m + 6 m) -r m = « -i- 6. 
Since (a — b)m - am — bm, .-. (am-6m)viii = a-fe. 

Since (a:y-2y«2-3x«ir') X -8xj^= -3xai/* + 6xi/»2 + 9x*y, 
.'. (-3x'i/*-l-6xy*2 + 9x*y) t -3zy» = zy-2y«2-3z»y-«. 
Hence, in general, 

To Divide a Polynomial by a Monomial. Divide each term 
of the dividend by the divisor, and add the results. 
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Exercise 25. 

Divide : 

1. 2a?+ 6a^y - 8 a^f by 2 c?\ 21 m^ifi - Im^'n?- 

— 14 mn + 63 by 7 m ti. 

2. anc - a2j3c2_ a3 62c3 + aH*c3 by a^lc\ 4.2 a? 

- 1.1 a? + 28 a; by .7 x. 

3. 28 a8 + 9 a2 - 21 a + 35 by 7 a; 4 a^fia _ 16 a* 6* 
+ 4a^68 by -4a863. 

4. 6a262c3 - 48 a2j4^ + 36^262 ^_ 20 a 6c« by 4a6c2 

5. 2.4 m2?i2 — .8 m%^ — 2.4 m ti^ + 4 m^ rt^ by .8 m ti ; 
if — xi yi by ici. 
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6. — 3a2 4. -|a6 — 6ac by —1.5 a; .bm^n^—Zm^n^ by 

— 1.5 m^n^ 

7. - 72 a^ c2 - 48 a7 ^10+ 32 a2c8 by lea^c^; 3.6 ti^' 
— • 4.8 ni by 4 n^. 

8. lliB22/8+ 3a;7i-2.4y2 by .Sa^jf; .09 m^*- 2.4m87i 
+ 4.8 m^ by .03 m*. 

9. - a*" + 2a-"» - 3a" by - a2; m"+i- m*+2 + ^»+3 

— m""*"* by m^. 

10. 2.1aa;22^+ 1.4a3aj*2/" — 2.8 aSaj2yp by — .Taaj^T- 

11. a"'63_,,m4.ij2 4.^»-2j by _^j. _2aSa?+3.5a*a^ 
by 2.3Ja8a;. 
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12. 2.25 a?x - M2o abx -^ .375 acx by .S7^ax; 
11 a?* -33 a;* by 11 at. 

13. 72 wt- 60 mini + 12wlwi- GwAwi by 24 wJ. 
14 36 (x - y)« - 27 (a:-y)8 + 18(a:-y) by 9(ar-y). 

15. -12a:«3^"2'-30af'^«^2+108a;*"y;2'+2 by -6:r^/2. 

16. ?n" (a; — y)« — m'(x — y)" by m* (x — ^)". 

17. {x + j/Y(x^j/y+{x+!/yix^yj- by (j:+;/y(x-y)*. 

18. -2.5wHl.6m7i+3.3m by -.83m; a-^^-a'^^^l/^+a^ 
by a-^^. 



33. It may be shown by actual mnlti plication that : 

(m+n-^-p) (x-\-y-\-z) = mx-{-my-\-mz-\-7ix-\-ny-{-nz-{-px-\-py-\-pZ' 
.-. (mx+my-\-mz-hnx+ny-\-nz-\-px-{-py-{-pz)-ir(x-^y-{-z) = ni^n-{ p. 

The division is performed as fr>llows : 

Separate the dividend into the three parts mx + my + ms, 
nx -^ ny -\-nz, and px-\-py + pz. The firBt term of the (luotient, 
771, is found by dividing m z, the first term of the dividend, by x, the 
first term of the divisor ; multiplying the entire divisor l)y m will 
produce the Jirst part of the dividend. The second term n of the 
quotient is found by dividing the first term of the second part of the 
dividend by the first term of the divisor ; multiplying the entire di- 
visor by n will produce the second part of the dividend. The third 
term p of the quotient is found by dividing the first term of the third 
part of the dividend by the first term of the divisor ; multiplying the 
entire divisor by p will produce the third part of the dividend. The 
work is conveniently arranged as follows : 
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Ezplanatioii Dividing the first term of the dividend by the first 
term of the divisor, we have x*, the first term of the quotient. Now 
as we are to find how many times x* — 3ar* + 2z+lis contained in 
the dividend, and have found that it is contained 2* times, we may 
take x^ times the divisor out of the dividend, and then proceed to find 
bow many times the divisor is contained in the i^mainder of the divi- 
dend. Dividing the first term of the remainder by the first term of 
tbe divisor, we have — 2 a:, the second term of the quotient Simi- 
larly, we find the third term of the quotient. Hence, the quotient is 

Kotes: 1. Algebraic division is strictly analogous to *Mong division'* in 
Arithmetic. The arrangement of the terms corresponding to the order of suc- 
c3Ssion of the thousands, hundreds, tens, units, etc., and the processes for both 
are exactly the same. 

2. It is convenient to arrange both dividend ami divisor according to powers 
of the same letter ascending or descending. 

3. It may happen the division cannot be exact It/ performed ; we then algt- 
&raicaUy add to the quotient the fraction whose numerator is the remainder, 
and whose denominator is the divisor. Thus, if we divide sfl — 2xy - y^ by 
X — yt we shall obtain x — y in the quotient, and there xoill be a remainder 

— 2y2. Hence, (x^ - 2xy - y^) -r (x - y) = x - y - ^^- - 

Example 2. Divide a* + 6' + c* - 3 a 6 c by a + ft 4- c. 

Arranging according to the descending powers of a, we have : 

Process. Divisor. Dividend. Quotient 

[4-6S-c« -be 

a+b+c)a^ -3a6c+68+c«(a*-aft-flc 

fl2 times the divisor, cfi-haV)j-a^c 

First remainder, ~~-aV)-a^c -3a6c+6»+c» 

— a 6 times the divisor, —a% —nh^ — ahc 

Second remainder, -a^c-\-ah'2 -'2abc-\-b^+c* 

— ac times the divisor, —a^r —ac'^— ahc 

Third remainder, ah^+ac^ a6c+6«4-c« 

62 times the divisor, ^ ±?t**£ 

Fourth remainder, ac^- ahc-b^c-\-c^ 

c2 times the divisor, ac^ -\-hcHc^ 

Fifth and last remainder, -abc-b^c-bc^ 

— he times the divisor, —a bc—b^c-bc^ 

To verify the work, multiply the quotient by the divisor. 
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Examples. Divide if^ x y^ + \ x^ -h ^t/« by Jy+ ^x. 

Process. 

ix + Jy)jx8 +^^y'' + ^y^{ix^-ixyhiy 

Divisor X ix% \x^ + ^x^y 
First remainder, — i^^y + -^xy^ ■}- ^y^ 

Divisor X-^xy, -jx^y- j xy^ 

Second and last remainder, i ^ 3/* + ^ y* 

Divisor X \ y% \xy^-\- j^y» 

Hence, in general-, 

4 

To Divide a Polynomial by a FolynomiaL Divide the first 
term of the dividend ly the first term of the divisor for the 
first term of the quotient; multiply the entire divisor hy this 
term, and subtract the product from the dividend. Divide 
as before, and repeat the process until the work is completed. 

Exercise 26. 

Divide : 

1. 14 ^* + 45 ay'y + 7S x^y^ + 4:5 x f + Uy^ hy 2x^ 

+ 5 .r ?/ + 7 ?y2 

2. x^-'2 a^y + 2 x^y^ — xy^ by x — y, a^ — 2ah^-^b^ 
by a — b. 

3. f'-5 7/ + 9 7/ — 6y^-y+2 by y^ - 3 y + 2 ; 
y^-1 hy y-1. 

4. x^ + xy + 2 xz — 2 z^ +7 yz— 3:^ hy x — y + 3z; 
a^ — b^ by a — b. 

5. 2xy+ 3by ■\-lQbx+15b^ hy y + bb', a^-\- a^b 
by a + 6. 

6. .125^-2.25aj2 7/+ \3,5xy^-21f by .Zx-3y, 

7. y— 6y^— 2aj+54ir3— 'U^y by 2x—y\ a;*— ^ by a;+y. 
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8. s?i/'-a^ — f+ 1 by xy + x+ t/ + 1; 4:1^ + 4y 

— 2^ by 3y+2/+2. 

9. a? + j^ — 2?+ 3 xyzhy x+ f/ — z; x—y by x^—yi. 

10. a^y^ + 2 xy^z — afls? -^ i/^z^ by xy + xz + yz; 
^ — j/^ hy xi — yi. 

11. 12a^''26 3fiy-Sx^i/+ lOx^-Sy^ by 3sfi 

— 2xy + f. 

12. a^s + 7/3 + 3 aj y - 1 by a: 4- y - 1 ; gS a:^ - ^^^ ^2 

13. 12 a^ 2^» - 14 a;^ / -f 6 a;« / - y7 by 2 a? 3/8 - y3. 
aj^ — ^ by ici — yi. 

14. a^ 6 - a i*fi by a8 + 68 + a 62 + fi? 6 ; a^ + ar* - a? 

— a:~2 by aj — x'K 

15. a:^ + a^y + a3 2/2 + A2iy3_^^y4_^2^6 j^y ^^yi. 
a4 — fct by a5 — fti. 

16. Ja3 + J^«2_ 5.25a + 2.25 by ^a + 3; ,15x^f 
-f .048 a;^ by .2 a,2 + ,oxy. 

17. «4-a2-4a! + 6a-2ai by J-4ai + 2; ar^-y* 
by a:-y. 

18. a:^ ^ 2/3 + 2:3 _j_ 3 rjfly ^ 3 ^^ by a; + y + 2; .5 ^3 
4- .x-2 + .375 X + .75 by J a; -h 1. 

19. aj3+ 8^3 + 28— 6 a;y 2; by x^ + Ay^ -\-z^ — xz — 2xy 
--2yz. 

20. ^g-ar*-f aj3- Ja:2 + |a,^ j^ by 1.5a^-a;-f. 

21. ofi — 1/^ by x^ •\- ofi y + x y'^ •\' y^y a? — y^ by a.2 
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22. 10a*- 27aH + 34a262- lSal^-8b^ by 5a^- 6ab 
-262. 

23. S6a?+^i/+.25-4:Xi/'-^6x + ^i/ by 6ic-J.y-.5. 

24. a^ + 2 aH^ + 6^2 by a* + 2 a2 62 + 6*; a^-b^ by 
a3-2a26+ 2^62-63 

25. 2 ic3» - 6 .r2» y» + 6 2;"?/2n _ 2 2/3" by a:" — 2^; a:3» 
+ 7/3» by a;» + ?/. 

26. ic2« — y^'» + ^y"^^ -^' by a;" + 2/"* — 2*; 32^—22' 
by 3^-2^. 

27. ^V^-^-HI^/ by f.>c-.752/; a:-J"-3ic-i"*2^-i» 
+ 2 2/~^" by or i"» — 2/"^". 

28. ^a;2m_^2y2a:™+«+ 2 yr aj"» + s2:i;2" + 2raj»;2 + r2 

by ^ a^ + i2 a?" + ^'. 

29. x~^ + 2x~iy~i + ^/"^ by a;~i + i/^i; x^ + ?/* by 
ic2 + 22 aj y + 2/2. 

30. aj~i — ?/~J+ 2 2/~^2;~i — ;2;~i by aj""i + ?/~? — a;~i; 
a?* — 3 ?/* by a; — 2/. 

34. There are special methods for finding the quotient 
of binomials, by i7ispection, which are of importance on ac- 
count of their frequent occurrence in algebraic operations. 
Thus, 

It may be shown by actual division that : 

a-b a—h 

— ?^ = a*+a8 6+a2 h'^+a h^+0* ; ^^—^ = 0^+ a^b + a%^ + a%^ + ab* + 6* ; 
a—b a—b 

and so on. Hence, in general, it will be found that, 
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The difference of any two eqnal powers of two nnmben it 
divisible by the difference of the nombers. 

lu each of the above quotients we observe the following 
laws : 

I. TJie number of terms is equal to the exponent of the 
powtrs, 

II. The signs are all positive, 

III. The exponent of a in the first term is one less than 
the exponent of a in the first term of the dividend^ and in 
each succeeding term it decreases hy one {in the last term its 
exponeiU, is 0, or bl disappears). 

The exponent of b in the second term is one, and in each 
siicceeding term it increases hy one {in the last term its expo^ 
nent is one less than the exponent of b in the dividend). 

IV. The first term is found hy dividing the first term of 
the dividend hy the first term of the divisor. 

Y. To find each succeeding term, divide the preceding 
term by the first term of the divisoi\ and multiply the residt 
hy tJie second term of the divisor regardless of sign. 

Example. Divide 1 — w* by 1 — n. 

Solution. Dividing 1, the first tenu of the dividend, by 1, the 
first term of the divisor, we get 1 for the first term of the quotient. 
Now divide the first term of the quotient by the first term of the 
divisor, and multiply the result by n, the second term of the divisor 
(regardless of sign), for the second term, n, of the quotient. Dividing 
the second term of the quotient by the first term of the divisor, and 
multiplying the result by n, we have n* for the third term of the quo- 
tient. Similarly, we find n*, and n* for the fourth and fifth terms, 
respectively. ,*. (1 — «•) -f- (1 — n) = 1 + n + n* + n* + n*. 
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Exercise 27. 

Divide by inspection : 

1. QH^ — 71^ by m — n ; a^ m^ — b^n^ by am ^ bn ; 
m^ 71^—1 by m n — 1. 

2. 1 — m^ n^ 2:^ by 1 — m. nx\ {x yf^ {x zf hy xy — xz ; 
1 — a^h"* X* by \ — ahx. 

In order to apply this principle the terms of the divi- 
dend must be the same powers of the respective terms of 
tlie divisor. It is not necessary that the exponents of the 
terms of the divisor be 1, nor that they be the same, nor 
that the exponents of the terms of the dividend be the 
same. Thus, 

Example Divide x^^ — y^^ by x' — y^. 

Solution Dividing x^^ by x^, we have x^ for the first term in the 
quotient. Now divide ac® by a* and multiply the result by y^ for the 
second teitn^ x^ y^, in the quotient, hi like manner we find x* y^, and 
y^^ lor the third and fourth teiTOs of the quotient. 

. . (xi2 _ ,^16^ ^ (,.8 _ yA^ = x^-{- a:« ?/ -\-x^y^-\- y^^. 

So in general x^ — v/"* divides a:"** — //""* (n being any 
positive integer), since the dividend is the difference be- 
tween the Tith powers of the terms of the divisor. 

3 V?9 - 66 by a^ - l^ , a^^ - ?/2i by x'^ - f  x^^ - y^^ 
hy a? — //2> 

- a^'^ by 22" - re'" 

We may easily apply these principles to examples con- 
taining coefficients as well as exponents ; also to those 
involving fractional or negative exponents. Thus, 
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Example. Divide 81 a^^ - 16 h^ by 3 a» - 2 6*. 

Solution. Dividing 81 a*^ by 3 a', we have 27 a* for the Jirst 
term ol* the quotient. Now divide 27 ci* by 3 a* and multiply the 
result by 2 6*, for the second term, 18 a* 6®, m the (|uotifnt. Simi- 
larly, we find 12 a* 6*', and bb^^ lor the third and fourth terms in the 
quotient. 

. . (81ai2-l66a<)-r (3a»-26») = 27a»+ 18a«6H 12a»6"+86". 

If a and ft are coefticienis, iCoif'^ — 6"^"*" is divisible by 
ax^ — h'tf^y since the dividend is the difference between 

a __ # 

the Titli powers of ax^ {ii:<'. ////"•. In general, a; "— y •" 

na fi« 

divides oi "* — y ' (?i Ik ing (iny positive integer), since 

a 

the latter is the diflerence between the ?ith powers of a: "* 

and y '. 

5. 64ai2_27n» by 4^-»-3?t3, 16a:«yW-_ ^i^ ,;^,8.2o- 
by 4 ar^,?/^" — J 7??.^ z^^" 

by 2^2 _ 3^^ 

7. a:~ 5 — 2/~i by x~i — y~^ , 2^ —• t/^ by a-i — /yi ; 
cr .z-2 — ^3 y l)y ai xi — fti y/i; 

35. It may be shown by actual division that . 

— —— = a—h; — —r- = a^—a^bi-ab^ — h^: and so on. 
a-\-b a-\-b 

Hence, in general, it will be found that, 

The difference of any two equal even powers of two num- 
bers is divisible by the sum of the numbers. 

In each of the above quotients we observe the laws are 
the same as in I. and III., Art. 34 ; also. 
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VI. The signs are alternately + dnd — . 

Hence, the principle may be applied to different classes 
of examples as in Art. 34. Thus, in general, 

If a and h are coetticients, ax'-\-by^ divides a*af^ 
— Z^*^""* {n being any even and positive integer ; also m and 
p may be integral, fractional, or negative), since the divi- 
dend is the difference between the ni\\ powers oi aaf and 
hy^. 

Note. The difference of the squares of two numbers is always divisible by 
the sum and also by the difference of the numbers. Thus, a« — 68 js divisible 
by a* ± 64. In general, a2» — 62 m ig divisible by a" dt 6"» when n and m are 
integral. This is the converse of Art. 26. 

Exercise 28. 

Divide by inspection : 

1. 625 i.^a^ - 81 m* w* by oax-\- 3mn; a? ^ 6^2 i,y 
x^ + b^ ; x^ — 1 hy X + 1. 

2. xi - y^ by xi -\- yi ] 256 2^ - 10000 by 4a; + 10; 

3 a;*"* — ?/*" by a;"* + y" ; ^1^ a:^ _ 0016 2/^ by J a;i H- .2 ?/4 ; 
ftio - ftio by a + & 

4 729 a^ - 64 ft^s by 3 a^ + 2 h^; a^ a?" - ft^y*^ by 
ao(^ + b'^ y^ "» 

5. a'i — aj"^ by a~i -f a;~t; a^ x"^ — 6ty"^ by 



6. a;i" — 7/4"* by a:i* + 3^A"*; Sla-i^x — ^^ 6S*y-| 
by 3a-3^"a;i + ^ J«"7/--|™ 



m 



ALGEBRAIC DIVISION. 75 

36. It may be shown by actual division that : 

^ = a2_aft+62. ?-Z:|: = a*-a»6+a«ft2_aft«+6*; and so on. 
Hence, in general, it will be found that, 

The sum of any two equal odd powers of two nnmberi it 
divisible by the sum of the nnmben. 

In each of the above quotients we observe that the laws 
are the same as in Art. 35. 

Hence, the principle may be applied to all the different 
classes of examples as in Art. 34. Thus, in general. 

If a and b are coefficients, aaf + bi/^ divides a*x"' 
-f- ft"y"» (n being any odd and positive integer, also ?» and 
p are integral, fractional, or negative), since the dividend 
is the sum of the Tith powers of a of and b y". 

Exercise 29. 

Divide by inspection : 

1. x"* + y^ by X •{■ y\ x"^ + y"^ by x"^ -f y^; 
1024 ir^ + 243 y^ by 4 re + 3 y. 

2. 128 2^21 + 2187 y" by 2 2:8 + 3 y2. 243 x^^ + 32 y^^ 
by Za? + 2f. 

3. aji*" + y2i« by a?" + /~; i^i^ + mSS" by Ai^^ + m^-; 
«ii + 6" by a 4- 6. 

4. m 71 + xy by rn\n^ + rciyi ; xi + yV by a:i + yi ; 
a;~'t + y"""^ by a?""^ + y~^. 

5. axi+6*y by a* rci+ftiftyl; (|)* + (f ) by (f )* + (|)J : 
^6 + jio by a + fe2. 

Kote. Since a<) and Ifi are odd powers of a^ and &3, a^ + &^ is divisible by 
a5« 4- ^. ai® and ftw are the 6th powers of aS and t^, a^ + 6*° is divisible by 
a2 -f ^. Also, a^ and &• are the third powers of o* and fc«. Therefore, a* -f fe9 
is divisible by a* + &' 
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6. a^ + 6^2 by «* + 6* ; a;« + 1 by a? -f 1 ; x^^ -f- 1 by 
x^+1; aP^ + 627 by a^-\-P. 

7. ajio + yio by 2r^ + y^; x^^ -\- y^^ bj ofi + i/ ; 64 -{- 3^ 
by 22 + r^. 

8. 64a:« + 729y6by 22a^^+97/3; 3:^0+ _^^ by a? 4- (J)^; 
a24 + 624 by a« + 68. 

9. ai8 + 618 by a^ + 6« and by a^-\- h^\ yj^ a:«-|- g^/ 
by i^ + i2/^. 

10. a36 4. J36 by ai2 + 6^2 and by a^ + J*; 729 a;« + 1 
by 92j2+ 1. 

11. Qc^ + y^ hy ofi ■\- y^ and by 2:" + .y^^ Query. Is 
it divisible by 2^2 ^ yi ? why ? a^^ + 6^8 by a^ + 6« ; 
a27 + 621 by a9 + 6^' a^^ + 6^^^ by a^ + h\ 

12. a;" + 3^ by a;i8 + 7yi8 and by ofi + ?/. Query. Is 
it divisible by ofi -\- y^'l Wliy ? a^ + 6^2 by a^ -f 6* ; 
«« 69 + 7W,27 ^36 by a2 63 + m^ n^^ ; a^^ 625 + .„^3o ^10 by 
a8 6^ + m^ 7i2 

Find an exact divisor and the quotient for each of the 
following, by inspection : 

13. 8 + a^; a^ - b^; S - x^; a:* - 81 ; a^^ - 6^2; 
81 ai2 _ 16 68; a4 _ g25 ; a^ - b^ 

14. x^ - y^^\ nfi + 7^\ x^ - y^^ ; x^ - ^ -, a"^^ - h-^^\ 
a^u^p-b^2/^; 2:^-32; 16 a* - 81. 

15. 32 a^ _ 65; 81 «8 - 16 62; 1 -f; a^s^'\- 1000; 
a'^x^ - 1; a^ + m^x^; x^y^ - 81 dK 

16. 32 a}^ - 243 b^^\ o^^x^^"" - ay^x"^^-, «»" + 69"'; 
^9^^ _^ 69 2^9"*; c' a:7P + 6^3/7 ». 
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17. a;-«- -h 3r«-; 8a:«2^ -f 729; r?" y^F _ Jiiiyia-- 
c8 a;8'' - 6 V" > ^ - 1296 ; a^S" - jw* 

18. 128a,^ + 2187y^*; 256a;ia-81/; a*-6»" + ^''y*'; 
1 + 128 a;!*; a-8»-.6ia-; x-^y-^-l. 

19. x^"y-J-aiy-i; a^la;-|+l; ^a"x^+^^ft— y-i; 
^a;-*»-.00032y-»« 

20. Jf c" + .00243a?3r^ 256 aaj""*" - .0081 ft"*"; 

Queries. How divide a monomial by a monomial ? Prove it. 
How prove the method for dividing a polynomial by a polynomial ? 
In Art. 35, the sign of the last term of the quotient is - , while in 
Art. 36, the sign of the last term of the quotient is +. Why is this ? 
What is the product of a* and a- • ? Prove it. What of a" and ar^l 
Prove it. 

Miscellaneous Exercise 30. 

Divide : 

1. a8ft-8+i^a2 6-2+|| by Jaft-a + Jft-i; ar-i + yi 
by x-i + ir^, 

2. a-« + 5a-*6-Hl0a-36-a+l()a-2 6-3 + ba-^b'^ 
+ 6"* by a-i + b-\ 

3. 2 a^ — aa — 2 a + 1 by 1 — ai ; a: — y by ici — 3/i 

4. (a - 6 - c)- - (a - 6 - c)""- - (a - J - c^ by 

5. 2 2^3 ^_ 2 3^ + 2 2^ - 6 a;y 2 by (a: - y)2 + (y — 2)2 
+ (2-rr)a; (a:^ - y^)^ by (a? 4. a: y + 2/^)2 

6. {a^-2yzf-S7/2? by a?-4y2-, (a: + 2y)3 + (y-3e)3 
by a: + 3 (y - 2). 
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7. xi — xhj + xyi — 2xi f + 2/* by xi — xyi -\- o^y 
3 2 a:3» _ 6 ^c^"/ + 6 iZJ"2/2» _ 2 2^» by af — y". 



w— 2 ^/2n 



— X 



by aj"*- 3a;'"-V" — 6 :» 

10. a3" - 3 ^2'* 6» + 3 ft»62« _ 58« by a** - &•*; 8 a 

- 8 a^ + 5 a^^ - 3 a-^^ by 5 if - 3 a"*. 

11. 6 a«" + ' - 23 «'" + ' + IS a^ - a'^""' - 3 a*«-* 

12. 4 at — 8 cfci - 5 + 10 a"* + 3 a"* by 2 aA — ctA 

— 3 a~~^. 

13. 6r" + 3__5^+2_5a^ + i+19^_21ar«-^+4af-* 
by 2 a;^ + ic^ — 4 a:. 

14. 6 m"'-"-^^ + 771^-" + ^ — 22 nv^-" + 19 m*""-^ 
_4^a^-n-2 |3y 3'm^-" - 4?M^-" + m^-^ 

15. 6af-^"^'+ar^^"^'-9af-^"+llaf+~-'-6af+"-^ 
^^ + n-3 by 2a;'*^'+ 3a;" + ^-a;^ 

16. a""* — a" y"-^)*" - a<"»-*^ " 6'" + 6"*" by a» - 6". 

Find an exact divisor and the quotient of the following, 
by inspection : 

17. 8 a;8 + 1 . 16 __ 81 a* ; 64 a^ _ 8 6^ ; ^3 + iqoo ; 
a6-64; m^-n^; 1-82/3. ^767-1. 



-12 m ^yl2 n . ,^d n» 



x--^"' — 2/""; 0?''"* + 2/^**. 



19. 8 a^ - 27 7/-^ 64 a^^ _ 27 n-^; 243 ai + 32; 
^^n_^5y5m. |ia4»-.0016 6i"; 29" ai2» + 3«'». 
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CHAPTER VII. 

EVOLUTION. 

37. Bvolntion is the operation of finding one of the 
equal factors of a uuinber or expression. Evolution is the 
inverse of involution. 

By Art. 27, (2 a)« = 4 a^; (2 a)« = 8 a« ; (2 a)* = 16 a* ; etc. 

2 a is called the second or square rout of 4 a^ l)ecau8e it is one 
of the two equal factors of 4 a'; it is the third or cuhe root of 8 a* 
because it is one of the three equal factors of 8 a*; etc. Hence, in 
general, 

A Soot is one of the equal factors of the number or 
expression. 

Roots are indicated by means of fractional exponents, 
the denominators of which show the root to be taken. 

Thus, (a)* means the second or square root of a ; (a)* means the 
thinl or cube root of a; (a')* means the sixth root of a*. In general, 

(a"»)» means the nth root of a*. 

• Roots are also indicated by means of the root sign, or 
radical sign, ^. 

Thus, \/a means the square root of a ; ^a means the cube root 
of a ; v^a* means the nth root of a*. 

The Index is the number written in the opening of the 
radical sign to show what root is sought, and corresponds 
to the denominator of the fractional exponent. When no 
index is written, the square root is understood. 
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n,— 



Hote. ya or a* is defined, when » is a positive integer, as one of the n, 

n — 

equal factors of a; so that if ya be taken n times as a factor, the resulting 
product is a ; that is, ( Va)" or va*/* = 

Similarly, ( ^a) or \a"*»/ 



a. 

F 

Imn 



= a. 



38. The sign, ± or =p, is sometimes used and is called the double 
sign; it indicates that we may take either the sign + or the sign — . 
Thus, a ± 6 is read a plus or minus b. 

ByArt.27, (+a)* = a*; (-a)* = a*; (-ha)6 = a5. (-ay^^-a^. 

Therelbre, (a*)* = ±a; (+ a^)* = a; (— a*)* = — a. Hence, in 
general, 

Hven roots of any number are either positive or negative. 

Odd roots of a number have the same sign as the number 
itself 

Since no even power of a number can be negative, it 
follows that, 

An even root of a negative number is impossible. 

Such roots can only be indicated, and are called imaginary. Thus, 
(— a^)*, ^— 6, y'— 1, and y^— a^ are imaginary. 

Example 1. Find the square root of 9 a^b^c^. 

Solution. Since, to square a monomial, we multiply the expo- 
nent of each factor by 2, to extract the square root we must divide 
the exponent of each factor by 2. The two equal factors of 9 are. 
3 X 3, or 3^. Dividing the exponent of each factor by 2, we have 
3 a* h^ c. Since the even root of a positive number is either positive 
or negative, the sign of the root is either plus or minus. 

.-. y/9a^b*c^ = ±3a^b^c. 

Example 2. Find the fifth root of - 32 a^o a:»". 

Solution. Since, to raise a monomial to the fifth power, we mul- 
tiply the exponent of each factor by 5, to extract the fifth root we 
must divide the exponent of each factor by 5. The equal factors of 
32 are 2 X 2 X 2 X 2 X 2, or 2». Dividing the exponent of each 
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factor by 5, we have 2 a^ ac*. Since the odd roots of a number have 
the »ame sign as the number itself', the sign of the root is minus. 

. •. ^— 32 a^^ a:** = — 2 a* X*. Hence, in general, 

To find any Boot of a Monomial Resolve the numerical 
coeffijcieid into its prime factors, each factor being written 
with its highest exponent, divide the exponent of each facto)' 
hy the index of the required root, and take the p'odtict of 
the vaulting factors, drive to every even root of a positive 
expression the sign ±, and to every odd root of any expres- 
sion the sign of the expression itself 

Kote. Any root of a fraction is found by taking the required root of each 



of its terms. Thus, * Vi. __ lA = ? . In general, 4''/- 



V n 



Exercise 31. 

Find tho value of the following expressions : 

2. (-343a*6-«)i; {^3^;/>z«)i; {-x^Oi/^)i; v'Sl x*y-*. 

3. \/^; (121a;i2j/3)i; V25 a^b^; (16 a-^h^)^ 

4. (- 243 a^o 610 n)i . (_ 54 ^8 „6 ^^J . („,80 n»>)^. 
o. (-32^10;/- 6) I; >{/32"^i6^=io ; (625a»6Wc*)f 

6. (512a«68c«f/-8)i; V64a-«6"*; v'l^ ; v^- 32 a^'\ 

7. -v^aio"^; y^; V^27w«m9; </a^*W7^ ; (a'^'h^-)^. 

6 
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10. ^/IGx^^y^'z^; (- jVs '"'"*""*)*; Va"*»"c-"'. 
Simplify : 

11. V?l«**^c~^ + (^ «^ &* "-*)* - (f J a< «§ c-i)i 






3 



Express the Tith roots of : 

12. 3x7x4; Saj^'/n. 3^563. (a-?)^; (^j^^)-; aj^-y 

Express by means of exponents : 

13. v^^F?; ^a (.r; - ?/")'» ; v^^^^; v^(a; + y)"*. 

Queries. If n and /? in the last two parts of Ex. 13 are integral, 
what signs should the roots have ? "Why ? When should the first 
two roots have the double sign 1 

39. By Art. 28, (a -\- hy =: a^ -\- 2ab + b^ 

Therefore, (a« + 2 a ft 4- 6^)* = a + b. 

By observing the manner in which a + b may be obtained from 
a^ -\- 2ab + b^, we shall be led to a general method for finding the 
square root of any polynomial. 

Process. a^ -h 2ab + b^(a -\- b 

First term of the root squared, a^ 

First remainder, 2ab -hb^ 

Trial divisor, 2 a 

Complete divisor, 2a -\-b 



Complete divisor X 6, 2ab + b^ 

Explanation. The square root of the first term is a, which is 

the first term of the required root. Subtracting its square from the 

given expression, the remainder is 2ab-i-b^, or b times 2a-f 6. 
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Since the first term of the i*emainder is twice the product of the first 
aud last terms of the root, and we have found the first term ; there- 
fore, divide 2 at hy twice the first term of the root already found, or 
2 a. The result will be the second term b of the required root. 
Adding b to the trial divisor gives the complete divisor, 2a + b. 
Multiplying by b and subtracting, there is no remainder. 

By Art. 28, (a + 6+c)2 = a^+2ab-^b^+'2ac'^ 2bc-hc\ 

Therefore, (a^-f 2a6+62^_2oc-f 26c+c2)* = a-^-b-^c. 

Process. a^-\-2ab'\-b^+2ac-\-2bc+c^(a+b+c 

First term of root squared, a^ 

First remainder, 2a6 + 6*+2ac-f-26c + c« 

First trial divisor, 2 a 

First complete divisor, 2a-f-6 



First complete divisor X 6, 2 a 6 -f- ft' 

Second remainder, 2ac+26c-}-c' 

Second trial divisor, 2 a + 2 5 

Second complete divisor, 2a-^2b-\-c 



Second complete divisor X c, 2ac -f-26c +c* 

Xbqplanation. Proceeding as before, the first two terms of the 
root are found to be a 4- ft. To find the last term of the root, take 
twice the terms of the root already found for the second trial divisor. 
Dividing 2ac by the first term, the result c w^ill be the third term of 
the required root. Adding this to the trial divisor, gives the entire 
divisor. Multiplying by c and subtracting there is no remainder. 
We have actually squared the root and subtracted the square from 
the given expression. Hence, in general, 

To find the Square Boot of any Polynomial. Arrange the 

terms according to the powers of one letter. Find the square root 
of the first term. This will be the first term of the rer^uired root. 
Subtract its square from the given expression. Divide the first term 
of the remainder by twice the root already found. The quotient 
will be the next term of the root. Add the quotient to the divisor. 
Multiply the complete divisor by this term of the root, and subtract 
the product from the remainder. For the next trial divisor, take 
two times the terms of the root already found. Continue in this 
manner until there is no remainder. 
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Example. Find the square root of 4 a — 10 a* + «• + 4 a* 4- 1. 
Arranging according to the ascending powers of a, we have, 

[-2a2 

ProceBS. 

First term of root squared, 
First remainder, 
First trial divisor, 2 
First complete divisor , 2+2a 



l-f4a -10a»-|-4aS+a«(H-2a 



4a -10a«-|-4a6+a« 



2 a times first complete divisor, 
Second remainder. 
Second trial divisor, 2+4 a 
Second complete divisor, 2+4 g— 2 a^ 



4a^+4a 

-4a2-l()a»+4a6+a« 



— 2a2 times second complete divisor, 
Third remainder. 

Third trial divisor, 2+4 a— 4 a^ 

Third complete divisor, 2+4 a— 4 a^—q^ 



-4a^-8a8+4a^ 
-2a«-4a*+4a6fa« 



— a' times third complete divisor. 



-2a»— 4a*+4a^a« 



Vote. The student should notice that the sum of the several suhtrahends 
is the square of the root, and that he has actually squared the root and suh- 
tracted the square from the given expression. 



Exercise 32. 

Find the square roots of: 

1. i/-4:f+C)f-ii/+l; 9a*-12a3-2a2+4a4-l. 

2. 4a6- 12a5 6- 11^4 j2 .1.53^353 _ iJaH^- 70 ab^ 
+ 49 66. 

3. afi-12a:^+ 60 0^-160 0^+ 24:0 0^-192 x+ 64. 

4. 8 a + 4 + a^ + 4 rfc3 + 8 a^. 

5. 9 + a:^ + 30 X- 4:0^+ IS ix^+ Ua^'-Ua^. 

6. 6ah^C'-4:a^bc + a^b^ + 4 cfic^ + 9 h^c^- 12 abc\ 

7. 49 ft* - 28 a3 - 17 a2 + a +- f . 
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8. 42r2+ 9y2 + 2oa2+ 12;ry~30ay-20ax. 

9. m«- 6 a m*+ 15 a^m* - 20 a»m3+ 15 a^in^-ba^m 
+ afi. 

10. l-2a+3a2--4a3+5a*-4afi + 3a«-2a7 + a8 

11. 9 7/1^—6 ?» '/I + 30 m a? + 6 my H- ?t2— 10n;c— 2 7iy 
+ 25ic2+ 10a:y + ?/2. 

12. afi+ 153^1/^ + 15a;*y2 + ,y6_ G ic/ - 20x8y« - tiJ^y. 

13. 49a322^-24a;^--30ic8y + 25a,'*+ 16/. 

14. ofi-6afi+ 17aJ* - 34 a^ + 46 a:» - 40 a: + 35. 

15. 4 - 16 a* + 16 a* + 12 hi - 24 aUi + 9 6. 

+ 12 iK* 4- 4. 

17. 25a;*+ 16-30a;~24a;i + 49:/i 

18. 9aj-2+ 12a;-iy2«6^ + 4y4_4a^,/J + ;c4. 

40. Since the square root of an exprefwion is either + or — , the 
square root of a* + 2 a 6 + &* is either a 4- 6 or — a — 6. In the 
process of finding the square root of a* + 2 a 6 + 6', we begin by tak- 
ing the square root of a', and this is either + a or — a. If we take 
— a, and continue the work as in Art. 39, we get for the root — a —6. 
Also, the square root of a* — 2 a 6 + 6* is either a — 6 or — a -H &. 
This is tme for every even root. Hence, the sigtis of all the terma of 
an even root may he changed^ and the number will still he the root oj the 
same expression. Thus, last process Art. 39, if — 1 be taken for 
the square root of 1 we shall arrive at the result — 1 — 2 a + 2 a* + a*. 

41. Square Soot of Numerical Nmnben. The method 
for extracting the square root of arithmetical numbers is 
based upon the algebraic method. 
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Since the square root of 10() is 10, of lOlKK) is 100, etc., it fol- 
lows that the integral part of the sc^uare root of numbers less than lOO 
has one figure, oT numbers between 100 and 10000 two figures, and so 
on. Hence, 

If a point be placed over every second Jitjnre in any number^ begin- 
ning with units* place, the number oj points will shotc the number of 
figures in the stjuare root. 

• • • 

Thus, the square root of 324947 has three figures ; the Bquare root 
of 441 has two figures. If the given number contains decimals, the 
number of decimal places in the square root will be one half as many 
as in the given number itself. Thus, if 2.39 be the square root, the 
number will l>e 5.7121; if .239 be the root, the number will be 
6.057i2i ; if 10.321 be the root, the number will be 106.523041. 
Hence, 

The number of points to the left of the decimal point will show the 
number of integral places in tJie root, and the number of points to the 
right will show the number of decimal places. 

Example 1. Find the square root of 45796. 

a +ft+c = 214 
ProceBS. • 45796(200+10+4=214 

The square of a or 200, 40(K)() 

First remainder, 6796 

First trial divisor, 2 a, or 4(X) 

First complete divisor, 2a+&, or 410 



First complete divisor X &, or 10, 4100 

Second remainder, 1696 

Second trial divisor, 2a+2&, or 420 
Second complete divisor , 2 a+2&+c, or 424 



Second complete divisor X c, or 4, 1696 

Explanation. There will be three figures in the root. Let 
a^b -\- c denote the root, a being the value of the number in the 
hundreds' place, b of that in the tens' place, and c the number in the 
units' place. 

Then a must be the greatest multiple of 100 whose square is less 
than 45796, this is 200. Subtract a*^, or the square of 200 from the 
given number. Dividing the first remainder by 2 a, or 400, gives 10 
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for the value of b. Add this to 40(), multiply the result by 10 and 
subtract. Dividing the second remainder by 2 a + 2 6, or 420, gives 
4 for the value of c. Adding this to 420, multiplying and subtract- 
ing, there is no remainder. Hence, 214 is the required root; because 
we have actually squared it and subtracted this square from the 
given number and found no remainder. The student should observe 
that the sum of the several subtrahends is the square of the root. 

Example 2. Find the square root of 17.3 to four decimal places. 

Process. n.aCKXKKKK) (4.1693 .... 

Square of 4, 16 

First remainder, 130 
First trial divisor, 8 
First complete divisor, 81 



First complete divisor multiplied by 1, 81 

Second remainder, 4900 
Second trial divisor, 82 
Second complete divisor, 825 



Second complete divisor multiplied by 5, £125 

Third remainder, 775(K) 
Third trial divisor, 8.30 
Third complete divisor, 8:309 



Third complete divisor multi[)liefl by 9, 74781 

Fourth remainder, 2 7 1 9( K > 
Fourth trial divisor, 8318 
Fourth complete divisor, 83183 



Fourth complete divisor multiplied by 3, 2495-19 

Fifth remainder, 22361 

• ".•••..«•♦• 

Let the student formulate a method for arithmetical sciuare root 
from what has been demonstrated. 

Notes; 1. If the trial divisor is not contained in the remainder, annex to 
tlie root, also to the divisor, then annex the next period and divide. 

2. Should it be found that after completing the trial divisor, it gives a pro- 
duet greater than the remainder, the quotient is too large, and a less quotient 
must be taken. 

3. If the last remainder is not a perfect square, annex periods of ciphers and 
proceed as before. 

4. The square root of a fraction may be found by taking the square root of 
its terms, or by first reducing it to a decimal. 
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Exercise 33. 

Find the square roots of : 

1. 33124; 41.2164; |||; ^^; .099225; 1.170724. 

2. .30858025; 5687573056; 943042681. 
Find the square root to four decimal places of: 

3. .081; .9; .001; .144; ^-; .00028561; 3.25; 20.911. 

42. By Art. 29, (a + b)^= a» + 3 a^b + ^ab^ + b^. 

Therefore, (a» -f 3 a^ 6 + 3 a J^ + h^)^ = a + b. 

By observing the manner in which a -\-b may be obtained from 
a^ + Za^b + Zab^ + b^, we shall be led to a general method for find- 
ing the cube root of any compound expression. 

Process. a^Za^bi-Sab^+b^ (o-f 6 

Fii-st term of the root cubed, a^ 

First remainder, 3a^b-\-3ab^-\-b^ 

Trial divisor, or 3 times the square of a, 3a^ 
3 times the product of a and b, 3ab 
Second term of the root squared, b^ 



Complete di^asor, lia^+SaM-b^ 

Complete divisor X b, 3a%+Za¥-\-b^ 

Explanation. The cube root of the first term is a, which is the 
first term of the required root. Subtracting its cube from the given 
expression, the remainder is 3a^6 + 3a62+6*, or 6 times 3a^+Zab+b^. 
Since the first term of the remainder is three times the product of the 
square of the first term of the root multiplied by the last term, divide 
Sa^b by three times the square of the first term of the root already 
found. The result will be the second term b of the required root. 
Adding to the trial divisor three times the product of the first and 
second terms of the root, and the square of the second term, gives the 
complete divisor, or 3a2+ 3a6 + 6^. Multiplying by b and subtract- 
ing, there is no remainder. 

Since the cube of a+b+c is a^-\-SaH-^Sab^+b^+Sa^c-\-6abc 
■^2b'^c-\-3nc^+3bc^+c^ the cube root of a^+3aH+dab^+b^+3a^c 
+ 6a6c + 362c + 3ac«+36c2+c« is d+b+c. 



EVOLUTION. 
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Ezplanation. Proceeding as before, the first two terms of the 
loot are found to he a + h. To find the last term of the root, take 
three times the square of the terms of the root already found for the 
second trial divisor, and divide 3a^c by the first teiin. The result 
will be the third tenn of the required root. Adding to the second 
trial divisor three times the product of a 4- 6 and c, and the square of 
c, gives the second complete divisor. Multiplying by c and subtract- 
ing, there is no remainder. Observe that the sum of the several sub- 
trahends is the cube of the root, and that we have actually cubed the 
root and subtracted the cube from the given expression. Hence, in 
general, 

To find the Cube Eoot of any Polynomial. Arrange the terms 

according to the powers of one letter. Find the cube root of the firet 
terra. This will be the first term of the required root. Subtract 
its cube from the given expression. Divida the first term of the 
remainder by three times the square of the root already found. The 
quotient will be the next term of the root. Add to the trial divisor 
three times the product of the first and second terms of the root, and 
the square of the second term. Multiply the complete divisor by 
this term of the root, and subtract the product from the remainder. 
For the next trial divisor, take three times the square of the root 
already found. Continue in this manner until there is no remainder 
or an approximate root found. 

A Term may be a figure, or a letter, or a combination of 
figures and letters, or of letters only, produced by multi- 
plication or division, or both. 

Thus, in the algebraic expression b + 2a^b^—a-^ nrwJ ^> 2 a* ft*, a, 

are terms. 



x'^f 



An Algebraio Expression is a representation of a number 
by any combination of algebraic symbols. 

Example. Find the cube root of 27 a — 8 a^ — 36+ 36 a* — 12 a- ^ 
- 54 a* + 9 a- 5 + 27 «? + tt- « - 6 a"*. 

The work is conveniently arranged as follows : 
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Exercise 34. 

Find the cube roots of : 

— Sa^x — a^. 

2. 8 rc6 + 48 ai^+ 60 aH^^ 80 a^ofi- 90 a^x^-^lOSa^x 
-- 27 a\ 

3. aj6 - 6 a?5 + 15 a;* - 20 2:3 + 15 ^2 _ 6 ^ ^_ 1 

4. 27a«- 54a^6 4- 9a462 + 28a363 _ 3^2 j4 _ g ai^ _ J6 

5. 8iu6+ 12a^-30a;4-35a;3 + 45a;2 + 27aj -27. 

6. 216 + 342^:2+171^4. 27 ir8--27a?5-l09a;3_io8:zj. 

7. a3 - 3a26 - &3+ 8c3+ 6a2c-12a6c + 6 &2c 
+ 12ac2-12 6ca+ 3 a 62. 

8. l-3r.+ 6ic2_10i^3 4.i2aj4-12icS+ 10a,«-6a;7 

9. 8a;6 - 36 a;^ 3/ + 114 aj*^/^ -- 2^1 ^f + 285 a?^ 
-225a;2^ + 125 2/6. 

10. a3+ 6a2j - 3a2c + 12a&2 - 12a&c + 3ac2 
+ 8 63- 12 62^+6 6c2-c3. 

11. a;«+3ic^2/-3^2^2_ii,^2/84.6aj2^4+12a;2/« - 8/. 

12. 204 2:^2/2- 144 ic5y+ 8 /- 36 a:^/^- 171^:32^3 4.64^6 
+ 102a;22^, 

43. Cube Eoot of Nxunerical Numbers. The method for 
extracting the cube root of arithmetical numbers is based 
upon the algebraic method. 
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Since the cube root of 1000 is 10 ; of 1000000 w 100, etc., it fol- 
lows that the int^;ral part of the cube root of numbers less than KKX) 
has one figure, of numbers between 1000 and 1000000 (too figures, 
and so on. Hence, 

If a point be placed over every third Jigure in any number^ beginning 
toith units' place, the number of points will show the number of figures 
in the cube root. 

Thus, the cube root of 274625 has two figures ; the cube root of 
109215352 has three figures. 

If the given number contains decimals, the number of decimal 
places in the cube root will be one third as many as in the given 
number itself. Thus, if 1.11 be the cube root, the nunil)er will be 
1.367631; if .111 be the root, the number will be O.00i36763i ; if 
11.111 be the root, the number will be 1371.700960631. Hence, 

The number of points to the left of the decimal point will show the 
number of integral places in the root, and the number of points to the 
right unll show the number of decimal places. 

Example 1. Find the cube root of 778688. 

a+6 = 92 

Process. 778688 (90-1-2-92 

The cube of a, or 90, 729000 

First remainder, 49688 

First trial divisor 3 a^ or 3 (90)« = 24300 

3 times the product of a and 6, or 3X90X2 = 540 
Second term b of the root squared, 2'^ = 4 



First complete divisor, 24844 

First complete divisor X 6, or 2, 49688 

Explanation. There will be two ^gures in the root. Let a -\-b 
denote the root, a being the value of the number in tens' place, and 
b the number in units' place. Then a must be the greatest multiple 
of 10 whose cube is less than 778688, this is 90. Subtract a", or 
the cube of 90, from the given number. Dividing the remainder 
by 3 a^, or 24300, gives 2 for the value of b. Add to the trial divisor 
3 a 6, or 540, and 6^, or 4, for the complete divisor. Multiplying by 
2 and subtracting, there is no remainder. Hence, 92 is the required 
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root, because we have actually cubed it and subtracted this cube from 
the given number and found no remainder. 

Example 2. Find the cube root of 897.236011125. 



Process. 

Cube of 9, 

First remainder, 

First trial divisor, 3 times (90)2 

3 times the product of 90 and 6, 

6 squared, 


: 24300 

1620 

36 


897.236011125(9.645 

729 

168236 


First complete divisor, 

First complete divisor multiplied by 6, 

Second remainder, 


25956 


155736 
12500011 



Second trial divisor, 3 times (960)2 = 2764800 

, 3 times the product of 960 and 4, 116^0 

4 squared, 16 



Second complete divisor, 2776336 

Second complete divisor multiplied by 4, 11105344 

Third remainder, ] 3946671 25 

Third trial divisor, 3 times (9640)2 = 278788800 

3 times the product of 9640 and 5, 144600 

5 squared, 25 



Third complete divisor, 278933425 

Third complete divisor multiplied by 5, 1394667125 

Let the student formulate a method for arithmetical cube root from 
what has been demonstrated. 

m 

Note. The notes in Art. 41 are equally applicable to, cube root, except that 
in Note 1 ttoo ciphers must be annexed to the divisor instead of one. 



Exercise 35. 

Find the cube roots of: 

1. 74088; 34012.224; .244140625. 

2- HlH^-i .000152273304. 
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Find to three places of decimals the cube roots of: 
3. .64 ; .08 ; 8.21 ; .3 ; .008 ; J ; ^. 



44. Since a* = o^ ^^ = (a*)* = Va* = V Va, 



\ 



The fourth root is the square root of the square root. 
Since a* = a* '^a = (a4j4 = y^^k - y Vi, 

The sixth root is the cube root of the square root. Hence, 

When the root indices are composed of factors, the ope- 
ration is performed by successive extraction of simpler 
roots. 

Note. It is suggested that the teacher use the remainder of this article at 
his discretion. 



We may find the fiftK seventh^ eleventh, or any root of an 
expression or arithmetical number if desired, by using the 
form for completing the divisor. Thus, 

To find the fifth root. 

Form, (a + 6)* = rt« + (5 a* + 10 o«ft + 10 a^h^ -\-bah^ + M) h 

Trial divisor, 5 a*. 

Complete divisor, (5 a* -h 10 a« fc + 10 a« h^ + fta h* + b*) . 

To find the seventh root. 

Form, {a-¥Vf = a''+(7a^-\-2\a^h-^Zoa*h^-i-:ina%^-\-2\a%*+7ah^-\-h^)h. 

Trial divisor, 7 a^. 

Complete divisor, (7a^+2la^b^3ba^h^-\-3ba%H2]a%*-h7n¥-hh% 
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Example. Find the fifth root of 36936242722357. 



1250000 

250(K) 

250 

1 



Proceas. 

a6 = 56 = 

First remainder, 

First trial divisor = 5 a* (a considered as 

5 tens) =5(50)* = 31250000 

10 a^h (h considered as 1 unit) = 

10(50)« X I = 

10a2ft2 = 10 X (50)2 X (1)2 = 

5 a 68 = 5 X (50) X (1)« = 

^>' =(1)* = 

First complete divisor, 32525251 

First complete divisor multiplied by 1, 

Second remainder, 

Second trial divisor = 5 o* (a considered 

as 51 tens) = 5 X (510)* = 338260050000 

10 a* h (b considered as 7 units) 

= 10 X (510)8 X (7) = 

lOa^fta = 10 X (510)2 x (7)2 = 

5 a 68 =5 X(510) X (7)8 = 

6* =(7)* = 

Second complete divisor, 347673946051 

Second complete divisor multiplied by 7, 



36936242722357(517 
3125 
56862427 



9285570000 

127449000 

874650 

2401 



32525251 



2433717622357 



2433717622357 



Miscellaneous Exercise 36. 

Express the 71th roots of: 

2. Simplify 4: a (8 a xy)i — 5 xi yi V 2^ a^ x ak 
Find the square roots of: 

3. 9x'\-10 + x-^'-4:X-i-\-12xk 

4. 28-24r-|-16^5 + 9a-"+4a». 
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6. ic^y~J — 4a;%~« + 6 — 4:X~iyi + x'^yi, 

7. 6acx^ + 4:1/^3^ + a^x^^+ 9 ca-12 Jcx^ - 4 aJa;". 

8. \a^-h^x^ + ^ax^+^a^-23^^^ax. 

9. a2»:f 2a"^'''+ a;*"*; a ± 2 a* xi + a:. 

Find the cube roots of : 

10. 60i»2y*4-48a;y^-27a;«+108a:fiy-90a:*y8+8y« 
— 80 a? f. 

11. 24a;4"'ya" + 96 a?'"y<» - 6 .^""y-^ a:«'"« 96aj«3^" 
+ 64/*-56a?"'2/3» 

12. 15a;-4 - 6aj-i - Gx"^ + 15aj-2 + 1 + a:"* - 20^-8. 

13. Si^-^x^iZ + ix^Z-^y^. 

14. fa'-4-6a-i-J + 8a;-*--^a-8 + 27a-i + 54a-i 
+ !«-*+ 36 a-* - 18 a-2. 

JFind the sixth roots of: 

15. 1215a4~1458«6+135a2-540a8-18a + l+729a« 

16. aj6+/-6a:2^+15aj2y4_(5a:5y+ I5a^if--20x^i^, 

17. 160 a8 4- 240 a* + 60 a^+192 a^ + 64 a^+ 12 a + 1. 

18. 2985984; 262144. 

Find the eighth roots of : 

19. «8+28a24.8a+l + 56a8+70aH8«H56aH28a«. 

20. (a* + 64-2a68-|. Saaja^ 2a86)* 

7 
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21. Find the 5th root of 36936242722357. 

22. Find the 7th root of 1231171548132409344. 
Extract the following roots : 

23. yj{a^ + 19 a2 + 25 - 6 a^ - 30 a). 

24. y/[a^ - 2 (m + 7i) ic8 + (^2 + 4 mri + 7i2) aj2 

25. [25 «» - 20 a 6 + 4 62 + 9 c2 - 12 6c + 30 ac]i 

26. [27a«-54a5+ 63 a*- 44 a3+ 21 a2~6 a + l]i 

27. 4/(0^2"' + 2 af-^" - 2 af"-*-' + ;r2» - 2 a;"+^ + a?). 

28. [a«- 12^6+ 60a4- 160a3+ 240a2-192a+ 64]i 

29. [(a+6)«'"«3_^ 6a"c(«+6)4'»^+ 1 2«2\2(^4. j)2'«^+8a3»(?3] i. 

30. y/(^2« ^ 2 it2«-i + 3 ;x;2«-2 _^ 2 rr2»-3 + a;2»-4). 

31. y/(8-12a3»-i + 6a6»-2_^9«-3)^ 

Queries. What signs are given to even and 06?cZ roots ? Why ? 
What principles govern the signs of roots ? Upon what principle is 
the method for finding the root of a monomial hased ? How derive 
the method for finding the square root of any polynomial ? Why 
divide the first term of the remainder hy twice the terms of the root 
already found for the next term of the root? Why add the quo- 
tient to the trial divisor for the complete divisor 1 How derive the 
method for finding the cuhe root of any polynomial ? Why divide 
the first term of the remainder hy three times the square of the root 
already found for the next term of the root ? Why add to the trial 
divisor three times the product of the terms of the root already found 
by the next term, and the square of the next term, for the complete 
divisor 1 



USE OF ALGEBRAIC SYMBOLS. 99 



CHAPTER VIIL 

USE OF ALGEBRAIC SYMBOLS. 

45. Symbols of operation are used to indicate that 
algebraic operations are to be performed. 

Thus, m + (a — 6) indicates that a — 5 is to be added to m ; 
tn — Xl^ — h) indicates that a — 6 is to be subtracted from m. Per- 
forming the operations, we have, 

111+ (a — 6) = m + a — 6; 

m — (a — 6) = m — a + 6. Hence, 

A plus sign before a symbol of aggregation shows that the enclosed 
terms are to be added to what precedes ; as this operation does not 
change the signsy the removal of the symbol does not affect the signs. 
Removing one preceded by a minus sign changes the sign of each 
enclosed term. 



Thus, a-26-[4a-66-{3a-c + (6a-26-3a-c + 2 6)}] 
= a-2 6-[4a-66- j3a-c+(5a-26-3a4-c-26)}] 
= a-26-[4a-66--{3a-c-l-(2a-46 +c ){] 

= a--26-[4a-66- j3a-c+ 2a-45 +c |] 

= a-26-[4a-66-{5a -46 j] 

= a-26-[4a-66-5a +46 ] 

=a-26-[ -26- a ] 

=a-26 +26+ a 

= 2a 

Explanation. Remove the vinculum, subtract and unite like 
terms ; then remove the parenthesis and unite like terms ; now 
remove the brace, subtract and unite like terms ; finally, removing 
the bracket, subtracting and uniting like terms, we have 2 a. 
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Exercise 37. 

Simplify : 



1. 2a-[3i+(2 6-c)-4c+{2a-(3 6-c — 2 6)}]. 

2. a — b + c— (a + b — c^ — (^c — b — a). 

3. a^ - [4x8 - {6 a;2 - (4a; - 1)}] - (a:* + 4a:8 + 6 a? 
+ 4 a; + 1). 

4. -lQ(x+y)-[z-lrX + y-i{x + 2y-{z+x-y)}'\ 

+ 42. 



5. a-[56-{«-(5c-2c-i-4&)+2a-(a-26+c)}]. 

6. - 5 {a - 6[a - (6 - c)]} + 60 {6 - (c + a)}. 

7. 2a-(36+2c)-[5&-(6c-66) + 5c-{2a-(c+26)}]. 



8. 3a: - {y - [y - (a; + ?/) - {- y-{y-x- y)}]}. 



9. 3 a - [2 6 + a - i] + [3 6 - :i a + &]. 

10. {(a;- 2 y + a;y) — (a; - 3^ + 2)}-{a; — {x-y + xy)}. 



11. f a - [f a - {J a - (2 a - 5 a + 6)} - (f a - 3)]. 

12. |{H«-^)-8(t-«)}-{H*-«)-i(c-a)} 
- ^- {c - a - |(a - J)}. 

1 3. 5 {a - 2 [a - 2 (a + a;)]} - 4 {« - 2 [a - 2 (a + «)]} • 



14. ffl+26-{6a-[36 + (8a:-2 + 6y-a!+4a)]-36} 
+ 2(H-^a-46). 

15. 2 (|6 - f a) - 7 [a - 6 {2 - 5 (a - 5)}]. 

16. -|{-|[-4(-*i)]}+|{-f(-a!i)}. 

17. -f{-[-(«-&)]} + {-f[-(«-6)]}. 
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18. 5{a-2[6-3(c + d)]}-4{a-3[6-4(c-d)]}. 

19. (a-l){a - 2) - 3a(a + 3) + 2 {(a + 2)(a + 1)- 3}. 

20. {xz — {x — y){y\-z)) — y\]f — {x- «)]. 

21. (a + 6 + c + d)2 + (a - 6 - c + df+ {a-b-^c-df 
+ {a + h-c-df. 

22. ifi-{2xy-[-{x-{y-z})ix-{^-z})-\-2xy}-^yz} 

23. a(a+l)(a+2)(a + 3)-6(2a-^)-(a»-3a+l)2. 

24. Sra {(x—y) a—bz\ — 2n{x{a—by-ay} — {Zax—{i)z—2x)h} n. 

25. (a:2 ^ 2^)„ _ (a; ^ y) (j. |„ _ ^j _y {,j _ ^.j^ 

26. 2aV« — 3OT-[6yi— 6TO + (xi-2Vx)a] + 6xV'y. 

27. (9 «j2 n2 _ 4 „4) (^2 _ ,i2) _ {3 ^ „ _ 2 n«} 
{3m(m2 + n2) - 2 n (nS + 3 win - jn»)} w. 

28. m2 (m2 + n^f - 2 m^ w^ (m + 71) (m - n) - (m'- n«)2. 

29. i{lx+:^y){lx-\y)-{\x-lyf-%{,?-^f). 

30. Jjf (Ja^ + i .y2) (Ja? - J y^) - (§a; ^. 3) (f x + 3) 
(^ a^ - 9) + (f y - 3) (§ y + 3) (i / - 9). 

The use of symbols of aggregation aid in shortening the 
work in certain cases in division. Thus, 

a 4- (ft + c) ) (6 + c)a«+ {11^+ hc + c^)a~ (h + c)hc{(h^c)a- he 

+ { - he )a-{h + c)hc 
+ ( - he )a-{h + c)hc 



102 ELEMENTS OF ALGEBRA. 

Divide : 

31. {b + c)a^+{V^+3bc + c^)a+{b+c)bc by a + b+c. 

32. (a + bf --6 (a + J) - 27 by {a + b) + 3. 

33. {x+y)^+3{x-^y)^z + 3(a; + y)z'+^ by (a;+y)24- 
2(x + y)z + z^. 

34. (aj + y)2 — 2 (ic + y) IS + ^2 by a? + y — 2?. 

35. (a + 6)8 + 1 by a + 6 + 1. 

46. The converse operation of enclosing any number 
of terms of an expression in a symbol of aggregation is 
important. 

a-^-m — c + b — n = a + ni — c-\-(b — n), 
a — m — c-fh — n = a — (m-^c)-^(b — n). 
ax^ — ny + hx^ — cy^=(ax'^ — ny)-^(bx^ — c y*). 
xy — ax — by -\- ab = (xy — by) — (ax — ab). 

Hence, when the signs + and — indicate operation : 

(1) Any number of terms may be enclosed in a symbol of aggrega- 
tion preceded by the sign + , without changing the sign of each term. 

(2) Any number of terms may be enclosed in a symbol of aggrega- 
tion preceded by the sign — , if the sign of each term be changed. 

The terms may he enclosed in various ways. Thus, 

am + an — ax — bx + cy — dz = (am — ax) -\- [an — bx] +{cy — d z}, 
or, am-{-an—ax—bx+cy—dz= (am + an — ax) —{bx — cy-\-dz], 
or, am+an—ax— bx+cy—dz= (am-han)—{ax+bx)+(cy—dz). Etc. 

If a factor is common to each term within a symbol of aggregation, 
it may be placed outside as a multiph'er. Thus, 
ax^+bx^-bx^+dx^ = (ax^-bx«)+{bx^-{-dx^)=x^(a-b)+x^(h-\-d). 

Note. An expression consisting of three or more terms may he raised to a 
given power by inspection, by first changing it to the form of a binomial. 
Thus, (a + ft + c — d)4 = [(a + 6) + (c — d)]* = etc. 



USE OF ALGEBRAIC SYMBOLS. 103 

Exercise 38. 

Bracket the last three terms so that each bracket shall 
be preceded by a — sign : 

1. ic*-aa8-5a? + 2; m»+ 3ni5+ 3-6m». 

2. 3a;-2y+5«-47i; a»6»-2a2 66+6*~ai«. 

3. 4aj4- 3aa:2_ 6a? — 5cy + y; a:*— y*— 2?+a6+ 3ac. 

4. Express each of the above as binomials, and enclose 
the last two terms in an inner brace preceded by a — sign. 

Bracket the following in binomials, also in trinomials, 

each preceded/ by a — sign: 

/ 

5. 2a&-=-3ay + 46^ — 56a;- 2cd- 3. 

6. a—2b + cz — d — l+z — x—2y-\-2m—n+p'-^abc. 

7. 2a; — 3a;y + 4a?y* — Sa^^y^ + a^y* — a;y«. 

8. a^+3 a^-4 a^-S a^+ a — 1 ; -2 m-3 7i+4p-5 a;-l— 6 y. 

9. an-\-ab — ac — cx — ax — ay^3abc + 3xyz. 

10. Express the above six examples in trinomials, and 
enclose the last two terms in an inner bracket preceded by 
a — sign. 

11. Expand (m + 2 ti - ar)8. 

12. Simplify and bracket like powers of a; in 2 6 ofl—ax 
— {aa?-'\bx^nx— {aa? + 3ca?}] — {a^ —2 ca:)}. 

Queries. Why may a symbol of aggregation preceded by a + 
sign be removed without changing the signs of the enclosed terms ? 
If a symbol of aggregation preceded by a — sign be removed, why 
change the signs of the enclosed terms? 
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CHAPTEE IX. 

SIMPLE EQUATIONS. 

47. 3 a; + 5 = 5 a; — 7 is called an Equation. The first 
member or first side is 3 oj + 5, and the second member or 
second side is 5 a; — 7. 

x = x, 14 = 14, are called Identities or Identical Equations. 

To solve an equation is to find the value of the unknown 
number. 

The process of solving an equation depends upon the 
following axioms : 

1. If to equal numbers we add equal numbers^ the sums 
are equal, 

2. If from equal numbers we subtract equal numbers, the 
remainders are equal. 

3. If equal numbers are multiplied by equal numbers, the 
products are equal. 

4. If equal numbers are divided by equal numbers, the 
quotients are equal. 

Example 1 . Find the value of x in the equation Gsc— 11 = 3a;+10. 

Solution. Sul)tracting 3 x from each member of the equation 
(Axiom 2), we have 6ic — 3a;— ll = 3fl; — 3ic+ 10. Uniting like 
terms, 3 a; — 11 = 10. Adding 11 to each member (Axiom 1), and 
uniting like terms, we get 3jc = 21. Dividing both members by 3 
(Axiom 4) gives a; = 7. 

Proof. To verify this result, substitute 7 for x in the given equa- 
tion. Then, 6 X 7 - 11 = 3 X 7 + 10, or 31 = 31, which is an 
identity. Hence, the value of x is 7. 
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Example 2. Solve the equation 2 (x — 8) — 3 (9 — x) + 6 (x — 11) 
= 7 - 3 (x - 17). 

Solution. Performing the indicated operations, and uniting like 
terms, 10 x — 98 = 58 — 3 x. Adding 3 x and 98 to each member of 
tlie equation, we have 10 x + 3x - 98 + 98 = 58 + 98 - 3x + 3x, 
or uniting like terms, 13 x = 156. Dividing both members by 13, 

X = 12. 

Proof. Substitute 12 for x in the given etpiation. 

Then, 2(12-«)-"3(9-^l2" +5(12- 11) = 7 -3(12- 17), 
or, 8 + 9 -f 5 = 7 + 15, 

or, 22 = 22, an identity. 

Therefore the value, of x is 12. 

Example 3. Solve the equation 14 — x — 5 (x — 3) (x + 2) 
-f- (5 - x) (4 - 5 x) = 45 X - 76. 

Process. Simplify, 64 — 25 x = 45 x - 76. 

Subtract 45 X, 64-70x= - 76. 

Subtract 64, - 70 x = - 140. 

Divide by - 70, x = 2. 

Kotes : 1. To veriljr, that is, to prove the truth of the result , substitute the 
supposed value of the unknown number hi the given equation and thus find if it 
satisfies its conditions. 

2. In simplifying an equation the student should be careful to notice that 
when the sign — precedes a terra, in removing the symbol of rggregation, the 
sign of each term must be changed. 

Exercise 39. 

Solve the following equations : 

1. 6a;+ l = 5a:+ 10; ll-7a:=18a:-14. 

2. 32a:-22 = 14+65a:; 4a:-3a:4-2 = 4a; + l. 

3. 2a:+3=16-(22:-3); 3 (a:- 2) + 4 = 4 (3 -a:). 

4. 7(a;-18) = 3(a;-14); 7a;+6-3a; = 56 + 2 x. 

5. 15 {x - 1) + 4:(x + S) = 2 (x + 7). 

6. 5 — 3 (4 - a:) + 4 (3 - 2 ar) = 0. 
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46. If we add the same number to each member of an 
equation, or subti-act it from each member, the results are 
equal, each to each. Thus, 

Consider the equation x — b = a. Adding b to each side, we get, 

X = a + b. 

Consider the equation x + b = a. Subtracting b from each side, 
we have x = a — b. 

In each case b is transposed from one side to the other, 
but its sign is changed. Hence, 

Any term may he transposed from one side of an equation 
to the other y provided its sign he changed. 

Example. Solve (x +1) (x -\- 2) (x + 6) - {x - 2) (x + 2) 
= a:« + 9 x2 + 4 (7:^ - 1) + (2 -x) (3 + a:). 

Process. Simplify, a:8 + 8a:2 + 20a;4- 16 = x« + 8a;2 + 27ar + 2. 
Transpose, a* - a:« + Sx^ - Sar^ + 20 a; - 27a: = 2 - 16. 
Unite like terms, — 7 x = — 14. 

Divide by — 7, x = 2. 

Hence, in general, 

To Solve a Simple Equation of one Unknown Number. If 

necessai*yy simplify the equation. Transpose all the terms 
containing the unknown numher to one side, and all other 
terms to the other Me, Unite like terms, and aivide both 
sides by the coefficient of the unknown number. 

Exercise 40. 

Solve the following equations : 

1. 12a; - 2O2: + 13 = 9a;- 259; 336 + (3a;- 11) 
= 2(5a;-5) + 8(97-7a;). 

2. 6a; + 4a; = 3a; + 84; 6a; + 2 (13 - a;) = 3(17 -a;). 



SIMPLE EQUATIONS. 107 

3, 2(a;-2) + 18a: = 3(5 + a:) + 6; 30a: + 20a;-15a; 
12 a; = 2820. 

4 9(a;-l) + 2(a;-2) = 10(2~a:); 2(a:+2)(a:~4) 
-= x{2x+ 1)-21. 

5. 6y-2(9-4y) + 3(5y-7) = 10y-(4 + 16y + 35), 
SLJid verify. 

6. 2y-(4y-l) = 5y-(y+l); 56+ 21a:- 8 (2 a:-!) 
= 62. 

7. 10 [224 - (a: + 192)] = 7 (28 + 3a;); 9 (7 + 9y) 

— 4[9-(2^y)] = 252y. 

a 25 a:- 19 - [3 -{4 a;- 3}] = a:-(a;- 5), and verify. 

9. 20(2-a;) + 3(a;-7)-2[a;+9-3{9-4(2-a:)}] = 1. 

10. (y-2)(7-y) + (y-5)(y + 3)-2(y^l) + 12 = 0. 

11. 4 (2/ + 5)2 ^ (2 y + 1)2 = 3 (y - 5) + 180 ; 2.25 a: 

— 1.25 = 3 a: + 3.75. 

12. .15y + 1.575 -.875 y = . 0625 y. 

Query. In transposing, why change the fugns ? 

49. Known Numbers are represented by the first letters 
of the alphabet, and by figures ; as, a, b, 2 c, 6. 

Unknown Nnmben are usually represented by the last 
letters of the alphabet ; as, a;, y, z. 

An Equation is a statement that two expressions repre- 
sent the same number. 

An Identical Equation, or an Identity, is one which is 
true for all vahtes of the letters which enter into it ; as, 
(a + a;) (a — a;) = a2 — a?. 
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The Boots of an equation are the values of the unknown 
numbers. 

The Degree of an equation is the power of the unknown 
number, and is determined by the greatest number of un- 
known factors in any term. 

Thus, X — y = Q is an equation of the Jirst degree ; 4 ar^ + 6 y = 3 
and bxy + 2 z=zZ X are equations of the second degree. 

A Simple Equation is an equation of the first degree. 



Miscellaneous Exercise 41. 

Solve the following equations : 

1. 5(7 + 3y)-(22/-3)(l-2y)~(2y-3)2+(5+2/) =0. 

2. {2y-^lf-^{2y-lf = l6y{f-^)+27, and verify. 

3. 1.5(262/-51)-12(l-32/)=78y-2[5y-2.5(l-.33^)]. 

4. .6a;-.7ic + .75a;-.875a; + 15 = 0; .6 2^- (.18 3^-. 05) 
.2 y + 4.45. 

5. 30 ;s - 3 [30 ^ - (2 ^ - 5)] = 5 (2 ;^ - 57) - 50. 

6. 10 (^ + 10) - 18 (3 2J - 4) + 5 {3z-2) (2z- 3) 
SQz"- 16, and verify. 

7. 4.8 2/ - 2 (.72 y - .05) = 1.6y + 8.9; ,5x-.dx-.25 
.25 X —. 1. 

8. .2y-. 1(3 3/ = .6 -.3; .5y - .2y = .3 y - 15. 

9. 5.6 2/+.25?/+.3 2/ = 2/- 3; .62/+ .25-.iy = 1.8 
.75 y-. 3. 

10. 3 Ire - .25 (a; - 2) - .3 (3 rr + 12)f = 41. 
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CHAPTEE X. 

PROBLEMS LEADING TO SIMPLE EQUATIONS. 

50. The banner will find the model Bolutions of great benefit 
in. foTming statements, and he should give them careful consideration 
before attempting to solve any of the problems in each set. 

Exercise 42. 

1. A father is 35 and his son 8 years old. In how 
many years will the father be just twice as old as the 
son? 

Solution. Let x = the number of years required. 

Then x + 35 = the number of years in the father's age x years 

from now, 

and X + 8 = the number of years in the son^s age x years 

from now. 

By the conditions of the problem, at the expiration of x years 

twice the son's age, or 2(x + 8), equals the father's age, or a: -}- 35. 

Hence, the equation 2 (a: 4- 8) — x + 35, or 2 a: 4- 16 = x -f 35. 

Transposing and uniting like terms, x = 19. 

2. One number exceeds another by 5, and their sum is 
29. Find the numbers. 

3. The difference of two numbers is 14, and their sum 
is 48. Find the numbers. 

4. A father gave 8 200 to his five sons, which they are 
to divide according to their ages, so that each elder son 
shall receive $10 more than his next younger brother. 
Find the share of each. 
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5. A father is four times as old as his son ; in 24 years 
he will only be twice as old. Find their ages. 



6. Divide 50 into two parts, so that three times the 
greater may exceed 100 by as much as 8 times the less 
falls short of 120. 

Solution. Let x = the greater part. 

Then 50 — a; = the less part, 

and 3 a; = three times the greater part ; 

also, 8 (50 — x) = eight times the less part. 

But, 3 ic — 100 = the excess of three times the greater ptirt over 

100; 
also, 120—8 (50— x) = the number that eight times the less lacks of 

120. 

By the conditions, 3 a; - 100 = 120 - 8 (50 - a:). 

Therefore, x = 36, for the greater part, 

and 50 — a: = 14, for the less part. 

7. Twenty-three times a certain number is as much 
above 14 as 16 is above seven times the number. Find 
the number. 

8. A is five years older than B. In 15 years the sum 
of their ages will be three times the present age of A. 
Find the age of each. 

9. A is 25 years older than B, and A's age is as much 
above 20 as B's is below 85. Find their ages. 

10. The sum of the ages of A and B is 30 years, and 
five years hence A will be three times as old as B. Find 
their ages. 

11. The difference between the squares of two consecu- 
tive numbers is 121. Find the numbers. 
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Solution. Let x = the less number. 
Then will x -{- I = the greater number, 

x^ = the Bc^uare of the less number, 
and (x + 1)^ = the sijuare of the greater number. 

Then (x 4- 1)* — x* = the diflference of the wjuare numbers. 
But 121 = the difference of the squares. 

Hence, (x + l)^ - x* = 121. 
Therefore, x = 61, the less number, 

X + 1 = 62, the greater number. 

12. Find three consecutive numbers whose sum is 27. 

13. The diflference of two numbers is 3, and the diflfer- 
ence of their squares is 21. Find the numbers. 

14. Find a number such that if 5, 15, and 35 be added 
to it, the product of the first and third results may be equal 
to the square of the second. 

15. I sold a cow for 835 and half as much as I gave for 
it, and gained 810. Find the cost of the cow. 



16. A had four times as much money as B ; but, after 

giving B 816, he had only two times as much as B. How 

much had each at first ? 

Solution. Let x = the number of dollars that B had at first. 
Then 4 x = the number of dollars that A had at first. 

But 4 X — 16 = the mincer of dollars that A had after giving 

B816, 
and X + 16 = the number of dollars B had after receiving 

$16 from A. 
By the conditions, 4x-16 = 2 (x + 16). 

Therefore, x = 24, the number of dollars that B had, 

and 4x = 96, the number of dollars that A had. 

17. A father is 3 times as old as his son; four years 
ago the father was 4 times as old as his son then was. 
Find their ages. 
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18. One number is two times another; but if 50 be 
subtracted from each,K)ne will be three times the other. 
Find the numbers. 

19. A has $26.20 and B has S 35.80. B gave A a cer- 
tain sum; then A had four times as much as B. How- 
much did A receive from B ? 

20. If 288 be added to a certain number, the result will 
be equal to three times the excess of the number over 12. 
Find the number. 

21. A farmer has grain worth $0.60 per bushel, and 
other grain worth $1.10 per bushel. How many bushels 
of each kind must be taken to make -a mixture of 40 
bushels worth $0.90 a bushel? 

Solution. 

Let X = the number of bushels required of the J 0.60 grain. 

Then 40 — a? = the number of bushels required of the $ 1.10 grain; 
and rf^ X = the number of dollars in the cost of the $0.60 grain ; 

also, 1.10 (40— x) = the number of dollars in the cost of the $ 1.10 grain. 

Hence, ^ x + 1.10 (40 — x) = the number of dollars in the total 

cost of the mixture. 

But the cost of the mixture is to be $36. Hence, 

^x+ 1.10 (40 - x) = .36. 

Therefore, x = 16, the number of bushels of the J 0.60 kind, 
and 40 - X = 24, the number of bushels of the $1.10 kind. 

22. A merchant has two kinds of vinegar : one worth 
$0.35 a quart and the other $1.25 a gallon. From these 
he made a mixture of 63 gallons, worth $ 1.30 a gallon. 
How many gallons did he take of each kind? 

23. A merchant has a mixture of 88 pounds of 13 and 
11 cent sugar, which he sells at 13 J cents per pound. 
How many pounds of each kind are there ? 
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24. I bought 24 pounds of tea of two different kinds, 
and paid for the whole $9. The better kind cost $0.65 
per pound, and the poorer kind $0.35 per pound. How 
many pounds were there of each kind? 

25. A grocer having 75 pounds of tea worth $0.90 a 
pound, mixed with it so much tea at $0.50 a pound that 
the combined mixture was worth $0.80 a pound. How 
much did he add ? 

Remarks. No general method can be given for the solution of 
problems. 

The beginner will find that his principal difficulty in solving a 
problem consists in forming the equation of conditions, and in order 
to overcome this, much will depend upon his skill and ingenuity. 

The statement of a problem consists in translating its conditions 
into algebraic symbols and ordinary language. Many times the be- 
ginner fails to form a correct statement, because he does not under- 
stand what is meant by the ordinary language of the problem. If he 
cannot assign a consistent meaning to the words, it will be impossi- 
ble for him to express their meaning in algebraic symbols. It often 
happens that the words appear to be susceptible of more than one 
meaning. In such cases the student should express the meaning that 
seems most reasonable in algebraic symbols, and obtain the result to 
which it will lead. Should such result be inadmissible, the student 
should try another meaning of the words. 

The student mtist depend upon his own powers, and should he at 
times be perplexed, he must not be discouraged, since nothing but 
patience and practice can overcome the difficulties and give him 
readiness and certainty in solving problems. He must study the 
meaning of the language of the problem, to ascertain the unknown 
numbers in it. There mav be several such numbers, but oftentimes a 
little skilful manipulation will enable one to express all of the un- 
known numbers in terms of some one of them. Select the one by 
which this can be most easily done and represent it by some one of 
the final letters of the alphabet. 

Among the following problems no doubt the beginner will find 

8 



114 ELEMENTS OF ALGEBRA. 

some which he can readily solve by arithmetic, op by gaessing and 
trial ; he may thus be led to undervalue the power of algebra, and. to 
regard its aid as unnecessary. In reply, as the student advances lie 
will find that by the aid of algebra he can solve not only all of these 
problems, without any uncertainty or guessing^ but those whicli 
would be exceedingly difficult, if not altogether impossible, if he 
depended upon arithmetical processes alone. 

26. A's age is six times B's, and fifteen years hence A 
will be three times as old as B. Find their ages. 

27. A is three times as old as B, and 12 years since he 
was five times as old. Find B's age. 

28. A father has three sons; his age is 60, and the 
joint ages of the sons is 46. How long will it be before 
the joint ages of the sons will be equal to that of the 
father ? 

29. If you walk 10 piiles, then travel a certain distance 
by train, and then twice as far by coach, and the whole 
journey is 70 miles, how far will you travel by coach ? 

SO. A is twice as old as B, and seven years ago their 
united ages amounted to as many years as now represent 
the age of A. Find their ages. 

31. After 136 quarts had been drawn out of one of t^o 
equal casks, and 80 gallons out of the other, there remained 
just three times as much in one cask as in the other. 
Find the contents of each cask. 

32. Find the number whose double increased by 1.2 
exceeds 3.65 by as much as the number itself is less than 
8.65. 

33. Find three consecutive numbers such that if they 
be diminished by 10, 17, and 26, respectively, their sum 
will be 10. 
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34. Two consecutive numbers are such that one fourth 
of the less exceeds one fifth of the greater by 1. Find the 
numbers. 

35. There are two consecutiye numbers such that one 
fifth of the greater exceeds one tenth of the less by 3. 
Find them. 

36. Find a number such that the sum of its half and 
its fourth shall exceed the sum of its fifth and its tenth by 
45. 

37. Find a number such that the sum of its half and 
its fifth shall exceed the difference of its fourth and its 
tenth by 110. 

38. If a watch and chain are worth S185, and the 
watch lacks $19 of being worth two times the cost of the 
chain, find the cost of each. 

39. If silk costs 6 times as much as linen, and I buy 

22 yards of silk and 28 yards of linen at a cost of S52, 
find the cost of each per yard. 

40. A man gave 17 boys $3.31, giving to some 13 cents 
each and to the rest 23 cents each. How many received 

23 cents ? 

41. I paid a bill of $1.03 with 39 pieces of money, 
some 3-cent and the rest 5-cent pieces. How many of 

each did it take ? 

42. A son earns 37 cents per day less than his father, 
and in 8 days the father earns $6.08 more than the son 
earns in 5 days. Find the daily wages of each. 

43. How. many 10-cent pieces and how many 25-cent 
pieces must be taken so that 95 pieces shall make $12.35? 
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44. Divide $112 into two parts, so that the number of 
five-cent pieces in one may equal the* number of three-cent 
pieces in the other. 

45. A sum of money consists of dollars, twenty-five-cent 
pieces, and dimes, and amounts to $29.50. The number 
of coins is 55. There are twice as many dimes as quarters. 
How many are there of each kind ? 

46. A sum of £8 17 s. is made up of 124 coins, consist- 
ing of florins and shillings. How many are there of each ? 

47. A bill of £4 55. was paid in crowns, half-crowns, 
and shillings. The number of half-crowns used was four 
times the number of crowns and twice the number of shil- 
lings. How many were there of each ? 

48. A bill of £48 J was paid with guineas and half- 
crowns, and 12 more half-crowns than guineas were used. 
How many were there of each ? 

49. A company of 84 persons consists of men, women, 
and children. There are three times as many men as 
women, and five times as many women as children. How 
many are there of each ? 

50. The sum of three numbers is 263. The first is 3 
times the second, and the third is 23 more than 5 times 
the sum of the .other two. Find the numbers. 

51. A farmer wishes to mix 660 bushels of feed, con- 
taining oats, corn, rye, and barley, so that the mixture 
may contain two times as much corn as oats, three times 
as much rye as corn, and four times as much barley as 
rye. How many bushels of each should be used ? 
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52. Divide $2590 into two such parts that the first at 
7^ simple interest for 8 years may amount to the same 
sum as the second in 5 years at 8 %. 

Note. The character % is sometimes used for the term *^per cent" Per 
cent is used by ellipsis for rate per cent. Thus, an aUowance of 7 on a hundred 
is at a rate of .07, and the rate per cent is 7. 

53. $330 is invested in two parts, on one of which 
15% is gained, and on the other 8% is lost. The total 
amount returned from the investment is $345. Find the 
investment 

54. A man has $ 7585. He built a house, and put the 
rest out at simple interest for 18 months ; 40 % of it at 
5 % and the remainder at 6 %. The income from both in- 
vestments is $211.26. Find the cost of the house. 

55. In a certain weight of gunpowder the saltpetre was 
4 pounds less than half the weight, the sulphur 5 pounds 
more than a fifth, and the charcoal 3 pounds more than 
a tenth. Find the number of pounds of each. 

56. A company of 266 persons consists of men, women, 
and children. The men are 14 more in number than the 
women ; the children 34 more than the men and women 
together. How many are there of each ? 

57. I bought 16 yards of cloth, and if I had bought one 
yard less for the same money, each yard would have cost 
$0.25 more. Find the cost per yard of the cloth. 

58. A and B, 85 miles apart, set out at the same time 
to meet each other ; A travels 5 miles an hour and B 4 
miles an hour. How far will each have travelled when 
they meet? 
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59. $330 is loaned for nine months in two parts ; on 
one 15 % per annum is gained, and on the other 8 % 
per annum is lost. The total amount from the loan is 
$364.25. Find the amount in each loan. 

60. A boy has a certain sum of money, he borrowed as 
much more, and spent 12 cents; he again borrowed as 
much as he had left, and spent 12 cents ; again he bor- 
rowed as much as he had left, and spent 12 cents ; after 
which he had nothing left. How much money had he at 
first? 

61. A carriage, horse, and harness are worth $720. The 
carriage is worth eight tenths of the value of the horse, and 
the harness six tenths of the difference between the value 
of the horse and carriage. Find the value of each. 

62. A boy sold half an apple more than half his apples. 
Again he sold half an apple more than half his remaining 
apples. A third time he repeated the process; and he had 
sold all his apples. How many apples had he ? 

Algebra is the science which treats of algebraic numbers 
and the symbols of relation. 

Algebra, like arithmetic, is a science which treats of numbers. In 
arithmetic the numbers are positive and represented by figures. In 
algebra the letters of the alphabet or figures are used to represent 
numbers, and they may be positive or negative, real or imaginary. 

Algebra enables us to prove general theorems respecting numbers, 
and also to express those theorems briefly. 
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CHAPTER XL 

FACTORING. 
51. A Factor is one of the makers of a number. 

Thus, since 5 with the aid of 4 and by the process of multiplica- 
tion makes 20, 5 is a factor of 20. 

A factor is also a divisor, but it is considered a divisor when it 
separates a number into parts, not when it helps to make up a 
number. 

K«te. Unity cannot be a factor. 

Factoring is the process of separatiug an expression into 
its factors. 

Example. Find the factors of 12 a* 6 x*. 

Solutioii. The prime factors of 12 are 2, 2, and 3. The factors 
of a' are a, a, and a. The factors of x^ are x and xK 

Therefore, 12a»6xi = 2X2X3xaXaXaX&Xa:Xa:*. 

Hence, as a direct result of the principle that monomials are mul- 
tiplied by writing the several letters in connection, and giving each 
an exponent equal to the sum of the exponents of that letter in the 
factors, 

To Factor a MonomiaL Separate the letters into any number 
of factors, so that the sum of all the exponents of each factor shall 
make the exponent of that factor in the given expression ; also sepa- 
rate the numerical coefficient into its prime factors. 

Exercise 43. 

Separate into factors with integral exponents : 

1. 12a?lfix; lOx^y^; 15al^c^; 20abc^; SSa^y^z^; 
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Separate into two equal factors : 

2. 16a*62; %a?f', 81 a26*aj*V"*; 169a*6. 
Eemove the factor 2 ai &i from : 

3. 8a*6; &ahx\ IBaS^^. lOa-ij-ia^j^. 
Separate into three factors, also into foiu* : 

4. X) Trfi"^ \ a*; oh \ xi. 

52. Example 1. Factor cfix- Sa^x^. 

Solution. Dividing the expression by a* x, we have a - 3 a. 
Hence, a'^ a; — 3 a^ a; = a^x (a — 3 ar). 

Example 2. Factor 5 a^ ja a^s _ 15 ^ ja a;8 + go ft* x^. 

Solution. By examining the terms of the expression we find 
that 5 b^ x^ is a factor of every term. Dividing by this common fac- 
tor the other is foimd. Hence, the factors are 5 b^x^ and a^x — Zax 

+ 46. 

.-. 5aHh^-l6ab^x^-\-20b^x^ = 5b^x^(a^x-3ax + 4b). 
Hence, 

When the Terms of a Polynomial have a Monomial Factor. 

Divide each term of the expression by the common factor. The 
divisor and quotient will be the required factors. 

Exercise 44. 

Factor the following : 

1. 7rfi + n; 4:a^b + ah^c + 3 ab; 3 a^- 12 a\ 

3. 5a:* + 8a;8_a:3. 7262a^^_8468ajy2_96a6a?j^. 

4. 924a2^*/;2;-1178aa;'*y2;'* + ViMo^x^'f^, 
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5. 4aH-60a1^+20abc+8aH^xi+16abyS6aHczi. 

6. 2 xii y ^ abxy + cx^T^; 5 xi + 10 xi ^ 15 xi". 

8. a"62»c8»H- a2*&8"c* — a^^J^c^*. 



In certain TrinomialB, of the form z* + a x + &, where o 
and b represent any numbers, either integral, fractional, positive, or 
negative, it is possible to reverse the operation of Art 25, and sepa- 
rate the expression into the product of two binomial factors. Evi- 
dently the first term of each factor will be the square root of x*, or x; 
and to obtain the second terms of the factors, find ttoq numbers whose 
algebraic product is the last term, or b, and whose sum is the coefficient 
of Xy or a. 

Example 1. Factor x« + 21 x + 110. 

Solution. Evidently the first term of each factor will be x. The 
second term of the factors must be two nimibers whose product is 
110 (the third term), and whose sum is 21 (the coeflScient of x). The 
only two numbers whose product is 110 and whose sum is 21 are 10 
and 11. Therefore, x« 4- 21 x + 110 = (x + 10) (x + 11). 

Example 2. Factor x^ + x - 132. 

Solution. Evidently the first term of each binomial factor will 
be X. The second term of the two binomial factors must be two 
numbers whose algebraic product is — 132 and whose sum is + 1 
(the coefficient of x). The only two numbers whose product is — 132 
and whose sum is + 1 are + 12 and — 11. Therefore, x* + x — 132 
= (x + 12)(x-ll). 

Example 3. Factor y^ — 6cy — 60c^. 

Solution. Evidently the first term of each binomial factor will 
be y. The second term of the two binomial factors must be two 
numbers whose product is — 50 c* and whose sum is — 5 c (the coef- 
ficient of y). The only two numbers whose product is — 50 c^ and 
whose sum is — 5 c are + 5 c and — 10 c. ,\ y^ — 5 cy — 50 c^ 
= (y+5c)(y-10c). ^ 
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Example 4. Factor x*y^ — (m — n) xy — m n. 

Solution. Evidently the first term of each binomial factor will 
he xy. The second term of the two binomial factors must be two 
such numbers whose product is — m n and whose sum is — (tn — n). 
The only two numbers whose product is — m n and whose sum is 
— (m — n) are 4- n and — m. 

.'. x^y* — (m — n) xy — m n = (x y + n) (xy — rn). Hence, 

I. If the Coefficient of the Highest Power is Unity. For the 

first term of each factor take the square root of one term of the trino- 
mial ; and for the second term of the factors, such numbers that 
their algebraic product will be another term of the trinomial, and 
their sum multiplied by the first term of either factor will be the 
remaining term of the trinomial. 

Exercise 45. 

Factor the following : 

1. a?+ 19a: + 88; .r2_7a;+i2; aS - 20 a* + 96. 

3. a*64+37a2j2+300; a2 + 6a&-66&2. 

4 a262-5a&-24; a*+15a2 + 44; a6 + 17aH60. 

6. a4-a2 62_56 64. a^-Qx-90; a^+13a^cx?-^W0a\ 

7. aj2 - 15 a; + 44; m^ + ^m + ^', ^ - H a; - 26. 

8. 130 + 31 a & + a2 62 . a^ - 20 ab x + 75 b'^ a?; f 
+ 6a^f-27 2^; 1 + 13 a? + 42 a?; rti^-lS am + o6a^. 

9. a^-^18axy-24:3ix>^f;(x + yf + 5 (a? + y) + 4. 

10. 40 a2 62 - 13 a 6 + 1 ; (a - 6)2 + (« - 6) - 2, 
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11. (a:-y)2-3(a:-y)-15; x2+54jc+729; 204-29a?+a;*. 

12. (a + &)*+ 9(a + 6)2+ 8; a:**-(6 + m)ar«* + 6m. 

13. a2_i0a&2c-39 6*c2; a^»« + (a - 6)a:* - a J. 

14. x^-^xy-lOf) a:2-.|x-|; a^*- 43a:«* + 460. 

15. 2;^ + J a o: — ^^cfi\ a;* — a^ a:^ — 462 a*. 

16. a;22^2 + 3^y_154. a2»aj4«+ 14 a*x2«y» + 33^2-. 

17. a?f-2^a''V'xy+\%la?''l^*',oi?-\x + -^. 

18. aj*"/* + 20 a"* 6"* ^2-, ^2- 4. 5ia2"'62«. (^ 4. y)6« 
- 7 a*- (a; + yf^ - 98 a^" ; w* + .01 n* - .011. 

19. a?+^^.^-^j; a?+2ajy-.21y2. „4+^^«24^^ 

By an extension of the foregoing principles we may factor some 
trinomials, of the form c^x* + a ar + 6 d, where the coefficient of x* is 
a perfect square. Thus, 

Example 20. Factor 4 a* + 4 x — 3. 

Solution. The first term of each binomial factor will be the 
square root of 4 x^. The second term of the two binomial factors 
must be two numbers whose product is — 3 and whose sum multiplied 
by 2 a; is 4- 4 a:. The only two numbers whose product is — 3 and 
whose sum multiplied by 2 x is + 4 a: are + 3 and — 1. 

.-. 4x«+4x-3= (2x + 3)(2x- 1). 

21. 4ic2-10a; + 6; 9ar2-27ic+18; 4a,^+16aa;+12a2. 

22. 9a2+30a6+ 2462; 16aj2-20aa;+ 6a2 

23. 25a;W«-^ir6m^n_^^2». 36(a-&)*" + 12(a-6y- + « 
- 143 (a - 6)* 
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54. We may factor some trinomials of the form ax^ + bx + c. 
Thus, 

Example 1. Factor 8 a;^ — 38 a;+ 36. 

Solution. The first term, Sx% is the product of the first terms of 
the binomial factors. The last term, 36, is the product of the second 
term of the two binomial factors. It is evident that the first term of 
each binomial factor might be ±2 a: and ±4 a:, or ±8 a; and ±x; 
also the last terms of the two factors might be ± 7 and ± 6, or ±35 
and ± 1. From these we must select those that will produce the 
middle term, — 38 x, of the trinomial. Since (+ 2 a:) X (— 6) + (+ 4 x) 
X (— 7) = — 38 X, we must take + 2 a: and + 4 x for the first terms, 
and — 7 and — 6 for the corresponding second terms of the two bino- 
mial factors. Therefore, 8 a:^ - 38 a; + 36 = (2 a; - 7) (4 a; - 5). 

Example 2. Factor 6x^ — 6x'^y^ — 6y^. 

Solution. Take + 3 a:^ and + 2 a;^ for the factors of 6 a:*, and 
+ 2 y'^ and — 3 1/^ as those of — 6 y^. We now arrange them in bino- 
mial factors, so that the algebraic sum of their cross products shall be 
- 6 a;2 y^. Since (+ 3 x^) X (- 3 y^ + (+ 2 x^ X (+2t/2) = -bx^y\ 
+ 3 x^ and + 2 a;^ are the first terms, and +2y^ and — 3 y* are the 
corresponding second terms of the factors. .*. 6 a;* — 6 a;* 2/^ — 6 y* 
= (3a:2 + 2i/2)(2a;2-3 2/2). Hence, 

II. If the Coefficient of the Highest Power is not Unity 

Arrange the trinomial in descending powers of a common letter. 
Select factors of the extreme terms and arrange them in binomial 
factors, so that the algebraic sum of their cross products shall be the 
second term of the trinomial. 



Exercise 46. 

Factor the following : 

1. 4:X^+13x+3;4:y^'-4:y-S; 12 a* + a^a? -a:*. 
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3. 8 m« - 19 w? - 27; 15 a^ ^ 58 a + H ; 6 a^ + 7a6 
-362; 2 7n2_i3^^ + 6 7ia;3a? + 7a: + 4. 

4. 24 + 37a-72a2; 15 a? + 224a: -15; 4-5aj-.6a?. 

5. 6aj2 - 19 ajy+ 10 2/2. Sa:^ 4. 14 ^^ _ 15^^. 15^ 
-77a;+10; 24a?+22a;-21; lla3+34a + 3. 

6. 18-33a; + 5a:2; 6a?-7a;y-3y2; 5+ 32a;-21ar^. 

7. 24a?-29a;y-4y2; 6a^*+19aj2«jr-7y2"*. 

8. 2(a;+y)a+5(a;+y)(m + n)+2(m+7i)2; 2a:a+a:-28. 

9. 2(x+yf-1{x+y){a-\-h)+Z{a + bf', l^x'+i^x-^. 

10. ll(a:-y)«"-23a;V"(a^-y)^"+2aJ*V; 27aa+6a-l. 

11. 8 a2" + 34 a" (a; - y)-" + 21 (a: - y)2-". 

55. A trinomial is a perfect square when two of its terms are 
positive, and the third term is twice the product of their square roots. 
Such trinomials are particular forms of I., and their binomial factors 
are equal. 

Example. Factor 4 x* + 44 ary + 121 y*. 

Solution. The first term of each binomial factor will be the 
square root of 4 a;*, or 2 a: and 2 x. For the second terms of the bino- 
mial factors take the square root of 121 1/*, or 11 y and 11 y. Since 
the terms of the trinomial are positive the factors are 2 a: + ] 1 y and 
2 X + 11 y. Therefore, 

4a;'^ + 44a;y+ 121 ya= (2x + 11 y) (2ar + 11 y) 

= (2a:-f lly)2. Hence, 

III. If fhe Trinomial is a Perfect Square. Arrange the tri- 
nomial according to the powers of one letter. For one of the equal 
factors, find the square roots of the first and last terms, and connect 
these roots by the sign of the se'bond term. 
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Exercise 47. 

Factor the following : 

2. 49m6~140mV4.1007i4; 81a^f-126a^a?2/ + 4:9a^ 

3. 7n}^-2m^n + n^; l-10m7i+25m27i2; a^+2j^ + 3?. 
4 (a + bf + 16 (a + 6) + 64; m2+ 18 m + 81. 

5. 4a4ar2-20a2a?i/ + 25a^2/^ Seia^V^c^-IGabcdmn 
+ 4:cpm^n^; 121 w? n^ - 220 m n^ p + 100 p^. 

6. 225^*-30^V + y*; 4a*;;-4a2«6"» + 62« 

7. 49ma7i2 + -^m7i8 + ^7i4; .aj2 + aj + i. 

8. 24^a6 + -^6^^ + i^^^**5 ^^^ + ^^^^^^ + 9^®^- 

9. 9a?-Sxy + ^fi (m - 7iy + 2 (m - rt) + 1. 

10. {a^-ay-^6(a^-a)+9; 4:{x + yf + ^^ + x+y. 

11. at+6t--2aH^; m — 2mi+l; m^Ti+m.Ti^— 27n^nt. 

12. x+2xiyi + y; m^n+o?—2amn^\ 4:X-\-12nx^+9r?. 

13. (a + 6)2«-10(a + 6)»c + 25c2; |^-+ J^^-ll^l"; 

56. Example. Factor 8 ar^ - 27 y^. 

Solution. Evidently (Art. 34) 2 « - 3 2^ is a divisor of 8 aH» - 27/. 
Dividing 8ar' by 2ar, we have Ax^, the first term of the quotient. 
Divide 4 a:^ by 2 jc, multiply the result by 3^, and we have 6 ay, the 
second term in the quotient. In like manner we find 9^^ for the last 
term in the quotient. Hence, the quotient is 4 sc^ + 6 a; y + 9 y^* 
Therefore, the factors of the binomial are 2x— Sy and ^x^-\-^xy-\-^f- 
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Since the dividend is equal to the product of the divisor and quotient, 
ic« — 27y8 = (2{B — 3y) (4x^ + 6xy + 9y^). Hence, in general, 

IXrhen a Binomial is fhe Difference of Two Eqnal Odd 

"Povrers of Two Nnmben. Consider the binomial a dividend, 
and find a divisor and quotient by inspection (Art. 34). The divisor 
and quotient will be the required factors. 

Exercise 48. 

Factor the following : 

1. l-343a;8. 8a;8_729y8; 216aj«-a8 

2. sfif - a^ft^ ; a;*^ - 1 ; 243 a^ - 6^ a^ J« - vfi. 

3. 216 a^ — 343 ; 3 a; — 81 a^. Snggeation. Remove the 
monomial factor 3x first. 

4. ais - 1024 &w ; 729 ic8- 1728/; a;-«- 3^-6. 

5. 135a^-320ar^; 2a«6-64a6; a:-*-2r*. 

6. a^js-ics^. 64a«-12563; a^^-ys-. 

57. Example. Factor 729 + a«. 

Solution. Since 729 is the 6th power of 3, Z^ + a« (Art. 36) is 
a divisor of 729 + a\ Dividing 729 by 3^ we have 3*, the first term 
in the quotient. Divide 3* by 3^ multiply the result by a', and we 
have 3^ a*, the second term in the quotient. In like manner we 
find a* for the last term in the quotient. Hence, the quotient is 
3* — 32 a^ + a*. Therefore, the factors of the binomial are 3^ + a* 
and 3* — 3' a^ + a\ Since the dividend is equal to the product 
of the divisor and quotient, 729 + a* = (9 + a^) (81 - 9 a^ + a*). 
Hence, in general, 

When a Binomial is the Snm of Two Eqnal Odd Powers of 

Two Nnmbers. Let the student supply the method (See Art. 36). 
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Exercise 49. 

Factor the following : 

1. 32a^ + l;l + 2^;afi + y^; x^^ + y^^. 

2. a7+ 128; a:«+ 7292/8. 64a:6 + /. 

3. an^ + x^^y^^] 0^+64: f; 1000afi+1331y^. 
4 a;i8 + ys; 135 a;^ + 320 ar^ ; ^24 + ^^ 

5. x-^ + y-^\ x^ + f^\ 7^f + a^&^ ; a^i + jw. 

6. a64 + 6^; 1 + x^\ a?"" + 2/^~; ^"^ + 2r*. 

7. ai2» + ft®"*; 32 a^iV + 243 a:^ . io24 a^ + ft^o 

8. 64i»6 + 729a8; yJ^a« + ^^&«; (a2-Jc)3 + 8 

58. Example 1. Factor 26a:2-64ya. 

Solution. The square root of the first term is 5 a;^, and of the 
last term 8 y. Hence, since the difference of the squares of two num- 
bers is equal to the product of the sum and difference of the numbers 
(Art. 26), 25x2-643^2= (6x + 8y) (5x-8y). 

Example 2. Factor (5 a - 4)2 - (3 a + 4 a: - 4)2. 

Solution. The square root of each term of the binomial is 5 a -4 
and 3 a + 4 X — 4. Adding the results for the first factor, we have 
8 a + 4 X — 8, or 4 (2 a + X — 2). Subtracting the second result from 
the first for the second factor, we have 2 a — 4 x, or 2(a-2i)' 
Hence, the factors are 4 (2 a + x — 2) and 2 (a — 2 x). 

Process. 

(5a-4)a-(3a + 4x-4)2 = [(5a-4)-K3a+4x-4)][(5a-4)-<3a+4a;-4)] 

= [5a-4+3a+4x-4][5a-4-3a-4J?+4] 

= [8a+4x-8][2a-4x] 
= 4[2a+x-2][2(a-2x)] 
= 8 (2a+x-2) (a-2x). 
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A binomial expressing the difference between two equal even 
powers of two numbers may often be separated into several factors. 
Thus, 

Example 3. . Factor jc^* — y^*. 

Solution. The square root of each term of the binomial is 3^ and 
y^. Adding these results for the first factor, we have x* + t/'. Sub- 
tracting the second result from the first for the second factor, we liave 
a;8 — ^8^ Similarly the factors of x* — y* are x* -f y* and x* — i/*. In 
the same way the factors of x* — i/* are x^ + y'^ and x* — y*. Finally 
the factors of x^ — y^ are x + y and x — y. Hence, the factors of the 
binomial are x® + 2/^ x* -}- y*, x^ + y*, x -|- y, and x — y. 

Process, x^' — y^® = (arS -f yS) (x® — y^) 

= (x8+y«)(x*+y*)(x*-y*) 

= (a:«+y») (x*+y*) (x^+y^) (x* -y«) 

Hence, in general. 

When a Binomial is the Difference of Two Equal Even 

Powers of Two Ifiunbers. Find the square root of each term of 
the binomial ; add the results for one factor, and subtract the second 
result from the first for the other. 

Notes : 1. The preceding method is a direct coasequenco of Art. 26. 

2. The above method finds a practical application when it is necessary to 
find the difference between the squares of two numerical numbers. Thus, 

(235)2 _ '219)2 = (235 + 219) (236 - 219) - 454 X 16 = 7264. 

Exercise 60. 

Factor the following : 

1. ^2^-62^. i6aJ2-9y2; 25a2ic2-49&2y4. 

2. aJ* — y* ; a^ — 81 ?/* ; a? — i/\ x^^ -• if. 

a a«6*-81ar*.v^; l~100a«i*c2; 16 a^ _ 9 je, 

4. 9a2»-4a^-; Jaa-^62. ^f _yf. 

9 
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5. a;-* - 2^; (a -h bf - (c + d)2; (x - yf - a\ 

6. a?-(x-yf; (xy+alf-l\ {a + hf- {a --hf. 

7. (a + l)2-(6+l)a; (a +1)2^(6-1)2; (753)2-(253)3 

8. (24 :c + y)2 - (23 x-yf-, (1811)2 _ (689)2. 

9. (5 a; - 2)2 - (z - 4)2 ; (1639)2 - (269)2. 



10. a^* — 1 ; 729 ic7 2^ — x 2/^ a^b -b^; a - 6. 

11. (2x + a-3)^-(3-2a:)2; 64a;-« - 7292^-« 

12. (575)2 - (425)2 ; 2a-4a:2. 25a"--3&^"i a:« - 2^. 

59. Compound expressions can often be expressed as the differ- 
ence of two equal even powers of two numbers, and then factored by 
the foregoing principles. In many such expressions it will be neces- 
sary to rearrange, group, and factor the terms separately. Thus, 

Example 1. Factor x^ - y^ ■¥ a^ - b^ + 2 ax - 2hy. 

Process. 

x^-y^'^a^-h^^2ar-2hy = x^+ 2ax -h a^ - h^ - 2hy - y^ 

= (x^-{-2ax + a^)- (b^ + 2by-hy^) 
= (x + a)2 - (ft + ?/)2 
= [(a: + a) + {y + b)] [(x + o) - (6 + y)] 
= [a + & + a: -f .y] [a — 6 + X ~ t/] 

Explanation. Rearranging and grouping the terms, in order to 
form the difference of two perfect squares, we have the third expres- 
sion. Factoring the third expression gives the fourth expression. 
The square root of each term of the fourth expression is (x -f a) 
and (y + 6). Adding these results for the first factor, we have 
a -f ft + X + y. Subtracting the second result from the first, we 
have a — ft -f a; — y, for the second factor. 
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Example 2 FacUji 2ji/+l-x*-y«. 

Process. 2xy+l -2«-y»=l-a:«+22y-y* 

= 1 -(z» - 2xy + y«) 
= 1 - (X - y)« Art 55. 

= [i + (^-y)][i-(^-y)] 

= [l+J:-yJ[l -2 + y]. 

Example 3 Factor 4a«6« + 4c«rf«+ 8aftc</- (a« + 6'-c«-rf')* 

Process 4 a*^* + 4 c^d^ + 8 a 6ce/ - (a« + //* - c» - </«)» 
= 4a*62 + Sabcd + 4 c«</« - («« + ^2 _ c^ - </«)« 
= (2 aft + 2 c(/)2 - (a* + 6« - c« - (/«)» 

= [(2a6 + 2crf) + (aH6'-c*-rf'')]r(2a/>-|-2crf)-(a« + //«-c«-r/«)] 
= [2a6+ 2c(/ + a3 + 6«-c«-</2j|-2a/>4 2c</ - a« - 6« + c»+c/»] 
= [(a2 + 2o6 + ftO-(c*-2c</+rf2)][(c«+2c</ + rf2)-(a«-2a6+6')] 
=r [(a + 6)« - (c - c^)2] [(c -f f/)« - (a - b)^] 

= [(a+6) + (c-^)] [(a+6) - (c-d)] [(c+(/) + (a -5)] [(c+(0 - (a-b)] 
= [a + A + c - </] [a + 6 - c + rf] [a - 6 + c + rf] [6 4 c + </ - a]. 

Ezplanatdon Arranging and factoring the first three tenuH, we 
have the third expression. The square root of each term of the 
third expression is 2ah + 2cd and a* 4 6' — c' — rf* Adding and 
subtracting these results, respectively, gives the fifth expre&sion. 
Rearranging (2a 6 and 2cd suggest the proper arrangement) and 
grouping these terms, gives the sixth expression. Factoring the 
terms of the sixth expression, we have the seventh expression. 
Finally, factoring the terms of the seventh expression, we obtain 
the result 

Exercise 61. 

Factor the following expressions : 

1. aa-62_c2-2&c; aH?/«-fc2-2a.v; 16-a^-V^+2nl 

2. 25a?-62-6Jc-9c2; x^-{-2ax + a^-i/- 2]/z-'t^. 

3. 4a?-122ry+ V-81; ar*-(7a:+12)2; 4ar*-l4-0r-9j'f 

4. 16xi^-(x^-\-x^l; 9a2-6a4-l-a?-8a:y-16?/^. 
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5. 2? — y^ -\- m^ — ri?—2mx ^ 2ny\ a* + 6* — c* — rf^ 
+ 2 a2 tf2 _ 2 c2rf2 J (a2« - ^^^ + (?y - ((t2- + V^* _ c^^f, 

6. 12a:y-4^2_9^2^22; 4a:-l-4a^^H-4a^ 

8. 4 a:2 _ 12 a a: - 6^ - 6^2 - 2 c (^ + 9 a2; 4 r*.+ 9 y^ 
-16 22- 25 c? - 12 ^y -40^/2; 4x^ -b^ -2bc- c^. 

9. a.-4 - 25 ae + 8 a2a:2 _ 9 + 30 a^ + 16 a* ; .y2 ^ 6 6a; 

- 962^^- 106y- 1 + 25 62; (a4»_4a2"- 6)2-36. 

10. a;2- - 9 a2 + y^"* - 2 sf'f -6ab-t^. 

11. a:6"-42^'»+ 12 2/2'»2+ 2a3a:3«_ 9 22^_ ^6 

12. 4 a:2 _ 9 2^2 4. 15 ^2 - 36 7i2 - 16 X2 + 36 ny. 

13. a2'* + 62« _ 2 a" 6" _ c2"' ^ A;*"* - 2 c"* A?"*. 

14. 4 a2 + 9 x'2 - 16 (y^ + 4 ^2) _ 4 (16 y 2 - 3 a a;). 

15. a2 + a6-9c2+J62. a*-ft2_9_2a262 + 6*H-6a. 

60. The method for factoring a trinomial consisting of two trino- 
mial factors depends upon the following axiom : 

5. If the savie number be both added to and subtracted 
from another^ the value of the latter will not be changed. 

Example 1. Factor a:* + a^x^ ^ a*. 

Solution. Adding and subtracting a^x^, we have x* + 2a^x^ + a* 

— a^x^. Factoring the first three terms of this expression, we get, 
(x^ + a^)^ - a^x\ Here we have the difference of two equal even 
powers of two expressions, and it is equal to the product of the 
sum and difference of their square roots. Hence, the factors are 
d^ + ax -^ x^ and a^ — ax + x^ 
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Proceas. 

= (x2 + a2yi_a2^2 

Example 2. Factor 16 a* - 17 a* 6« + 6*. 

Process. 16a*-17a262+^< = 16a<-17a26H9a«/y8 + M- 9a«/i« 

= 16a*-8a«6« + ^*-9a«6* 
= (4 a' - /i2)2 - (3 a 6)« 
= (4a« + 3a6-^«)(4aa-3a6-6«) 

= (a + 6)(4a-6)(a- ^)(4a-6). 

Explanation Adding and subtmcting Oa^^' to the expression 
(to form a perfect square), an-anging and factoring the terms, we 
have the fourth expression (the difference of two equal even powers). 
Factoring the iburth expression, we get the fifth expression The 
factors of 4 0-^ + 306- U^ are a + 6 and 4 a - 6. The factors of 
4 a* — 3 a 6 - U^ are a — h and A a -^ b. Hence, 

When a Trinomial is the Product of Two Trinomial Factors. 

Make the trinomial a perfect s(|uare by adding the requisite expres- 
sion. Also indicate the subtraction of the same expression The 
resulting expression will be the difference of two s(]uares. Take 
the sum of their square roots for one factor, and their difference for 
the other. 

Exercise 52. 

Factor the following expressions : 

1. 9a*4-3a262+4^;*; a*+9a2 + 81, 16 a:*+ 4 2:2^2^5^4 

2. a?-^a^y'^ + y^\ 81rr4-28«2:t:2^1(3^. m^^ nflrfi -{-vl^, 

3. 4.^4 + 8^27/24- 9?/*, a8 + a*fc2 + 2,4. 81a* + 36 a2+ 16. 

4. 25 a6 - 9 aH^ + 16 6«; c^ + xy^- f\ x^ -Va^f^- f. 

5. 16a8 + 8a*6H9fc6; 9 a* + 38 «2 ^4 ^49^,8^ ^8 + ^,4^1 
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6. 49 a* + 110 aa62H- 816*; 9 a;* + 21aj22^* + 25 / 

7. m*" + ^^" + 1 ; 0,^" + 16 2;2« + 256. 

8. a«-3a6+62; a*»-6a2'»62».+i4m. 25m*-44mV+167i* 

61. Frequently the terms of an expression can be grouped so as 
to show a common factor. Thus, 

Example 1. Factor 2am + 3bm — cm — 4an— 66n + 2cn. 

ProcesB. 2am + 3bm -cm — 4an — 6bn + 2cn 
= (2 a m — 4 a n) + (3 6 m — 6 6 m) — (cm — 2 en) 
= 2 a (m - 2 w) + 3 i (m - 2 n) - c (m - 2 w) 
= (m-2n)(2a-\-Zb-c), 

Explanation. Grouping the terms of the given expression in 
pairs ; taking the common factor 2 a out of the first, 3 b out of the 
second, and c out of the third, we have the third expression. Divid- 
ing the third expression by m — 2n (the common factor), we have 
2 a + 3 6 — c. Hence, the factors are m — 2n and 2 a + 3 6 — c. 

Example 2. Factor 12 a* - 4 a^b - 3 ax^ + b x^. 

Process. 

12 a8 - 4 a26 - 3 aa;2 + bx'^ = (12 a' - 3 aa;^) - (4 a^b -bx^ 

= 3a (4a2 - ^2) - ft (4a^ - x^ 

= (4 aa - x2) (3 a - 6) 

= (2 a + a:) (2 a - a:) (3 a - 6). 

Explanation. Grouping the terms in pairs ; taking the factor 
3. a out of the first, and b out of the second, we get the third expres- 
sion. Dividing this by 4 a^ — x\ we have 3 a — b. The factors of 
4a^— x^ are 2 a + a: and 2 a — a:. Hence, the factors of the poly- 
nomial are 2 a + x, 2 a — x, and 3 a — 6. 

Example 3. Factor 2mn — 2nx — my -\- xy -\-2n* — ny. 

Process. 2mn — 2nx — my + xy -\- 2n^ — ny 

= (2mn — 2nx + 2 w*) — (my — xy + ny) 
= 2n(m — x-\-n)—y(m — x-\-n) 
= (m — a: + n) (2 w — y). 
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Example 4. Factor - 4ax+ 4x" + 4ay + 4y*-8xy. 

Process. -4ax+4x^4ay-f-4y^8j:y = 4[-a2r+zHay+y2- 2xy] 

= 4[{x*-2xy'^f)-{ax-ay)] 

= •4'L(^-y)(*-y)-«(*-y)] 

= 4(x-y)[x-y-o]. 
Example 5. Factor 2am*— 2an*-2am— 2an+2o*-2tt"+4a*w. 

SolutioxL Removing the comniou factor 2 a, we have 7»* — n^ 

— ?« — n + a — a* + 2 a u. Arrange the ternia of this expression into 
the groups m^ - (n* — 2 a n + a'), and - (to + n — a). The factors 
of the first group are in -^ n — a and m — 7i i- a. Hence, 7«* — n' 

— m — » + a — a' -h 2 a n = ?»* — (n* — 2 a »i + a') — (m + n - a) 
= (m + n — a) (m — n -{• a) - (m + n — a). Dividing this expres- 
sion by the common factor, m + n — a, we have m — n -\- a — 1. 
Hence, the factors of the polynomial are 2 a, m -{- n — a^ and 
m — n-\- a — 1. Therefore, 2 a m* — 2 a w* — 2 a m — 2 a n f 2 ci'^ 

— 2 a^ + 4 a^ n = 2 a (m + n - tt) (m — ?i + a — 1). 

Process. 2am2 - 2an2- 2am - 2an + 2a*- 2a» + 4a^n 
= 2 a [m* - n* - m - n + a - a* + 2 a n] 
= 2a[(my - (n - a)^- (wi + n - a)] 
= 2 a[(m -^ n — a) {m — n ■{- a) — (m + n — a)] 
= 2 a (m + n — a) [7/1 — n -I- a — 1 ] . Hence, 

To Factor a Polynomial by Grouping its Temui Group the 

terms of the polynomial so that each group shall contain the same 
compound factor. Factor each group and divide the result by the 
compound factor. The divisor and quotient will be the required 
factors. If the polynomial has a common simple factor, remove it 

first. 

Note. It is immaterial what terms are taken for the different groups so that 
each group contains a common factor. Tf the groups are suitably chosen the 
result will always be the same, although the order of the factors may be 
changed. Thus, in Example 3, by a different grouping of the terms, we have 

2m« — 2na; — my + a;y + 2n* — ny 

= (2 i» » — m y) — (2 n X — a: y) 4- (2 M* — n y) 
= wi (2w. — y) — a;(2n — y) H- n(2n — y) 
= (2 » — y) (w — - a: + n). 
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Exercise 53. 

Factor the following : 

1. d^+ ab + ac + be; o?i? 4- acd — 2abc — 2hd. 

2. am—bm—an+b^i; 4:ax—ay—4:bx+by; a^+a^-f-a^+a. 

3. 6ax — Sbx^&ay + Sby; pr + qr ^ ps — qs. 

4. ax — 2bx + 2by + 4:cy — 4:cx— ay. 

5. 5a2_ 5&2_2a +*2 6; 6 a^ + 3 xy - 2ax- oy. 

6. 2a^'-7?-\-4:X — 2\ a^Qt^—a^x^—cflo^+y; mx — 2my 
— nx + 2 7iy'y 4:X^ax+4:a — a^. 

7. a? + mxy—4:xy — 4:7ny^; 4:a^ + 4x^ + 5a — 5x — Sax. 

8. 3a^ — 3ac—ab + bc\ a^x + ahx + ac + aby + l'^yi-hc. 

9. ^)ax^ + 3 a xy—Sbxy—Sby^l mn + np — 7np — n^. 

10. m2 + rijp- ??ip-7i2. I8y^--2x^y+3a^-27xf. 

11. 21 a - 5 c + 3 a c — 2b c — U b - 35 ; s? - 5 xy 
+ ^y^ + 3x — 6y; 7? — 7^ + x — 1. 

BZ. Example 1. Factor x^ + y^ + z'^ — 2 xy + 2 x z — 2 yz. 

Solution. The expression consists of three squares and three 
double products. Hence, it is the square of a trinomial which has x, 
y, and z for its terms. Since the sign of 2 a: 2 is +, and 2 xyh-, 
X and z have like signs, while x and y have unlike signs. Hence, 
one of the two equal factors is x — y + z. 

.*. x^ + y^ + z^ — 2xy-{-2xz— 2yz=(x — y-{- z)^. 

Example 2. Factor x^ - 3x^y-\- Sxy^ -y^. 

Solution. It is seen at a glance that the given polynomial fulfils 
the laws stated in Art. 29. Therefore, one of the three equal factors 
is a: — y. .*. x* — 3 x^y + 3xy^ — y^=(x— yy. Hence, 
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When a Polynomial is a Perfect Power of an Ezpreerion. 

By observing the exponents, coetlicieuU, und signd of the terutH, find 
such expression, as raised to u given power, will produce the polyno- 
mial. This expression will be one ot* the equal factors. 

Exercise 54. 

Factor the following : 

1. a'^+2ab + b^-i-2ac + 2bc + c^. 

2. d^-2ab + h^-2ac + 2bc-^(^. 

3. a^+ h^ + t^ + 2 ab-2a c - 2bc; lG + 32a: + 24x^ 
-h a;* 4- 8 rc3. ^ ,,2 - 2 a 6 + 9 t^ - ^r + | -h 9 6. 

4. a^--15a^x+ dOa^x^- 24Sa^-27i)a^a^+ 40oax\ 

5. a?-2ab + lf^+2ac + c^^2ad-2bc + iP-2cd-\-2bd. 

6. 27 a^?/ - 108 a^x^y^ - 64 a« + 144 a* xy. 

7. m^—2p x—2nx+7i^-\-p^—2 7nn-{-2 m x+x^—2 mp+2 np. 

Miscellaneous Exercise 65. 

Factor the following : 

Note. If the expression has a common simple factor, it should be first 
removed. 

1. lOa^'-SOif-iO; :i* + .i^+l; 12x^i/-3Gxy-48. 

2. a? - .56 X + .03 ; a2 + II rt + 1 ; Q + x - a^. 

3. 3m3»a-3m*n; 16a8-2; a^-81; Gx*+483*+72u^. 
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6. x^ + M ^^ - A; «'" + 16 a" + 63; J|a^"' + 
(I ^^' "- ^5^ O "^'" - 6 «""^''. 

7. m^ — a ?/i — 71 ??i + a 71 ; a^ H- 7 a — 8 ; 4 a^ — 4 i^ 
-.2a + 2b; 49 tt^"^^"* + 7 (a;i + 3 2^4) a" ft^ "• yi + Sx^yi 

8. 204-5a-a2; it^» - J^^s ^4« ^ ^, 

9. m^ — n^ — mp — n^ ; x^ — 2^ + a^ — 2?; a^ — a^l^. 

10. 380 - a; — a;2j g a^o*" - 9 a^"* + 1 ; (a; - 2^)*" 

11. 6x^-x-17; 12a;2+ 108ic+ 168; a? + 2xy 
+ 2/2 — 5 a; — 5 2/ ; ix^— ^{^)mn + 3y)x + ^^mny. 

12. 1 — TiT'^^iSy^^' 2 2?+ 5iC2/ — 32/2--4aiC+2ay. 

13. a2n + (a; + y) a"^;» 4- h^'^xy; a^ + (a -{- b)x -20^ 
-ab; x-^^-if; 81 x^ + 23 0^2/ + y^. 

14. ai2fe + Z;i3. a^3_|.2^_|.3a,y(a; + 2/); a^'' + c(a + 6)a:2« 
— a 6 (a — c) (6 + c) ; r/z^ + n^ + tw + n. 

15. a2-62_c2+/:P-2(af/-66'); 4+4a;+2a2^+a?-a2-/ 

16. a?+(a-{-2b)x + ab+b^; x^^+(a-b)3fi''''2a^2ab. 

17. 250 (m - nf ± 2; 8(7??. + ti)^ ± (2 m - n)^ 

18. 62»c2»a:2»_6»c»-a2a,n_ jn^n^n_,_^^2. 49^4-15^^2 

+ 121 j4 ; (7?i + nf ± (m - nf. 

19. 4 (7?i — 7if — (m — n)'y {m + nj^ ±m(m + n). 
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20. aj2-6(a-c)a:-ac(a + 6)(6 + c); 64m^+128mH^ 
+ 81 71*; 25aJ* + 31a?y2+ 16y*. 

21. 6a? + 132?2j'\'6xf;6a?f'-xt/^-123^. 

22. a?"-(36c + ac + a6)aj*+ 3a6c(6 + c). 

23. m^ + 4:mn^±8n^±2mH; {m + Srif-Qim-pf. 

24. aP^''+{a + b-c) a?iO" ^ ac - be; {x + y)^ - x 
-y-6; 25a^ + 24a?y*+ 16y8. 

25. 9a^y*-3a:8/-6a?/; m2-mn-6n2±4mTl2n. 

26. miniiab''zf-^mini{xy + 2zf; 81aa*-199a"6- 
+ 121 62« ; 81 a*" - 99 a^" ft*"" + 25 J®". 

27. 18 a? - 24 .i;.y + 8 y2 ± 36 :^ qp 24 y ; 2 7m2 + 2 w w 
-I2n^ — 12 am -3 an; a^afi ± Gia^n^. 

28. a:2_,. 3^2^_28/+ 282^-4a;; 2y-6ay + 46a? 
+ 6aa; — 2a:— 46y. 

29. m* 71 — 7/1^71^ — 711^71^ -f m 71*; tti* — (m + a)*. 

30. 15 2^ - 16 y^- 15 ax - 8 xy + 20 ay; {a - b) 
(a2 _ c2) - (a - c) (a2 - ^2). 

31. c6^P-c2-a2c3rfHa2; m37i3±512;247yi27i2-307/i7i3 

— 36n*; aa? — Sbxy — axy + Sby^, 

32. 7w2— 7/171 -6?i2 + 16771-3271; 4a:^ + 4a?-ic2-2^. 

33. 4 7?l8 _ 4 7l8 - 3 71 (7l2 - Vl^ + 2 771 (71 - TTl)^ 

34 9 77i»±9a27yt7; x^^l6y^ + x±4:y; {x-'2xyf 

— (a; — 2 a? y) — 6. Query. How many factors in the first part ? 
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35. 64(4a;+2/)2-49(2a;-32^)2; (m* - m^ - 5)2 - 25. 

36. m^ -{- m^ n -\- m n^ + m^ 7i* + m^ n^ + ni? ti^ ; [x — yf 
--l + xy{x-7j + l)', {x^ + 4)2 - 16 a;2. 

37. (m2 H- 3 m)2 - 14 (m^ + 3 m) + AO ; {m n - nf 
— m ?i (w 71 — 71 — 3) — 9. 



38. 2?''-af'-i + a:-" + aj-2«j ^-i _ ^^-f. 

39. 14a2a;3_ 35^3^+ 14^43.. a;-t_ 2/"*- 

40. 12a^-8o(^y^+2l3?y; 64:xi±27xi 
Separate into four factors : 

41. {x-2i/)a?-(y-2x)i/; (a?"* +6 0^ + 7)2 -(of +3)2 

42. 4 a2 (ajS + 18 a 62) - (32 a^ + 9 62 x^) ; 16 7?i27i2 

- (m2 + 4 7l2 - jy2)2 . (^4« _ 2 a2m J2» _ J4»)2 _ 4 ^4-. J4« 

43. a;Ha;32^6_8^6 2^_3 2/». ^9m^ aiS™ + 64a^"' + 64 

44. 7W* - 2 (7l2 + p2) ^,2 ^ (^^2 _ ^2)2 

Separate into five factors : 

45. ni* — m^ n^+ 2 m^ n^ — m^ n^; 6m^n^ + m^n — 6 m^ v? 
-rrfin?; (a?^"» + ^2n __ 20)2 _ (aj2m _ ^2» _|. 12)2 

46. ic7»»+ic*"'— 16a38"'-16; 16 ir''"-81ic3m_]^g^«^82. 
Separate into seven factors : 

47, al2m _ ^8m 2,4» _ a4m ^^S" ^ J12» 
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CHAPTER XIL 

HIGHEST COMMON FACTOB. 

63. The product of any of the factors of a number is a 
factor of the given number. 

Thus, since 30 = 2 X 3 X 5, 6, 10, and 15 are factors of 30. 

The product of the common factors of two or more num- 
bers must be a factor of each. 

Thus, since 42 = 2 X 3 X 7, and 66 = 2 X 3 X 11, 2 X 3, or 
6, is a factor of 42 and 66. 

The product of the highest powers of all the factors which 
are common to two or more numbers must be the greatest 
common factor of the given numbers. 

Thus, since 24 = 2« X 3 and 36 = 2« X 3«, 2« X 3, or 12, is the 
greatest common factor of 24 and 36. 

The Highest Common Pactor (H. C. F.) of two or more 
algebraic expressions is the expression of highest degree 
which will divide each of them exactly. 

Thus, 3ar"y«is the H.C.F. of 3a:«i/», ^x^y\ and Iba^fz. 

Hote 1. Two or more expressions are said to he prime to each other when 
they have no common factor. Thus, 5 a^ and 9 b are prime to each other. 

ExAMPLB 1. Find the H.C.F. of 24a»6«c«, 60a«6«c2y«, 
48 a8 62^8, and :i^aH^<^3fl, 
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Process. 24 a^h^c^=2^X3 X «» X 6* X c^ ; 

60 a^b^c'^y^ = 2^ X 3 X 5 X a^ X />» X c2 X ^^ ; 

48a862c» = 2* X 3 X a^ X ^^ X c»; 

36 aH^c^x^ = 22 X 32 X a2 ^ 52 X c^ X x^ 

.'. the H.C.F. = 22 X 3 X a2 X &^ X c2 = 12 a^b^c^. 

Explanation. Factoring each expression, it is seen that the oiJy 
factors common to each are 22, 3, ^2^ ja^ and c^. Hence, all of these 
expressions can be divided by any of these factors, or by their 
product, and by no other expression. 

Example 2. Find the H. C. F. of 2 a:« - 2 a;y2, 4 a^s _ 4 xf^ and 
2 X* - 2 a:2 2/2 + 2 x^^^ - 2 a: 2^8. 

Process. 2 x' — 2 x y2 = 9 x (x + y) (x — y) \ 

4 ic6 - 4 xy* = 22 x,{x + y) (a; - y) {x^ + y2) ; 
2x*-2a:2y2_|_2a,'8^_2^y8=: 2 xlpc + yylx - y)\ 

,'. theH.C.F. = 2x(x + y)(x -y) = 2x(x^-y^). 

Explanation. Factoring each expression it is seen that the only 
factoi-s common to each are 2, x, x + y, and x — y. Hence, all of 
these expressions can be divided by any of these factors, or by their 
product, and by no other expression. 

Note 2. If the expressions contain different powers of the same factor, the 
H. C. F. must contain the liighest power of the factor which is common to all 
of the given expressions. 

Example 3. Find the H.C. F. of Sa^ x^ + 16 a^ofi + Sa^ A 
2a4a;2-4a6x-6a» 6(a2 + ax)2, and 24 (a2 x + a a;2)8. 

Process. 

8a6x2+16a*x8+8a8x*= 28X a8xx2 (a + x)2; 

2a*x2-4tt6ar-6a«= -2 x a*X (a + x)(3a-x); 
6(a2+ax)2= 2 X3Xa2x (a+x)2; 
24(a2x+ax2)8 = 28 X 3 X a* X x^ (a + x)«. 

The common factors are 2, a^, and a + x. 
.-. the H. C. F. = 2 a^ (a + x). Hence, 
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To Find the H. C. F. of Two or more Expreiiioiis that can 

be Factored by Inspection. Sejiarate the expressions into their 
factors. Take the prmluct of the common factors, giving to each fac- 
tor the highest power which is common to all the given expressions. 

Exercise 66. 

FindtheH.C.F. of: 

4. 12 d}\?^ and 18 c?h;ifi \ 6 o^xy, 8 aj?^, and 9rt^a:y*. 

5. \hifi;x?il^, ^a^ij^if, and 2\d^j?f 

6. Ua^fz^, l%a^if:fi, and Z^a^i/:^. 

7. 20(^xif, 9^a^s?y^, and 12a2jyi 

8. a^hx -{- aV^x and a?h — Ifi. 

9. 3(?y^ — z^ and ax^y ^h xy '\- axz — hz, 

10. 3ic*+8a:34.4aJj^ '^T^^-Ua^-^-ioT?, and ia^-U2?-'l23?. 

11. ?> a^a?y — Z a^xy — *6^ a?y and 3 a^ 2:^ — 48 o? x 
-3a2ic2 + 48a2. 

12. x^ 4- x, {x 4- 1)^ and 0^3 4. 1 . a^z* + a:" _ 30 and 
a^" _ .^« _ 42; a:3 + 27, a;2 _ 9^ and 2 ^c^ ^ 5 a; - 3. 

13. x^ — x^y, a? — xy'^, and x^ — xffi. 

14. a;* + a? y2 _|. ^4 ^nd a:;^ — 2 2:^ ?/ + 2 ay^ — 2/^. 

15. 12 {a - ft)*, 8 (a2 _ 62)2^ and 20 (a* - 6*). 

16. 8 a:2;(a; — y)(a; — 2;) and 12 y z(ij — x){y —• z). 

17. 4a?- 12.^ + 9, 4a? -9, and 4caHx-&aH, 

18. o^-Tlf, ^2_(5a.y+9^^ and 2 a?-a;i/- 15/. 



\ 
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19. aj* — y*, {a? — y^)^, and aa^ — 7 axy + 6 ay^. 

20. ma?-mx, 2a,^+ 18aj^- 20aj, and 4:a?ofi-4:a^x. 

21. 24m7i-6?7i+16jp7i-4, 64n2-4, and 16ii*-8?i+l. 

22. a? + 4a; + 4, a;8 + 8, and 4 a? + 2 a: - 12. 

23. 16 a;3 __ 432, ^^ ^ q x + 9, and 5 a;^ - 13 a; - 6. 

24. m^— rfi, m n — 71^+ wz ^ — 71^, and rn^— m^n+m r?— nK 

25. 6a:^ — 96a;, ma^y — Smy, and 15jpa::2_6Q^ 

26. a^'^-Ua^^n^so, a;«"-13a;3n^42, and a;6«+a;3»_42. 

27. a;3»_i25, a?^- 10a;"+ 25, and 2 ar^**- 11a;" + 5. 

28. 8 a;3» _ 125^ 4 ai2» - 25, and 4 a;2» - 20 a;" + 25. 

64. If the expressions cannot readily be factored by inspection, 
we adopt a method analogous to that used in arithmetic for the great- 
est common divisor of two or more numbers. The method depends 
on two principles : 

1. A fadm' of any expression is a factor of any multiple 
of that expression. 

. Thus, 4 is contained in 16, 4 times; it is evident that it is con- 
tained in 5 times 16, or 80, 5 times 4, or 20 times. In general, 

Since a factor is a divisor, if a represent a factor of any expression, 
m, so that a is contained in m, & times, it is evident that it is con- 
tained in r m, r times 6, or r 6 times. 

2. A common factor of any two expressions is a factor 
of their sitm and their difference, and also the sum and tk 
difference of any multiple of them. 
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Thus, 4 is contained in 36, 9 times, and in 16, 4 times. Hence, it 
is contained in 36 + 16, 9 + 4, or 13 times, and in 36 - 16, 9 — 4, or 
5 times. Again, 4 is contained in 5 times 36, 5 times 9, or 45 times; 
also, 4 is contained in 10 times 16, 10 times 4, or 40 times. Hence, 
it is contained in 180 + 160, 45 + 40, or 85 times, and in 180-160, 
45 - 40, or 5 times. In general, 

Let a be a factor of m and n, so that a is contained in m, b times, . 
and in n, c times. Then (m -^ n) -r a=: h-\- c ; also, (m — n)-i-a 
= b - c. Again, since a is contained in m, b times, it is evident that 
it is contained in rm, r times 5, or rb times ; also, since a is con- 
tained in n, c times, it is contained in sn, s times c, or sc times. 
Hence, rm -t- a = rb, and 811-^0 = 80. Adding these equations, we 
have (rm -i- s n) -r a = rb -{- 8 c; subtracting the second equation 
from the first, we have (rm — sn) + a-= rb — 8c. The last two 
equations may be written (rm±s7i)-ra = rb^8c. Therefore, 
rm± sn contains the factor a. 

Example 1. Find the H.C.F. of 4 a:« - 3 z» - 24 x - 9 and 
8 x« - 2 x^ - 53 a; - 39. 

Solution. The H.C. F. cannot be of higher degree than the first 
expression. If the first expression divides 8 x*— 2 x* — 53 x — 39, it is 
the H.C.F. By trial, we find a remainder, 4x* — 5x — 21. The 
H. C. F. of the given expressions is also a divisor of 4 x* — 5 x — 21, 
because 4x2 — 5x — 21 jg f]^Q diflPerence between 8 x* — 2 x' — 53 x 
-39 and 2 times 4x«-3x2-24x-9 (Principle 2). Therefore, 
the H.C.F. cannot be of higher degree tiian 4x" — 5x — 21. If 
4x2 _'5 a: - 21 exactly divides 4x« - 3 x* - 24 x - 9, it will be the 
H. C. F. By trial, we find a remainder, 2 x^ - 3 x - 9. The 
H.C.F. of 4x2- 5x- 21 ^nd 4x« - 3x» - 24x - 9 is also a divi- 
sor of 2 x2 — 3 X — 9, because 2 x^ — 3 x — 9 is the difference between 
4x» — 3x2-24x- 9and x+ 1 times 4x2-5x- 21 (Principle 2). 
Therefore, the H.C.F. cannot be of higher degree than 2x2 — 3 x — 9. 
If 2 x2 — 3 X — 9 exactly divides 4 x^ — 5 x — 21, it will be the 
H. C. F. By trial, we find a remainder, x - 3. The H. C. F. of 
2 x2 — 3 X — 9 and 4 x2 — 5 x — 21 is also a divisor of x — 3, because 
X — 3 is the difference between 4x2 — 5x — 21 ^nd 2 times 2x2 — 3 x 
— 9 (Principle 2). Therefore, the H. C. F. cannot be of higher de- 
gree than X — 3. If x — 3 exactly divides 2 x2 — 3 x — 9, it will be 

10 



1 



146 ELEMENTS OF ALGEBRA. 

the H.C. F. By trial, we find that a: — 3 is an exact divisor of 
2x^-2x-9. Therefore a: - 3, or 3 - a: is the H.C. F. 

Process. 4x^ - 3a;2 - 24a: - 9 ) 8a:« - ^a:* - 53a: - 39 ( 2 
2 times the divisor, 8x* — 6x^ — 4Sx — 18 

First remainder, 4x^- 5 a: - 2 1 

4x^-bx-2i)4x^-3x^-24x~ 9(2+1 
X times second divisor, 4 x^ — 5 a;' --21a: 

Second remainder, 2 a:*— 3x— 9 

2x2-8a:-9)4a:2-6a:-2l(2 
2 times third divisor, 4a:* — 6x~18 

Third remainder, x^^ 

x-3)2x2-3x- 




2 a: times fourth divisor, 
Fourth remainder, 

3 times fourth-dtvTsor, 

lerefore, the H. C. P. = a: — 3, or 3 — a:. 

Note 1. The signs of all the terms of the remainder may be changed : for if 
an expression A is divisible by — jB, it is divisible by -f B. Hence, in the 
above example, the H. C. F. is a; — 3, or 3 — a. 

Example 2. Find the H.C. F. of 4x^ ~ x^y - xy^ - 6f and 
7 x^+ 4x^y-^ 4xy^-Sy^. 

Process. 

4x^-x^y-xy^-by^)73*+ 4x^y-\- 4x'f- 3y^(7 

4 times first dividend, 2Sx^-\-l6x^yi-\6xy^-l2y* 
7 times first divisor, 28 a:'— Ix^y— Ixy^—Zby^ 

First remainder, 23xVi-23rpT23p = 22y{x^-x\j^-y^ 

a:*+xy+y*)4a:*— x^y— xy^—by^(^4x—by 
4 x times secontl divisor, 4 a:* + 4 a:* ;y + 4 a: y* 

Second remainder, —bx^y—5xy^—by^ 

— by times second di visor, —bx^y—bxy^—by^ 

Therefore, the H. C. F. = a:* + a: 1/ -f y^ 

Explanation Arrange according to descending powers of a:, take 
for the divisor the expression vv^hose highest power has the smaller 
coefficient, and multiply the dividend by 4 (to avoid fractions). 
Since 4 is not a factor ot 4x^ — x^y — xy^ — b y*, the H. C. F. of the 
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given expressions is the H. C. F. of 4a:« — ar* y - x y^ — 5 ?^ and 28 x« 
-I- 16 x« 2/ + 16 xy2 _ 12 y« (Principle 2). Since 23 y (x^ -f z y -f y^) 
is the difference between 4 times the dividend and 7 times the 
divisor, the H.C.F. of the given expressions is a divisor of it 
(Principle 2). Therefore, the H. C. F. cannot be of higher degree 
than 23 y (x^ -f z y + y*) If the first remainder exactly divides the 
first divisor, it will be the H.C.F. Since 23 y is not a factor of 
the first divisor, it can be rejected. Therefore, x* -f x y + y* is the 
H. C. F. 

This method is used only to determine the compound 
factor of the H. C. F. If the given expressions have 
simple factors, they must first be separated from them, 
and the H.C.F. of these must be reserved and multiplied 
into the compound factor obtained. Thus, 

Examples. Find the H.C.F. of 54x«y + 60x«y» - 18x»y* 
- 132x*y« and 18x«y« - 50 x«y« + 2x*y*- 12x«y». 

Solution. Removing the simple factors 6x^y and 2x^y^, and 
reserving their highest common factor^ 2x*y, cls forming a pari of the 
H. C. F., we are to determine the compound factor of 9 x* — 22 x' y^ 
-3xy«+10y* = -4 and 9x* - 6x»y + x^y* - 25y* = 5. If k 
exactly divides jB, it is the H. C. F. of -4 and B. By trial, we find 
the remauider - y (6 x« - 23 x^ y - 3 x y« + 36 y'). The H. C. F. of 
A and B is also a divisor of this remainder, hecause the remainder 
is the difference between B and 1 times A (Principle 2). Reject — y 
from this remainder, since it is not a common factor of A and B, and 
represent the result by D, The H. C. F. of D and 2 -4 (a multiple 
of ^) is the .H.C.F. of ^ and B (Principle 2). This cannot be of 
higher degree than D ; and if D exactly divides 2-4, it is the H.C F. 
By trial, we find a remainder, 153 y* (3 x^ - x y - 5 y^). The 
H.C.F. of D and 2-4 is also a divisor of this remainder. Reject 
153 y^ and represent the result by E, The H.C.F. of E and D is 
the H. C. F. of D and 2 A ; and if E exactly divides Z), it is the 
H. C. F. By trial, we find that E is an exact divisor of D. There- 
fore, E is the H.C. F. of A and B. Hence, the H.C. F. of the given 
expressions is 2 x*y (3x* — xy - 5 y*). 



148 ELEMENTS OF ALGEBRA. 

Process. 

9x^22x^y^'3xf+l0y^ = A) 9x^-ex^y+ x^y^ -25^= B ( 1 

1 times the first divisor, 9x* -22xY-^xy^+l0y* 

-6 x8y+23 x^y^Sxy^-Sdy* 
= -y(fix^-23x^y-3xy^+S5y^) 

(3a;4-23y 

6a*-23x^y-3xy^35f = D) 18a:* - 44a; V- 6xy^+ 20y* = 2A 

3x times second divisor, 1 8x*—69x^y— 9x^y^- 1 Obxy^ 

Second remainder, Q9x^y— S^h/^—lllxyH- 2()y* 

2 times second remainder, 138a;8^- 70ar2y2_222a;y8+ 40y* 
232/ times second divisor, 1 38a;»y-529a;V- 69a:y^805y* 
Third remainder, 459xV-153xy«-765y* 

= I63y^(3x^-xy-by^) 

Zx^-xy-by^=E)6x^-23x^y- 3xy^ + 35y^ = D(2x-1 y 
2x times third divisor, 6x^— 2x^y—l0xy^ 
Fourth remainder, —2lx^y+ 7xy^-\-3by^ 

— 7y times third divisor, —2lx^y+ 7xy^-\-35y^ 

Therefore, 'E.C.Y, = 2x^y {3x^-xy~6y^). 

Example 4. Find the H.C.F. of 90 x'^y^ - 200 x^y^ - \0 x^f 
and 144 x^y — 64xy^ — IQx^y^ — 144 a;* y^. 

Removing the simple factors 10 a;^ 1^2 ^j^^ 16 xy, and reserving 
their highest common factor, 2 x y, as forming part of the H. C. F., 
arranging according to descending powers of x, we have 

Process. 9a;«-a;2/^20i/^ ) 9a;8-9a;22/- xy^- 4?/8(l 

1 times the first divisor, 9a;* — xy^~20y^ 

First remainder, -9xhf +16^* = -y (9x^-l6y^) 

9a;2-16i/2)9a,-«- xy^-20y^{x 
X times second divisor, 9x^—l6xy^ 
Second remainder, lb xy^ — 20 y^ = 5 y^(3 x — 4 y) 

3x-4y)9x^-iey^= (3x + 4y)(3x-4y){3x + 4y 
3x-{-4y times third divisor, (3 x -{- 4 y)(3 x — 4 y) 

.*. the H. C.F. = 2 a; 2/ (3 a; — 4 1/). Hence, in general. 
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To Find the H. CP. of Two Folynomialfl that cannot readily 
be Factored by Inspection, if the given expressions have simple 
factors, remove them and arrange the resulting expressions according 
to powers of a common letter. Take that expression which is of 
lower degree for the first divisor; or, if both are of the same degree, 
that whose first term has the smaller coefficient. If there is a re- 
mainder, divide the first divisor by it, and continue to divide the last 
divisor by the last remainder, until there is no remainder. The last 
divisor will be their highest common ,factor. The highest common 
factor of the simple factors multiplied by the last divisor will give 
the H.C.F. sought. 

Hotel : 2. If the first term of the dividend or of any remainder is not ex- 
actly divisible by the first term of the divisor, that dividend or remainder must 
be multiplied by such an expression as will make the first term thus divisible. 

3. Observe that we may multiply or divide either of the polynomials, or any 
of the remainders which occur in the course of the work, by any factor which 
does not divide both of the polynomials, as such a factor can evidently form no 
part of the H. C. F. 

Exercise 67. 

Find the highest common factor of : 

1. a^ + 2x^-13x+10 sad afi + x^-lOx+S, 

3. a:3 - a:2 - 5 a? - 3 and sfi-^x^-llx-G. 

4. :z!*-9rr8+29ar2-39a:+18 and 4:X^-27 3(?+56x-33. 

5. 3^ — 5 as? + 4 a?x and x!^ — aa? + 3a^a^ — 3 a^x. 

6. 2f-10xf + 8x^y and 9x^-3xy^+3x^f-9a^y. 

7. 2ajB-lla^2-9 and 4a;5+ 11 a:* + 81. 

8. 18a?+3x-6 and 18ix?-\-96x?+104:X + 32. 
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9. 15 m2 7i3 - 20 m^T? - 65 m^n - 30 m^ and lamt? 
+ 20amn^ — 16 a 7nn — 16 a m. 

10. 36m64-9w3- 277/1*- 18m« and 27w6w2_9^3^2 

- 18 m^rfi, 

11. 3 a? — 3a?i^ + xy^ — 1^ and 4a?y — 5ic^ + y^. 

' 12. w^ia:^— 82m7iaj — 3/yiw and m^7i2^_^ 28^^71*3:? 

- 9 m^rfl. 

13. fl33_4aJi + 2a;+3and2aJ*~9iZj8+12a?-7. 

14. 16a;2~44a:y+103r^ and 6a:*-29a?y + 43a?3r^ 
-20iC3^. 

15. 2m^n--10m^nf+187rflny^+224:mn7/^+29inf 
and 4m*y — 20m2n,2y __ 4:Smn^y + 112 7i*y. 

16. 2m**a:*»- 2m" a:^" — 47^.-0?'' + 47?i*aj" and 6771" ic^" 

- 18 7?i"a:*" + 12 7w."a:8« + Gtti"^?" — 67/1" a;". 

Query. How many factors in this result ? 



65. To Prove the Method for Finding the H. C. F. of any 

Two Algebraic ExpressionB. Let A and B represent the ex- 
pressions, the degree of A being either 
equal to or higher than that of B. Di- 
vide A by B, and let the quotient be m 
and the remainder D ; divide B by Z), 
and let the quotient be n and the re- 
mainder E ; divide D by E, and let the 
quotient be r and the remainder zero; 
that is, E is supposed to be exactly con- 
tained in D. 

We will first prove that -B is a common factor of A and B, 
From the nature of subtraction, the minuend is equal to the sub- 
trahend and remainder. Hence, A =mB + D, B = n D + E, and 



Proceas. 

B)A{m 
mB 
D)B(n 
nP 
E)D(r 
rE 




HIGHEST COMMON FACTOR. 151 

D = rE. Since the division has terminated, E is a divisor of D. 
E is also a divisor of nZ) (Principle 1) and of nD + E, or B 
(Principle 2). Hence, E is a, divisor of mB (Principle 1), and of 
mB-\-D, or A (Principle 2). Therefoiv, E iBaoommon factor 
of A and B. 

We must now show that E is the highest common factor. 

Every divisor of il and B is also a divisor of m-B (Principle 1), 
and of -4 —mi?, or D (Principle :2). Therefore, every divisor of 
A and -6 is a divisor of nD (Principle 1), and of B — nD, or E 
(Principle 2). But no divisor of E can be of higher de<{ree tlian E 
itself. Therefore, E is the highest common factor of A and B. 

66. Let A, By Dy E, etc. represent any polynomials. Let m 
represent the H C.F. of il and J5, n the H.C.F. of m an<l Z), and p 
the H. C. F. of n and E^ etc. Evidently m is the product of all the 
factors common to A and B ; also, n is the product of all the factors 
common to m and 2), and p is the product of all the factors common 
to n and E, orp is the product of all the factors common to A, B, D, 
and Ey etc., which is their H.C.F. Hence, in general, 

To Find fhe H.C. F. of Several Polynomialfl. Find the 

H.C.F. of two of them; then of this result and one of the remaining 
polynomials; and so on. The last result found will be the H.C.F. 
of the given polynomials. 

Exercise 58. 

Find the H. C. F. of : 

+ 4/, and 2a^-f 23^. 

2. a:* + x3 - 8 2^^- 9 a; - 9, 2 + a: + 2;^ + a^ + 2 a* 4- 2x^, 
and 3 -h 3 a;2 + x^ + ic3 _^ 3 ^ 

3. m* izjs + 2 7/1" aj2 + m" i« + 2 ?n", 2 .x* + 6 a:^ -h 4 x^, 
3a?+ 9a;2 + 9.^+ 6, '6x^ - Ua? - Zx^ - ^ x, and Zx? 
+ 2 + 5 a: + 8 2;2. 
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4 2x^-5x + 6-3a^, 3a^+2(x?-8x-12, and 
2x^-a^-12x-9. 

5. 3 a:3» _ 33 ^2» + 96 a;" - 84, 68 a?" - 92 a^" - 24af 
+ 32a;*», a^'' + 11 a;" - 6 - Gx-^", 50 aj" + 20 2:8«_6()aa« 

- 20, 5 a;3« _ 20 a:2» + 7 aj» __ 14^ ^ud 3 aj6" - 35 a^" 

- 162 a;*» - 372 a^^" + 424 a:2» - 192 x\ 

6. 9 a:2« _^ 4 ^ + 2 a:3n __ 15^ 48 a?^" + 30 - 348 a;" 

- 24 a;2«, 8 a:^" + 4 a^'' + 3 a?** + 20, and 2 a;2« + 12 a;^* 
-94 a;"- 60. 

7. 3a;^ — 2 a:?/^ — 5 a^^y, 5 xy^^ 61/^ — S a^y^ — a?]/ 
+ aj4, 9a:3_8a,2 2^_20a;y2,, 3a;3/2 - 7 a;2|^ - 2 / + Sa:^ 

10 2/* — a;*^2/2 — 5 x^y + 3 a:* — 7 xy^, and x^ — ^y — o^f 

- a;^/^ — 23/*. 



Miscellaneous Exercise 59. 

Note. When possible the student should separate the given expressions 
into their factors by inspection. 

Find the H.C.F. of: 

1. a:^ — xy^ and ^ + ^y + xy + y^. 

2. a;2 _ y2^ (2; + yY, ofi — a^y, and 2a?y — 2xy. 

3. 20?— X — \y xy — yy a^y — xy, and 3 aj^- a; — 2. 

4. a^-6a:+5, 2a;8+5_8a; + a;2, ai^ + a^e^iia; 
+ 9, and 42 a;^ ^ 30 _ 72 x. 

5. a:2_i8a:+45, 2a:2-7a:+3, a?-9, and 3a?-7a;-6. 

6. 6a^"-3a:3n__^n__^«_l ajj^ 3^«_3^«_2a;2n 
-a:»-l. 
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7. 7? - f, x^ -^ x^f + y\ ^ - f. 7? + xy + f, 
ac^ 4- ^y — x]^ — ^, aud Qi?y + ic^y^ + x}^. 

8. 2ax^+2a^4:ax, o:? -\- 2 a? ^^ 2 x -{- I, 7i+14Ja: 
+ 7 Jaj3 + 14 6a:2^ 3 a?* - m + n - 3) a; - 3 7/i - n, 
a^ — 2x^-\-l, and 2 ar^ + (2j? + j + 2)a: + 2;? + j. 

9. a:* - 27 68 a;, (a? - 3 6 a:)^ a^ x - a^h x - & al^x, 
and a26a^2-4a62a;2+ sja^Ji^ 

10. 4a?**-2x3-^ 3a:»-9 and 2a?** + a:^- _ 2 a;8" 
-f 3 a;" - 6. 

11. (a + 6) (a - 6), (a + i) (6 - a), and (6 + a)2(a - h)\ 

12. 2 68 - 10 a &2 + 8 a2 6, 4 a2 - 5 a 6 + 62, a* - 6*, 
9a<-3a63+3a262-9a«6, and 3 a^- 3 a26 + a62-68 

13. 3a:8n_3^j^2a«4.2m2a;*-2m8 aud ix^''+2m^7r 
+ 8 m8 + 12 m a;2^ 

14 (m — 7i)(a;-— y), (m — 71) (y — a:), and (n— ?n)(a;— y). 

15. 9a:2^ 3^+ 12a;+ 20 + a:*, 3 a:2^ ^_ ^^ ^ 2 a:2 
+ 12/4-4^ + 8, 6a:2 + a^+ q^j^ g a; + 24, and x^f 
+ 3 a;22^ + 4 a:2 + 4 y2 + 12 y + 16. 

16. a3"+3a2«6'"+3a"62"'+68« 5a«"+5 6S^ 4a2"62"' 
+ 12 a" 68™ + 8 6*"', and a2"- 62"'. 

17. xl^-~ma?+{n-'\)x^-{'mx — n and 7^ — no? 
+ (w — 1) ar* — w a: — m. 

18. 37i2a?+ 12m2'/i2 + 3712? - 15 mrflx + 12nfinx 
— 15 m 71 3^2 and 77i 71 a:^ -^ 6 7??.8 712 — 2 ^2 a;3 ^ g ^^^a ^^ ^j 

+ 2mT?Qi? — 6 77i2 7i2a; •— 2 7ia^ — 6 m^no?. 
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19. 7^ — m 7? — 711^7? — m^ a: — 2 ?7i*, a? — & m^ + rax, 
x^ — 2 nfi ^ m X, 3 3f^ — 7 m 3^ + S rrfi x — 2 m\ and 2? 

— 8 m^ + 2 111 X. 

20. 122^y''24:2?f+\2a?f, (p^y-xff, xy{Q?-f)\ 
and %7^f'-2^^f-\- 24:X^'^-ifx. 

21. a?- 2c?h - a62+ 2h\ a^ -H aH _ a&2- fc3 
a3-3a62+2&3, a« - 6®, 3 ac - 3 6c + 2 a 6 - 26'^ 
a* — 6*, and 2}?-\'ac — hc — 2a'b, 

22. a2 - (6 + c)2, (a + ^)2 _ 52^ c2 - (a + 6)2, and a^ 
+ 2a6 + 62H-26c + c2 + 2ac. 

23. a:6n4.aj8»1.56, rc^n^ 5^«_^ g ^n^ a;6»_4a:8»_96, 

a:8* + 32:2n_^3^^2, a^»- 9 2?" + 20, and 3a:8" + 8a?" 
+ 5 2:2n _^ 2. 

24. aj3_2a?+3a;-6 and a^-ir8-.a?-2aj. 

25. 4 xy^ — 2 ^^ + 6 iz?^ and 4 ^y + 8 a:^ — 4 x'f. 

26. 35ic8+47i»2+13ic+l and 42^+41aj3-9ai2-9ic-l. 

27. mn^+27iin^+m'n+2m and 37i^— 127i8-37i2-67i. 

28. 2 7w22/6+i66w22/2_96 7^2y^l08m2 and 6m7iV 

- 144 W7i2 2/3- 78 mn^y^- 108 m n\ 

29. 2 ic*-.6 ^-3+3 2;2--3 ic+1 and x^-3 x^^- x^-Ax^+12 a>-4. 

30. 4:X^+32a^+S6a?+Sx atid 8aj8-24i»*+242:2_8. 

31. a38'»-82/8'"a:2«_^«2/^m^2/'» and a:^-— 4aj»y»+4^«'. 
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CHAPTER XIII. 

LOWEST COMMON MULTIPLE. 

67. A Hnltiple of a number coutains all the factors of 
the given number with highest powers. 

Thus, since 24 = 2« X 3, 2« X 3 is a multiple of 24. 

A Common Multiple of two or more numbers contains all 
the factors of the given numbers with highest powers. 

Thus, since 12 = 2^ X 3 and 9 = 3«, 2« X 3« is a common multi- 
ple of 12 and 9. 

The Lowest Common Multiple (L G. M.) of two or more 
algebraic expressions is the expression of lowest degree 
which can be exactly divided by each of them. 

Thus, Ga*x^y^ is the L. C. M. of 6 a*, x y«, 2*, and a«y«. 

Example 1. Find the L. C. M. of 42a«xy*, 56 a x^y^, 63 a»x«y», 
and 21a*x»y. 

Solntioii. Separating the expressions into their factors, we have 

42a^x y^=2X3 X 7 X a^ X x X y^, 
66 a j^f = 2» x7XaXa:*Xy*, 

63 a^T^j^ = 32 X 7 X a« X x* X y«, 

21 a^T^y = 3X7xa*Xa:»Xy. 

2* X 3^ X 7 is the lt(i»t common multiple of the coefficierts 42, 56, 
63, and 21 ; a* is the lowest power of a that can be evenly divided by 
each of the factors a*, a, a* a* ; x* is the lo\oe$i power of x that can 
te evenly divided by each of the factors a:, x*, a:*, Qfi\ y* is the IwDesi 
t>ower of y that can be evenly divided by each of the factors y*, y*, y", 
y. Hence, the L.C.M. = 2« X 3* X 7 X a* X x* X y« = 604a'^z«y6. 
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Example 2. Find the L.C.M. of 6x^-2x, 9x^-Sx, S(xHxy\ 
S(xy + y^y, and 12 a^jfiy'^. 

Solution. Separating the given expressions into their factors, we 
have 

12 a^afiy^ = 2^ X 3 X a^ X x« x 2^^ 
8(2:y + y2)2^2« X y^^ X (x + y^, 

6 (a;2 + xy) = 2 X 3 x a: X (x + y), 

6x2- 2a: = 2 ^3. x(3x-l), 

9x2- 3a: = 3 ^x x(3x-l). 

2* X 3 is the least common multiple of the coefficients ; a^ is the 
lowest power of a that can be evenly divided hy a^; 7^ \s the lowest 
power of iK that can be evenly divided by each of the factors x*, x, x, x. 
Similarly y, (a: + y), and (3 x - 1), each affected with its highest ex- 
ponent, must be used as multipliers. 

Therefore, the L. C. M. = 2^ X 3 X a^ x x^ x y* X {xi-yf x (3a:- 1) 

= 24 a2x8y2 ^^ ^ yy (3 3. s_ ly 

Example 3. Find the L.C.M. of 4 ax2y2+ llaxy2-3ay^ 
x8 + 6x2-f 9x, 3x8y8+ 7x2^-6 xy«, and 24ax2-22ax+4a. 

FroceB& 

40x2^2^. Ilaxy2-3ay2= « X ^2(3:4.3) x(4x-l), 
x« + 6x2-f9x= xX (x-i- 3)2, 
3x8y8 + 7x2y«-6xy8= X y8(x + 3)X (3x-2), 

24ax2-22ax+ 4a = 2a X (4x-l)(3x-2). 

.-. the L.C.M. = 2ax.v8(x + 3)2(4x- l)(3x-2). Hence,in 
general. 

To Find the L.C.M. of Two or more Expressions that can 

be Factored by Inspection. Separate the expressions into their 
factors. Take the product of the factors affecting each with its 
highest exponent. 

Kote. The L. C. M. of two or more prime expressions is their product. 
Thus, the L.C.M. of 

a3 + a6 + 62, 08 + 68, and a2 + 62 is (a2 + « & + 62) (a2 4. 52) (^8 + J8). 
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Exercise 60. 

Find the L. C. M. of : 

1. 48 a:^ 2^, 56 a a:* y^, and 63 y^ z*. 

2. 24 m 71^2^, Z^m^n^x^, and 48 wM. 

3. 18a2y»c3, 9a36c2, and 36afe3c*. 

4 12m*n2^, 18 7nny*, and 24 m^n^ 

5. VlaT?}^, ^ — y^y ic^— 2a:y + ^, and a:*+2xy + y^. 

6. m^ (a:* — y^, n^ (x — y\ and a:* — y*. 

7. 2 X (a; — y), ^xy{^ — y^), and 6 a:y^ (a; + y). 

8. ar» + a; - 20, a? - 10 X + 24, and a? - a; - 30. 

9. a?+2x, a?4-4x + 4, x2+3x4-2, and a:3+5x+6, 

10. X* + a^ x^ + a* and x* — a x^ — a^ x + a*. 

11. x2 - 3 X - 28, x2 4- X - 12, and a? - 10 x + 21. 

12. 15 (a?y - xy2), 21(x3 - x?/2), and 35 (xy^ + fy 

13. x2 - 1, «3 + 1^ and x^ - I. 

14 3 x2 + 11 X + 6, 3x3 + 8x + 4, and x2 + 5x + g 

15. a?+(a+&)x+a6, x^+(a+c)x+ftc, and a?+(6+c)^+^^- 

16. mx — my — nx + nyy (x — yj^, and 3^271— 3?/? n^ 

17. a? 4- (a + 6) X + a 6 and x^ + (a — J) x — a 6. 

18. x^ - 1, x2 + 1, X* + 1, and x^ + 1. 

19. Q!? + a?y-\-xy^ + l/^, 2?'-2?y + xy^ — y^ and a? 
■\- 7? y — X y^ — j^. 
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20. 6aa?+ 7a2x2-3a32;, 3 a^ 2^ + Ua^x - ba\ 
and 62? + 39 ax + 4:5 c?. 

21. ^+5x + 4, :i? + 2x-^,^vA n^+nx+Vl, 

22. 12a;2_23a;y + 10y2, 4a?-9a:2^ + 52r*, and 32^ 

— 5a:y + 2y2 

23. a2-46a, a8-2 a26H- 4a62 - 8 &», and a8+2fl2i> 
+ 4a62+863 

24. am + an + hm + hn and aa; + ay + 6a^ + &y. 

25. 8a:2_38a;y+352^, 4a;2_2;y-5y2, and 2a?-5a;y-7r 

26. x^ + 'if^, 7^ — x^y^ + y^y and ofi + 'i^. 

27. 60 a^ + 5 a:3 _ 5 2^2^ 60 ar^ y + 32 rr 3^ + 4 y, and 
40 a:^y — 2 a:2y — 2 2:^. 

28. (a + 6)2 - {c + df, {a + cf-{h + d)\ and (a + rf)^ 

- (& + c)2 • 

29. x^ + xy + y^, Q? — xy + y^y and a?* + 2:2^/2 + y*. 

30. 3 a;* + 26 2^ + 35 a;2^ 6 a;2 + 38 a; - 28, and 27 a? 
+ 27 a:2 _ 30 a;. 

31. 12 a?" + 3 a:* - 42, 12 x^"" + 30 a?" + 12 af, and 
32a;2n_40af»-28. 

32. a (m — n), b (n — m), and — c(m — n). 

33. (a - 6) (6 - c), (6 - a) (6 - c), and (6 - a){c-h). 

34. a(&— a:)(a;— c), 6(c— a;)(a;— a), and c{a—x){x-l). 

35. a:*'*-2aj2»+ 1 and aJ** + 4a^''+ 6a?» + 4a:" + l. 
Result. a:«» + 2 a:«~ - a*" - 4 a*» - x^" + 2 x« + 1. 
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68. If the expressions caunot be factored by inspection, find their 
H.C. F., then proceed as before. Thus, 

Example 1. Find the L.C. M. of 2z* -^ x* - 20x^ -7 x -^ 24 
and 2 X* + 3 a:» - 13 x^ - 7 a; + 15. 

Solution. The H. C. F. of the expressions (Art. 64) is xH 2a:-3. 
Dividing each expression (for the other factor) by z' + 2 z — 3, we 
have 2 z' — 3 z — 8 and 2 z' — z - 5. Hence, 

2z* + z« -20z2-7z-h24 = (z^-H 2z-3)(2z«-3z - 8), 
2z* + 3z»- 13z«- 7z-f 15 = (z« + 2z-3)(2a:*- z - 5). 

.-. the L.C. M. = (z2 -h 2 z - 3) (2 z» - 3z - 8) (2 z^ - z - 6). 

Example 2. Find the L. C. M. of z« - 8 z« + 19 z f 12, z» - 6z« 
+ 11 z - 6, and z» - 9 z2 + 26 z - 24. 

Solution. The H.C.F. of the expressions (Art. 66) is z - 3. 
Dividing each of the expressions by z— 3, and factoring the quotients, 
we have 

z«-8z«4-19z-12 = (z-3)(z2-5z + 4) = (z-3)(z-l) (z-4), 
z^-eza+lla:- 6= (z-3)(z«-3z f 2) = (z-3) (z-1) (z-2), 
z8-9zH26z-24= (z-3)(z2-6z + 8) = (z-3)(z-2)(z-4). 
Therefore, the L. C. M. = (z -3) (z- 1) (z-2) (z-4) 

= z* - 10 z» -I- 35 zs - 50 z 4- 24. Hence, 

To Find the L. C. M. of Two or more Polynomiab that can- 
not readily be Factored by Inspection. Find the H. C. F. of the 

siven polynomials, and divide each polynomial by it. Then find the 
Ii.C.M. of their quotients, and multiply it by the H.C.F. 

Exercise 61. 

Find the L. C. M. of : 

1. a? + a?-8a;-6 and 2 3? - 5ix? - 2 x -]- 2, 

2. a? '\- S 3^ - X - 3 Rud cfi + 4:x^ + X + 6. 

3. a:2^.2x-3, sfi + 3 a^ ^ x - 3, and a^ + 4r^ + 2:-6. 



i 
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4. ' aj* — m a^ — m^ x^ — di? x — 2rrfi and ioi? — 1 m^ 
+ Zw?x-2irfi. 

5. lo7^ + 10o(^y + 4c7?f+&x^y^-'dxf2L\idL\23?'f 
+ 38^y3+ I6a;3^*- 10 2^. 

6. ir3 - 9 aj2 + 26 a; - 24, a;3 _ 10 a;2 + 31 a; - 30, and 
0^3 _ 11 2:2 + 38 ^ _ 40. 

7. ic*~2:3_4jp2+ I6z- 24, a:3_ 5^^+ 8a; -4, and 
2:2 - 2 2; - 8. 

8. a;3 + ^ _ 10 a; + 8, 0? + 2 i - 8, a:^ - 3 a: + 2, and 
2:2-1. 

9. 62:3+i5aJJ-6a;+9 and 9a:3+62;2-5l2; + 36. 

10. 2 2:^- 82:^ + 122:3,-82:2+ 22:, 3x^-6 2:3 + 32;, 
and 2:3_3^4-3a; — 1. 

11. 2^ + 52:3+5a^_5a._6, 2:3+62;2+ii2; + 6, 
and 2:3 -I- 4 2^2 + ^ _ g 

12. 27?'\-l7?^Qx^% 22:3_^_4.^ + 3^ 2^ 
4- 3 2:4 + 2 :z:3 + 3 3,2 + 2 2: + 3, and 2;* 4- 2;2 + 1. 

69. To Prove the Method for finding the L. C. M. of any 
Two or more Algebraic Expressions. Let A, B, D, E, etc. 

represent the expressions, F represent their H. C. F., and M represent 
their L. C. M. Also, let a, h, rf, e, etc. represent the respective qu©- 
tients when -4, B, Z), etc. are divided by F. Then, 

A -aF, B = bF, D-dF, E = e F, etc. (1) 

F is the product of all the factors common to A^ B, D, etc. The 
quotients a, b, d, e, etc. have no common factor. Hence, their 

L. C. M. is ahd , etc. and the L. C. M. of a F, hF^dF^ etc., or 

their equals A, B, D, etc., is abd ,.., F. Therefore, M = ahcleF, 
etc. 
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70. Let A^ B, D, E, etc. represent any polynomials. Let N 
represent the L.C. M. of A and B, P the L.C. M. ot N and £>, and 
R the L. C. M. of P and E, etc. Evidently R is the expression of 
lowest d^ee which can be divided by P and E exactly ; also, P is 
the expression of lowest degree which is exactly divisible by N and 
Z>, and N is the expression of lowest degree which is exactly divisible 
by A and B. Therefore, R is the expression of lowest degree which 
is exactly divisible hy A, B, Z>, and Ey etc Hence, 

To Find the L.C.H. of Several Polynomiali. Find the 

L. C. M. of two of them; then of this result and one of the remaining 
expressions; and so on. 



71. Let A and B represent any two expressions. Let F repre- 
sent their H.C. F., and M represent their L.C. M. Also, let a and 6 
be the respective quotients when A and B are divided by F. Then 
A = a F, B = bFy and M = ah F. Multiplying the first equations 
together (Axiom 3, Art. 47), we have A X B=aFXhF- FXabF. 
Therefore, substituting for abF its value M^ A B = F Af. Hence, 
in general, 

The Prodnct of any Two EzpresaioiiB is Eqoal to the 
Product of their H.C.F. and LC.M. 



Miscellaneous Exercise 62. 

Find the L. C. M. of : 

1. a8-2a26 + 2a62-.&8, a^ + 2 a^b - aV^ - 2 b^. 
a3 + ^2 J _ a j2 _ j3 and a8 - 2 a26 - a 62 4. 268. 

2. a:** - 10 2:2.. 4. 9^ a^» + 10 a:^* 4. 20 a?"- 10 jr"-21, 
and :c*- + 4 a?" - 22 a?» - 4 2f + 21. 

3. a?''-4a?"y"' + Qaf^j^"- lOyS" and a:8" + 2a?"?/" 

-3af'y*"'+ 20 y8*. 

11 
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4. afi + 32^ + 2^+ 3a? + x + 3, 2a?+ 6a?-2aj-6, 
2fi + 2ix^ + 3&^+2a^-^x+2, and 2sfi+3ai^'^2s?+3x^ 
+ 2 » + 3. 

5. a5y — 6aj, 2?^ — ay, ^ — 3fty + 2 62, xy — 21^, 
xy — 2bx — ay + 2 ab, and xy — bx ^ ay + ab, 

6. a^" + a*" &•" + a8» 62* + a^* ft*" + a* 6** + t^*", and 

7. ir2''-4a2* ic3" + 2a"'x2'' + 4a^"'a;* + 8a3« and 

8. 2a:8'' + (2a-36)i«2''-(2J2+ 3a6)a;" + 3 63 and 
2ic2«_(36_2c)a;'*-36c. 

9. a?'-2a? + 4x-8, a:^ + 2 a?- 4rc - 8, a?-32? 
-4a;+ 12, and ofi - Sai^ - 20 2^ + 60 ay^ + 64a?-192. 

10. ar8"-(a-&)a;*--a&, a^2*-(6-c)^"-6c, ajS*-^?"*^ 

- a;«'*62 4. j^8^ and a:2» _ (^ - a)x* - ac. 

Find the H. C. F. and L. C. M. of : 

11. 3s(?-^7a^y+5xy^-f, ay^ y + 3 xf - 32?-/, 
and 3 0?+ 5 a?y -{■ xy^ — y^, 

12. 6a^+152^y-4:a^X!^^10a^3(^ySind9ix^y-2Taa?y 

— 6 a^xy + IS a^y» 

13. 6a;8n^^n_5^»_2 and 6a^* + 5a^^*-3«"-2. 

14. a?-ab + ly^, a^ + ab + b^ a^ + a^h^ + b\ a^ + lfi, 
a^ - 68, and (a^ - 62)2. 

15. 2a;24.(6a-106)a;-30a6 and 3a?-(9a + 15J)aj 
-f 45 a 6. 
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16. a?*-9a^»+26x*-24 and a:8--12ar»-+47af-6. 

17. (ai2 + 62)c + (62 + ca)a? and (a?-62)c + (6a-c2)a;. 

18. (2x^-3m?)y + (27n?-3f)x Bind (2m?'^Sf)x 
+ (2ic2 + 3m2)y. 

19. a;3« _^ 2a'"a;2* + a^-'a:* + 2a8"» and x»* - 2a"'a:8» 

20. a;8-3a?y + 3a;y»-2y8, x^ ^ a^y -- xf - 2^, 
^ + 3cy + ^, and a?* 4- a:;^^ 4. y4 

21. 20a^+a;2_i^ 25a;* + 5a:3-2:-l, and 25ic*-10a^^+l. 

22. 2?^-f^, a:^*2r-y** y^C'" - ^T)^, and a^a* 

Find the L. CM. of; 

23. a^-7a;8-7a^» + 43a:+42anda?*-9a«+9a? 
+ 41 ic - 42. 

24. a?+4:0(?+6x+9, a^+a^'-2x+12, and a^-x-^12. 

25. 4a:«-4a:4-29a?-21 and 4a;«+24ir* + 41a?+21. 

26. 2u^-lla?+33^-{-10x and 32:*-14a:«-6a:2^5^ 

27. a:3 __ 6 2:2 ^_ 11 a- « e, x^ - x? - Ux + 24, and 

a? + .2? - 17 a: + 15. 

28. 3a^+53?+53?-\-5x'^2 and 3a^-a:3^_aj2_a._2. 

29. 9aJ*+18a:3_^_9a: + 4 and 6a;H17a;3_i0aj+8. 

30. 2 m^ 4- m^ - Tw + 3 and 2 m8 + 5 w2 - w - 6. 
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CHAPTER XIV. 

ALGEBRAIC FRACTIONS. 

72. The expression (a + 6) -j- (to + n) may be written — t~ • 
It is read the same in each case. 

The second form is called a Fraction ; the dividend is the 
Numerator, the divisor is the Denominator, and the two taken 
together are called the Terms of the fraction, a, 5, m, and n may 
represent any numbers whatever. Hence, 

An Algebraic Fraction is an indicated operation in divi- 
sion. 

A Mixed Expression is one composed of entire and frac- 
tional parts ; as, 7^ 

m-\ 

a 

Kote. The dividing line has the force of a symbol of aggregation, and the 
sign before it is the sign of the fraction and belongs to its algebraic value. 



73. Multiplying or dividing the divisor and the dividend by the 
same number doe^ not change the quotient. For, ifwe multiply the 
dividend by any number, as m, the quotient will be increased m 
times ; if we multiply the divisor by m, the quotient will be dimin- 
ished as many times. A similar method of reasoning may be applied 
to the dividend and divisor. 

A fraction is in its lowest terms when the numerator and 
denominator have no cornmon factor. 

7a'^hc 

Example 1. Reduce c>q hl a to its lowest terms. 

28 a* c^ 
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Solutioii. The H. C. F. of the numerator and the denominator 

laHc X I 
is 7 a^ 6 c. Factoring, we have ^-ji — vl — • Rejecting the H. 0. F., 

^6 have . Since the terms are prime to each other the fraction 

4ac 

is in its lowest form. 

6a*-|-ax— 15ar« 

Example 2. Reduce ,. „ . ,,. tt— -» to its lowest terms, 

15 a* -f Ibaa — 15 a;* 

6 a^ + ax - 15 x« (3 a -}- 5 x) (2 a - 3 x) 

PrnrASB  = ^^  — -- 

rrocess. jg^a^ Itjax- 15x« (3a + 5x) (6a - 3x) 

_ 2a-3x 
~ 5a-3x' 

Explanation. Dividing the terms of the fraction by their H. C. F., 

we have II This result is in its lowest terms, since the 

5a-3x ^ 

numerator and denominator have no common factor. 

x*-fx*y + xi/* — 2/* 

Example 3. Reduce -4_8 _ ^_^*'®^*^ lowest terms. 

X X y xy** y* 

x*+x ^y+x y*-y^ _ (x^ - y^) -}- (x«y f xy») 
Proceaa. ^_^y_^^_y4 - (^ _ ^4^ _ (^^ ^ ^yz^ 

^ (x^^y^) (xa-ya) + xy(x> + y«) 
(x2 + y2) (a:2 _ ^2^ _ ^y (^2 ^ ^2) 

^ (x«-fy« ) [x»~y> + x y] 
(x2 + y*) [x2 - y2 - X y] 

_ x^ + X y — y* 
~" x^ — X y — y^ 

When the factors of the numerator and denominator cannot be 
readily found by inspection, their H. C. F. may be found by the 
method of Art. 64, and the fraction then reduced to its lowest terms. 
Thus, 

. T. 1 4a«+ 12a««»-a62- 15&» . , 

Example 4. Reduce .. . , ,o 2?. a — i^ — ms to its lowest 

D a' -f 13 a-'o — 4 a o-* — 15 6* 
terms. 
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Solution. 6a3-f I3a26-4a62- 156«) 4a«+12a«6- a6«-15ft»(2 
3 times the numerator, 12 a* +36 a^b- 3 ab^ -451^ I 

2 times the denominator, 12a«+26Q^6-8a6'-306» 

First remainder, 10 a*b+ 5 ab^-lbl^ \ 

= 5&(2aHfl6-36«). 

2a2 + a6-3 62)6a«+13a2 6-4a62-i5 6«(3a + 66 

6a«+ 3q»6-9a6« 

10aa6 + 5a62- 15 68 

100^6 + 506^-15 6» , 

.*. the H. C. F. of the numerator and denominator is 2a*+a6-36*. 
Dividing each term of the fraction by 2 o* + o 6 — 3 6^, we have 

4a«+ 12 o26- 06^-15 6> 2o + 56 



6a«+ 13o26-4o6«- 156« 3a + 5 6* 



Hence, 



To Seduce a Fraction to its Lowest Terms. Divide both 

terms by their H. C. F. 

Exercise 63. 

Eeduce to lowest terms : 

Ibaxy^ 6 ma? 7^ 4:2? — 9 y^ 



1. 



2. 



3. 



4. 



5. 



6. 



75aa?f' 97n?3^f' 4:0? + 6xy' 

72m^n*r^\ mn^(a?-ff ^ 2a? + 3x+l 
24 m yii a;" ' 7n?n{a? — ^)' a? — x — 2 

Gm^-llm-lO 20 (a? - f) af"y^" 

6m2-19m+10' 62:2+5^^+52^5 a?^y^+^' 

S7n? + 23 m -36 ^ 3m^+ 9m^n+ 6m?n? 
4m2+33m-27' m^ + m^n-27n?n^ ' 

3 771 + 3 ma; a? — {a + b)x + ab 
4mt- 4mta?' a? + (c — a)x — ac' 

(m + w)2 —3? x^ — S a?y + 3 X 7/^ — j^ 
mx + nx ^ 7?^ ofi — o?y — xy^ + 7^ 
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„ ofl — {y + my ac — ad — bc + bd 
a? + xy + mx* a^ — V^ 

a.^-f, (g + b)x + ab 27a 4- a^ 

' a^ + la + c)x + ac' lSa-6a^+2(fi' 

g2 - (6 + c)a (g + a;)g - (ft + c)^ 
^' (a - bf - c^' (6 + a;)*^ - (a + c)^' 



11. 



12. 



aj8-4ar^+9a;-10 15 x^ + 35a? + 3 a; + 7 



a?+2a?-.3a: + 20' 27i*+ 63 x^- 12^2_ 28a:' 
_a8-;_a2 6-^a62 - 2 fc8 . 24 a;* - 22 .^^ + 5 



-- „ „ , 4a:«-16a;«y+29xv*-22y« . , 

7*. Example. Reduce 5-^ — =r-^ ^ to a mixed 

expression. 

Process. 

2z-3y)4xg-16g^y + 29gy^-22y«(2x^-6gy-f-7y^+ o ~^^ 
4a:«- 6x«y ^''""^^ 

-l()a;2y + 29xy« 
-lOggy + lSary^ 

14a:y«-22y« 
14zy«-21y« 
- y» . 

Explanation. Dividing the numerator by the denominator, we 
have 2 a^ — 6 a:y + 7y* for a quotient, and a remainder of — y*. As 
-y* is not exactly divisible by 2 a! - 3 y, we indicate the division and 
add the result to 2 x* — 5 ac y -H 7 y^. Hence, 

To Seduce a Fraction to an Entire or Mixed Expression. 

Divide the numerator by the denominator. 
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Exercise 64. 

Beduce to an entire or mixed expression 
1 + 22; 2x^-u^-9^+U 



1. 



2. 



1-3 ic' 2ic2-i^_3 

x^-2ofi 6 a» - 13 o2 -^ 6 ft - 6 
a^-x^ V 3a2-2a + l 



x-2a ' a^ + x-12 

a^ " 2 a? y^ + ]/^ x^-\-(m-\-n+l)x + mn + a 



4 



5. 



a? + 2xy + y'^ ' x + n 

2 X' + 1 ' or — 'f 



75. Every expression may be considered as a fraction whose 

a a^b — c* 
denominator is unity. Thus, a = - : a^b — c^ = . 

a;2 __ y2 _ 5 

Example. Reduce a: + w to fractional form. 

^ ar-i/ 

Pr..o*»«- ^^« 3:g-ya-5 a: + y g« - y« - 5 

FrocesB. X 4- V = — r 

^ a: — y 1 x — y 

^ (a: + y)X(a;-y) z«-y«--5 
1 X (x — y) x-y 

~ x—y ~ x-y' 

Explanation. Writiii<? the entire part in the form of a fraction 
whose denominator is 1, and multiplying both terms of it by x — y, 
we have the third expression. Since the sum or difference of the 
quotients of two or more expressions divided by a common divisor, 
is the same as the quotient of the sum or difference of the expressions 
divided by the same divisor, we have the fourth expression. Uniting 
like terms, we have the result. Hence, 
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To Reduce a Mixed Expression to the Form of a Fraction. 

Multiply the entire port by the denominator ; to the product annex 
the numerator; unite like terms and under the result wnte the 
denominator. 

H otes : 1. In the above example, since the sign before the dividing line 
indicates subtraction, we must subtract the numerator, x^ -^y^ ~ 5, from 

(^ + y) (« - y)- 

2. If the sign of the fraction is — , and the numerator is a polynomial, it 
will be found convenient to enclose it in a symbol of aggregation before annex- 
ing it to the product. 

Exercise 65. 

Reduce to fractional forms : 

1. a — X -] ; — ; — + 1; a + p . 

a + X m ^ n a — b 

^ m -{- y ar + xij+y^ 

„ ^ a — m^r? „ , „ , , ^ m* — 1 

3. mn A ; m^ -h 7n^ + 7?t + 1 . 

(a; — 1)2 ^nZ^yfi mf^ 

4. ic+H-^ — — /-; 3 + 1; m{xi-y)-\-—^. 

5- -2— ;o-Ka:^ + ^w^a;); a:™-y" + ^ "[ . 

m^^ixr X -t y 

(m -h nf ^ (m — nf 

7. a?« ~ iT 2^" + 2/^" - ^,« _^ ^ ^jn ^ ^^2^  

8. a?"» + 2af»/4-2r^" ^l . , '^ —- 



r 

1 
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76. It may be shown by multiplication (Art. 22) that : 

(+tt)(+6) =ab] {-a)(-h) = ab. 

(+a) (+b) (+c) =zabc; (-a) (—6) (-c) =abc. 

(+a) (+5) (+c) (+rf) = abcd\ (—a) (—5) (— c)(— c?) = abed, etc. Hence, 

In an indicated product of any number of factors, all the signs of 
my even number of factors may be changed without changing the value 
of the product. Thub, 

i^-y) (y-^) = (y-a;)(2-2/); 

(w — x) (x — y) (y—z) = {x — w) (x — y) (z — y), changing the 
signs of the first and third factors. 

Kote. In order to multiply a product containing several factors by a given 
expression the student must be careful to multiply only one factor of that 
product by the expression. Thus, in order to multiply both terms of the 

fraction f — ; — ^- — ; — ^ by a. we must multiply either a + 6 or c + rf and 
(m + n) {x -\- y) '' ' 

m-\-n or x-\-y\)Y<u 

77. It is often convenient to change the order and the signs of 
the terms of the numerator or denominator, or both. Thus, 

Change the order and the signs of the terms of the numerator and 
denominator of the following fractions : 

b — a m — n 

1. 2. 



y —X ' (c — b){x — m) 

Solutions: 1. Multiplying both terms of the fraction by —1, we 

have 

b — a _ (b — a) X —I _a — b 

y-x~ (y-x) X -l" x-y' 

2. Multiplying the factor x — m and the terms of the numerator 
bv — 1, we have 

m — n (m — 7i) X — 1 _ n — m 

(c ~b)(x-m)~ (c-b)[(x-m) X -1] ~ (c - 6) (m - x) ' 

Multiplying the factor c ~b and the numerator of this fraction by 
— 1, and since adding a negative quotient is the same as subtracting 
a positive quotient, we have 
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n — m _ (n— m) x — 1 _ 4- (n — m) 



ic-b)(m-x)~ ^[(c-6)X-1](to-x)~ (6-c)(m-a:) 

Change to equivalent fractions having the letters arranged alpha- 
betically, and the first letter of each factor in the numerator and the 
denominator, positive : 

„ x -m (6-a)(c-a) 



{b — a)(a — c)(y — x) ' (!^~ «) (p — b)(n — m) 

Solutions : 3. Multiplying the numerator and the factor y — x 
by — 1, we have ^ 

X — m m — X 

(6 -a) (a- c) (y-x)" (6 - a) (a - c) (z - y) * 

Multiplying the numerator and the factor b — aoi this result by 
— 1, we have 

wi — X fit — x 



(b -a) (a- c) (x - y) (a - b) (a ^ c) (x - y) 

4. Multiplying the factors c — a and n — m, b — a and c — 6 by 
1, respectively, we have 

(6 — a)(c — a) (a - 6) (a — c) 



(d — a)(c— b) (n — m) (d — a) (6 — c) (m — n) 

QimiUriv (q - 6) (g - c) (g - 6) (« - c) 

.-jimuany, ^^_^^ (6 - c) (m - n) " "* (a-(/) (6 - c) (m-n) * 

Therefore, ,/\7^ ^f " "^ , = - , - ^1"? ^VT^ ' 
' (a — a) (c — 6) (n — m) (a — rf) (6 — c)(m — n) 



Exercise 66. 

Change each of the following fractions to four equivalent ones 
with respect to the signs of letters : 

-7W— 71 a — b m m + n — a 
j^. • — . • 

a — 6' m -^ n — x^ a — b + x^ m — n + a' 



172 ELEMENTS OF ALGEBRA. 

* 

Change the following fractions to equivalent ones having m and n 
positive in both terms : 

^ m ^ a a + m — X a -^ b — n 
h — n^ b — m — y^ a — b + m 

^ X — m X — in (a — m) (6 — ?/i) 

y — n^ {y — m){z — ny (c — m) {x — n){y — my 

Change the following fractions to equivalent ones having the let- 
ters of the terms arranged alphabetically and the first letter of each 
factor in the denominator positive : 

. 2x — 3 — y 3 — c + a 

4. 



(m — a) (2 a? — b) {b + a)' (y — x) (m — ?i) (a — c)' 

^ {x — m)b a 

' X y m n {c — b) {b — a) {c — a)' 

(y - ^) y^ ^ 

cb a {b — a) (z ■— y) (c — a) (y — x) [n — mY 



78. Fractions having a common denominator are similar. 

Thus, -T, ^-^, and —7 are similar. 
ab d'b ab 

2a; 3 5n^ 

Example 1. Reduce -= — s, — «, and - — i to similar fractions 

having the lowest common denominator. ' 

Solution. Evidently the lowest common denominator is 20mh^Ji^, 
the L.C. M. of 5m2, mn^, and 4x^. Dividing 20 m^n^x^ by the 
denominator of each fraction, and multiplying both terms of each 
fraction by the quotient each by each, we 'have 
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2x 2x X 4n»x* 8n»x« 




6m^ 5ma X 4 n»x»~ 20 m^n'x*' 




3 3 X 20mx«^ eOmafi 

• 




mn*" mrfi X 20mx*"" 20m2n»x»' 




5na 6n« X 5m«n» 25 man* 




4x*"'4x» X 5man«~" 20m«n«x« 


Exam 


^__ x-1 x + 3 ,x-5 
PLB 2. Kedace -5 — 5 — ttt « « ' ^ =• , and « . ^ — r^ 




x2 — 8x+15' xa-4x-5' x*+4x4-3 



to Bimilar fractions with lowest common denominator. 

Solution. The lowest common denominator is (x — 3) (x — 5) 
(x + 1) (x + 3), the L. CM. of the denominators. Dividing the 
L. C. M. by the denominator of each fraction, and multiplying both 
terms of each fraction by the quotient each by each, we have 

x-1 (x-l)X(x+l)(x+3) _ (x -h 3) (x^ - 1) 

x«-8x+15~ (x-3)(x-6) X(x+l)(x+3) ~ (x+l)(x-5)(xa-9)' 

X4-3 (x+3) X (x-3) (x+3) _ (x -h 3)« (x - 3) 

x2-4x-5"" (x-5)(x+l)X(x-3)(x+3) " (x+1) (x~6)(x2-9)' 

x-5 (x-5)X(x-5)(x~3) (x - 5)^ (x - 3) 

x24-4x+3~(x+3)(x+l)X(x-5)(x-3)"" (x+l)(x-6)(x^9)' 

Hence, in general, 

To Bednce Fractions to Equivalent Fractions having the 
Lowest Conunon Denominator (LCD.). Find the L.C.M. of 

the denominators. Then multiply both terms of each fraction by 
the quotient of the L. C. M. divided by the denominator of that 
fraction. 

Kotos: 1. When the denominators have no common factors, the multiplier 
for both terms of each fraction will be the product of the denominators of all 
the other fractions. 

2. In all operations with fractions it is better to separate the denominators 
into their factors at once; and sometimes it is also convenient to factor the 
numerators. 

3. It will he observed that the terms of each fraction are multiplied by an 
expression which is obtained by dividing the L. C. D. by its own denominator. 
It is not necessary to state how the multiplier is obtained in every expression. 
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Exercise 67. 

Eeduce to similar fractions with L. C. D. : 

a m X abc 12 5 
any mn ah ac be 

g^ m + n 7)h — n n a a — n n 

ah he ac h m 6 a 

« m •}- 2n 2m — 3% 5m — n 



3 m ' 6 71 * 10 m n ' 






1 aj + 2 it;-2 
a?-l' a? + aj-2' x^-x-2' 




1 


r. m — n m + 2n m^ 1 


a 


2 - 4 


m + n m — n m^ — 71^' 6t + & 



^ 87^1 + 2 2m — 1 3771+2 
o. 



7. 



8. 



9. 



771-2' 3711-6' 5771-10' 

xy m — n 



mx — my + nx — ny' 2oc^ — 2xy 

m n a 

m + X* m^ -\- a?' w? — mx -\- a? 

X y m 



10. 



11. 



x^—xy + y^' a^ + xy + y'^' 3^ -{- a^y^ + y^' 

x — y a^ + 7/^ y a^ + y^ 

3?-\-xy + y^' 03^ — ^' X — y' 5 



12. 



13. 



ALGEBRAIC FBACTIONS. 175 

a b X 



(a + xf-V^' (b + x)^-a^' x'-{a + b)*' 
a b c 



{c-a){b-cy (a-c)(e-by (c-o)(c-6)' 



a ax— 1 —a 

Snssestioii. (c_a)(6_c) " [(e-a) X -l](b-c) " (fl~c)(b-cY *^*^ 



14 



15. 



3 a 4 a 5am w y 



3 -a' a -3' (a-3)«' 1-m' m-1' l-m** 

1 2 3 4 

(2-a:)(3-a;)' (ir-l)(2-x)' (a^-2Xl-a:)' (x-l)(x-2) 



_ „ 1 1 

Suggestion, (g -x) (3 -x) = (i - 2) (* - 3) = *'*^ 



lb. 



(m — x) (x — n)' (x — m) (a — z)' (a: — a) (n — a;) ' 

1 + X 2 + aj 

(l--a:)(2-a;)(a;-5)' (a: - 1) (2 - a;) (3"^ a:) (5 - a;) ' 

x-3 X--2 2^ + 4: 2 

4~a?* a?+a;-6' 9-6a:4-a?' a^2-a;-6' 

af" a?"^ +1 a^"- 1 

a^"*- 1' a^-^H- 4a^2-' + 3' a;*"* + 2 ar^"* - 3 ' • 

'9. Example 1. Find the sum of v, :,, and — . 

Solutioii. Multipl3ring the terms of the first fraction by dn, 
of the second by ftn, of the third by 6</, and adding the results 
(Arts. 32, 14), we have 

a c m_adn ben bdm adn-\-bcn-\-bdm 
b'^d'^n'^bdli'^bd^'^bd^' bd^ 



17. 



18. 



19. 



176 ELEMENTS OF ALGEBRA. 

m CL 

Example 2. Subtract - from t* 

n 

Solution. Multiplying the terms of the first fraction by n, of the 
second by 6, and subtracting (Art. 19), we have 

a m an hm an — hm 
b fi ~ bn bn'~ b n 

2a-36,. 3X'-2b 

Example 3. Subtract — ^ Irom — 5— — • 

z a ox 

Solution. Reducing to similar fractions with L. C. D., we have 

3a; — 26 2a - 36 6ax — 4ab 6ax — 9bx 
3x 2a ~~ 6ax 6ax 

6ax — 4ab — (6ax — 9bx) 

~ Qax 

6(4a-9x) 
6ax 

^. ,, ^ 2x—my ^, Zx — ny 

Example 4. Fmd the sum of a H — and b 

m n 

Solution. Uniting the entire parts, and reducing to similar 
fractions, we have 



(2x—my\ /, 3x—ny\ 



(2 x—m y)n (2x—n y)m 
Tnn mn 

(2x—my)n — ('3x-ny)m 

= a + 6 + ^ ^^ -^ 

mn 

, (2n-3m)z 
mn 

Kote 1. If the sign of a -fraction is — , care must be taken to change the 
sign of each term in the numerator befora combining it with the others. In 
such case the beginner should enclose the numerator in parentheses, as shown 
in the above work. 

2x — 6 x+ 2 a: + l 

Examples. Simplify ^qjg^^^- ^^Tg^^- ^=^6 ' 



Process. 
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2a;-6 x + 2 x+1 



x2+3a; + 2 x«-2a;-3 x« - x - 6 
2(x-3) x + 2 x+1 



-"(x+l){x + 2) (x-hl)(x~3) (x + 2)(x-3) 

_ 2(x-3)X(x-3) (x -h 2) X (xjf 2) (x-H)X(x-H 

""(x+l)(x+2)X(x-3)""(x+T)(x-3)X(x+2)'"(x + 2)(x-3)X(x4-l) 

_ 2 (x - 3)8 - (x + 2)g - (x -t- ly _ 13- 18x 

~ (x + 1) (X + 2) (x - 3) - (x + 1) (x + 2) (x - 3) * 

Hotes : 2. In finding the value of an expression like — (x + 2)^1 the be- 
ginner shonld first express the product in a parentheses and then remove the 
parentheses as above. 

3. Sometimes it is better not to reduce all the fractions to the L. C. D. at 
once. Thus, 

14 6 4 1 

Example 6. s 1 — ; 1- 



X— 2y X— y x x+y x+2y 
1 1 4 4 6 

+ —r-ET- - T. - T-T-T. + Z 



X — 2y x+2y x — y x -\- y x 

x-}-2y x-2y 4 (x -f y) 4 (x - y) 6 



(x-2y)(x+2y)^(x-|-2y)(x-2y) (x-y)(x+y) (a:+y)(x-y)^ x 
2x 8x 6 



x2 - 4 y2 x« - y« "^ X 



2x(xa-y2) 8x(x2-4y«) 6 



(x«-4 y2) (xa-yS) (x^ - y^ (x^ - 4 y^) ^ x 
30xt/2-6x» 6 



(x^ - 4 y2) (x« - y«) ' x 



_ (SOxy-'-ex'jx 6 (x« - 4 y g) (x^^ y«) 

■~ (xa - 4 y2) (a;a - y«) x "'" x (x^ - 4 y^) (x« - y^) 

24 1/^ 

= -7-5 — . ^^ , fl 2\ • Hence, in general, 

X (x* — 4 y^ (X* — y ) ' o 

To Add or Subtract Fractions. Reduce to similar fractions 

with L. C. D. ; add or subtract the numerators, and divide the result 
by their L. C. D. 

12 
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Exercise 68. 

Simplify : 

2a — 5 3a — 116 + c a + c a — b 
^' 12 a ■*" 18 ' 'JoT "*■ "¥6 9c~ " 

2a;+5a:+3 27, 2 Siy^-g^ 2?y + y^ 

p m n fm + ti a + 6\ /r/i — ^ , ^JZ_?^ 
'aft ac ftc'\7i ^/ \3?i 4a y 

3 + m 4-am ^, /^i_l 3\ /'1_2_3\ 
n an 3;*' \7/i n x) \m ti :2^/ 

5a — ft 7a4-3ft /2 a a — ft\ 

^- ""2y" + "eft Vx "^ "36"^ • 

^ a2-ftc ac-62 aft-c" 2a2-ft2 ft2-c2 c^-a^ 
be ac ab * a^ ft^ c^ 

8. (m + n- ~\ _ ( 2 m - 3» + — Y 
\ mxj \ nxj 

\5 X 'dy^ %m) \6x 10 y 7 m/ 

* 

a + b b — c c — a ab^ — bc^ — cc? 
10. r 



11. 



a ft abc 

1 1 a:+2 a;-2 3 



x 



-5 a;-4' a;-2 x+2' 2m(m-l) 4m(wi-2)' 
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^^ 2am-'Sbn 2am + 3bn 1 1 
12 — * — , 

3?+ xy + f , 2^-xy{-y^ 1 ^ 1 2 

X + y ^ — y x — m x + m x 

1 m + 3 -7 2 3 2m-3 

\^ J • — — — — • . 

m+3 W--4 Di^—m—Wm 2in— 1 4?n^*— 1' 

m n 2 mn 1 (a + 2xy^ 

' m + n m ^ 71 w? — n^' a — 2x a^ — S ofi' 



X 

16. o— . " ~-; —5 — f—, — ^ + 



17. 



^y^l^ ^ — y y* m?—{n + x)^ x^^{m + 7if' 
a? — 1^ X — y ' j^-^ 2?-\-oi?y+xi^+i^' 



,o a; + 4 , a; + 3 a: + 2 

lO' ""9""; — ;: ; — r* + 



a?+5a;+6^a?+6a;+8 ar^ + 7a;+12' 



^Q 1 77i?i fn — n 

m 



4-71 m^ -h 71^ m^ — m ?i + w^ 



20. ; 1 7 ; vo + 7 To • 

m + X m — X (m + xy {m — xy 
91 -"^ _ ^ a. ^ a; 

„^ 24 a; 3 + 2a: 3-2a; 

9-12a; + 4a? 3 - 2 a; "^ 3 4- 2a;' 

23 Q^ + ^ , fe + c c + a 



(6 — c) (c — a) (c — a) (a — 6) (a — 6) (6 — c) 
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24 x-\-^y x+2y x + y 



4:ix-^y)(j/+2y) ^ {x+y)(x+3y) 4.ix+2y)(x+Zyy 
^pj be ac ah 



(c - a) (a - 6) ^ (a - 6) (6 - c) "^ (6 - c) (c-aY 
_ 5(2^-3) , 7a: 12(3aj + l) 



ll(6ic2+ic-l)^6a^«+7;z;-3 ll(4a;2 + 8aj+3) 

afi+l^ a?— y2 afi — ^ ' a^xy+y^ a?+xy+f 
2x + U 1 - aj 



28. 



a? + ic2-49a;-49 a^a-Ga:-?" 



29 ^ + g , x + h x+a 

oi^(a+b)x+ab ct^—(a+c)x+ac a^{b+c)x+bc 

b a 

30. 7 TT^T ^ + 



(a - 6) (a - c) ' (6 - a) (& - c) 

Suggestion. In finding the L. C. D. it is better to arrange the 
letters alphabetically. Thus, 

h a h a X —1 , 



(a-b){a-c) ^ (b-a){b-c) " (a-6)(a-c) ^ [{b-a) X -1] (6-c) 

^^ a^+2x+4: a?-2a;4-4 a:-2a 2(a2-4aa;) 3a 
x+2 2-x ' x+a ^ a2-a^ ii^ 

1 * 1 1_ J_ 

(m - 2) (a; + 2) "•" (2 - jw) (a: + m) ' 2a;+ l'''2a>-l 

4a; 2 a; - 3 a^ 

+ :; 7-^; — — ;--5 : 7-^ + 



1-4:01?' x + 4: 3?-4:X+16 ' a?+64 



(a - 6) (a - c) "^ (6 - a)(& - c) "^ (c - a) (e-i) 
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oO. Example 1. Find the product of t and ^ . 

a c 

Solution. Let i = x, and ^ = ^- Multiplying both members 

of the fii'st equation by h and both members of the second by d (Art. 
47, Axiom 3), we have a = 6x, and c =: dy. Multiplying these two 
equations together, we have ac = bdxy. Dividing both members 
of this equation by 6 d (Art. 47, Axiom 4), gives 

ac _ a c 

^ = xy. Butxyzr^Xj. 

a c ac 
Therefore, t X ^ = 5 ^ • Hence, in general, 

To Multiply a Fraction by a Fraotioii. Multiply the numera- 
tors together for the numerator of the product, and the denominators 
together for the denominator of the product. 

Kotes : 1. Similarly, we may demonstrate the method when more than two 
fractions are multiplied together; also, for fractions whose terms are negative, 
integral, or fractional 

2. Since an entire or mixed expression may be expressed in fractional form, 
the method ahove is applicable to all cases. Thus, 

,^ a m ^^ a am a / , n\ a ^/m , n\ am . an 



and 



t:' a 1?' a^x. a 4. - 4x«-16a:-|- 16 x^-ex-7 

Example 2. Fmd the product of g^^^Ta^^, 2x^-17x+21 
, 4 x^ - 1 ' 



4a;2_ 


20 X + 26 


4x2 


-16X+16 


2x 


'» + 3x+ 1 


(2x- 


3)(2x-6) 



Process. 

x2-6x-7 4x«-l 



X 



2 x« - 17 X -f 21 4 x2 - 20 X + 25 

(x - 7) (X + 1) ( 2x+l)(2x~l) 
(2x+l)(x+l) ^ (2x-3)(x-7) ^ (2x-5)(2x-5) 

(2g - 3) (2x - 6) (x - 7) (x + 1) (2 X + 1 ) (2 x-l) __ 2x-l 
(2x+ l)(x+l)(2x- 3)(x-7)(2x-5)(2x-5)~ 2x-5' 
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Explanation. Factoring the numerators and denominators of the 
fractions, multiplying the numerators together for the numerator of 
the product, and the denominators together for the denominator of 
the product, we have the third expression. Reducing the third ex- 
pression to its lowest terms, gives the result. 

Kotes : 3. Observe the importance of factoring the terms of the fractions 
first. Also, indicate the multiplication of the numerators and denominators, 
and divide both terms of the fraction by their H. C. F. before performing the 
multiplication. 

4. If the factors are mixed expressions, sometimes it is better to change 
them to fractional forms before performing the multiplication. Thus, 



aft \/, ab \ a2 _ J2 a2j2 



V "*" o^Tfe; V a + bJ^a-b cTfl ~" a^ 



m 



2a:2 + 3x 4x2— 6a; 

Example 3. Find the product of — 7—3 — and ,0 ,q • 

FrocesB. 

2 a;2 + 3 g 4 a?^ - 6 a ; _ a: (2 a; + 3) 2ar(2a;-3) 
4x« ^ 12 a; + 18 ~ 4x« ^ 6 (2 x + 3) 

a;(2a: + 3) X2ar(2a;-3)2x-3 
~ 4a:»X6(2ar + 3) ~ 12 x 

Exercise 69. 

Simplify : 

^' bc^^c^ aF 4c2 ^21a2^5a6' ^ r' 
3alP 3ac2 SacP Sc-^x^ 20c3iz; 

2. -; 7 X -FTF-T X -77T— ; ^ . 2 X 



4:cd "^ 2bd "^ 96c ' 5a^y-i da'^yi 
x+\ x + 2 _ x-1 . ia^-x^ 10 

X 



^- ~^ ^ a? - 1 ^ (ic + 2)2'* 5 ^ 2aj2-4a; 



4. — ft . ^ r~?^ X o • IT „ I ^5 ft •!„ X 



a?+9a? + 20 a;24.5-;c + 6' rrfi — rrfln w?+rfi 
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x^ — / g^ + y^ g + y 

aw fm a\ m^-\-mn f m ^ \ 

a + w \a w*y m^ + 71^ \m — 71 m + nj 

irfl+mn Vffi — rfi it^^(a-^h)x+ab jd^—c' 

' w^ — 7W 71 + 71* 7n* + 7» 7t + 7i^ \ m — n) 
9. f^-^+lV^+^+lV Bi.886.tlon. 

[e-)-=][(s-)^g=(^')-e)=- 

\a X yj \a X yj 

\6c ac ao a/ \ a + -\- cj 

j2 (a + 6)»-ca ^^ a ^^ (a - 6)' - c» 

cfl + ah — ac (a + c)* — 6* afe — ft^ — j^' 

a;2«»_2a?*- 15 a;2"4-6a;*-7 a:2"~2:"~72 
a?» - 2 a?" - 63 ^ a,^" + 32f*-40 ^ a,-2" + 4.x"4-3 ' 

81. Example 1. Find the quotient of -, divided by -, • 



a c 

— X, 



Solution. Let x represent the quotient. Then t -f- -^ = 
Since the quotient multiplied by the divisor gives the dividend, 
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we have ^ X -^ = t . Multiplying both members of the equation 

d c d a d ad 

by - , we have j:XiX-=tX-, ora; = TX-« 
•^ c' d c c^ he 

acadad 
Therefore, I"^5 = tX -= r— -. Hence, in general, 

To Divide a Fraction by a Fraction, invert the divisor, and 

proceed as in multiplication. 

Notes : 1. Since an entire or mixed expression may be written in fractioDal 
form, the above method is applicable to all cases. Thus, 

"6~l'6"l a^ a * h ' ^ b 1~6 c be' 

2. It is usually better to. change mixed expressions to fractional form before 
performing the division. Thus, 

a + 6 a2 



( — ^^ \ ^ (h — ^^ \— ^ _:_ ^ — "^ 



62 -62- 



Example 2. Divide 



x^- 14 g- 15 gg- 12a:~45 
x2_4a;-45 ^ a;2 - 6 a: - 27 

FrooesB. 



a?g-14ar-15 . a;g-12g;-45 _ (a; - 15) (x + 1) , (g - 15) (a; + 3) 
x2-4x-45 • af2-6a:-27 ~ (a;-9)(a: + 5) " (a:-9)(a; + 3) 

_ (a;-15)(a:+l) (g - 9) 
"" (g-9) (gH-5) ^ (g-15) 
_ (g-15)(a;+l)(g-9) g+1 
~ (a?-9) (a; + 5) (g-15) ~a: + 6' 



Example 3. 


g^ 

Divide « 

y8 


1 ^ g 1 

+ - by -n - - 
X ^ y^ y 


1 






\ 








Process. 








2 i\ 


(»* 


1 


9= 


g^ + 1/8 . a:2 - 
" a;2/8 


gl/ + y« 
xy^ 












= 


_ (aJ + y) (aJ^ - 

gi/« 


^y + y^) .. 




xy^ 




g2- 


-xy + f 








= 


_g + ^_ g 

y y 


• 
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Exercise 70. 

Divide : 

• '¥^ ^y ^~c' 4^p^ '^^ ZWf?' 

2. r-^ by —  " ; ^ r, by j . 

66»cid8 J^cJ^a^' 2»-2 ' n-1 

6(«6-6^ 26' . <,?-f {X - y)« 

a (a + 6)» ^ a (a2 - 62)' «» + / ^ (a; + y)» ' 

a^-y« . x-y _ ^^xy + f , a:' - y* 

m8+8 'm + 2' a? + f ^ a^-xy + y^' 

. 2a^+13a:+15, 2!r»+lla; + 5 

^- — i^^^g — ''y 4*2-1 



m 91 

- + ;;: 

971 



g a:g + a;y + y^ , a? + y . :^ _ 2^ by - 

7. ?_±J^ _ ?JI^ by ?_±^ . 5-11^ by--'-. 
' x — y ^ -\- y X — y^ ^ + y y ^ 

ic^ + (a + c) ic + a c , x^ — a^ 
52 + (6 + <j) a: + 6 c ^ a^* - 62 ' 

a2-|.62 + 2a&^c2 a + 6 + c 
^- c2-a2-62 + 2a6 ^^ ftTT^^' 

10. a?-i by X--; a^^V^(?-h2hc by ^L±lnf. 
a:^ -^ a:' -^ a + 6+c 

,, m^-a;i8 ^6 _ ^^ a:i2+l_ a^ + 1 



7i« + a^* 7^2 + a?' a«-l -^ a^J^a^^a-1 

,^ aj^J — a?~i, a;""t + a?""J 

12. o^-a l>y 



2x-8 -^ 4a?(a?-*-a:-i) 
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Exercise 71. 

Perform the operations indicated in the following and reduce the 
results to their simplest forms : 






24 

48 



f x^-7x + 6 xM-6x\ x^+ 10 a: -f- 
Proceas. ^a;*2 + 3a: - 4 "^x» - 8xV ^a:*-14ar-f- 

_ [ (a: - 6) (a: - 1) g(a:+6) 1 (x + 4) (z + 6) 
'" L(^ + 4) (a; - 1) "^ x^ (X - 8) J ^ (x - 6) (a - 8) 

__ p-6 ^ ^(^-8) 1 y (x + 4)(x + 6) 
~ [ar + 4 '^ a; 4- 6 J ^ (z - 6) (x - 8) 

X (x - 6) (x - 8) (x + 4) (x + 6) 



(x + 4) (x + 6) (x - 6) (x - 8) 



= x. 



^' a+l^a-1 • a+ 1' \a-& " « + & j ' a^-J^ 
4. — ]« TT^- X .-9-T-7r-- — ^. X 



' a^ 6 + a 6 (x -{- y)^ a? + ^ ' aft 

/a + b a — b\ /a + b a — b\ 

^ maa; a^ — x^ b c -^ bx e-^x mx 

woy (T — or a^ + a X a— a? Tiy 
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8 1 ' [y( ^ i Mx "^"^ T 

a^ + x — 2 x^+5x+4: ^ / a:»+3a;+2 £+3\ 
a?-a:-20 ^ x^ - x ' \3(^-2x^l5 ^ x ) 

r gi — bi gi + bi \ aJ + bi 



2? 64 w^n^ — a^ (a; — 2)* ^ a? — 4 
^a' ^^^^4 ^ 8 7?i w + a "^ (a: + 2)2 * 

12. .,0 X — =r-s- X ^ 



14. ( ^* — -4 ) -^ ( ^ ) » l>y inspection. 

^^- (p - 2 + ?0 " (^ ~ «)' ^^ inspection. 

16. U^— -3 — 3(2; — j n"(^ )' l>y inspection. 

18 Sa^y , r 3a(m--7i) , 5 4(c- a;) ^ c^-a? jH 
m+7t • L 7(c + a:) ' ^ 21a62 * 4(^2^^ 5 J' 
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82. A Complex Fraction is one having a fraction in its 
numerator or denominator, or both ; as, 





^ 2 


n' 


« + "" 
n 



Example 1. Reduce - to its simplest form. 

c 

d 

Solutdon. A complex fraction may be regarded as representing 

the quotient of the numerator divided by the denominator. Hence, 

a 

h a ^ c __a c?_ ad 

7~b'^d~b ^ c " 6c' 



a — - 

Example 2. Reduce £ to its simplest form. 

m 



Solation. 

b 
a / 

^ - in 


Since the divisor 


IS m, we 


have 






-.*)-- 


ac — 
~ c 


b m 

• __ 

• 1 " 

1 


ac — 6 
c 


1 i 

971 


ic-6 


rn \ 


cm 


Example 3. 


Reduce 


1 m 


and Y 


to their 


simplest 


forms. 



n n n 

^ I m n n 

Frooeas. — =l-f- = l x-=-« 
m n mm 

n 

m 1 n 

--=m-r- = wiX T = mn. 
1 n 1 

n 

I 

TO 1 1 1 n n 

T~:^'^Z = Z^^'i = Z,' Hehce, m general 

n 



ALGEBRAIC FRACTIONS. 189 

To Simplify a Complex Fraction. Divide the numerator by 

the denominator. 

Example 4. Smiplify 

m+n m — n 

m — n m -j- n 
ProoesB. 



m*^ 



,i ^ n^ ~ m« + na (m« - n^) (m^ + n«) jm^ - n«) (y/t^ 4- n«) 

77i + n m — n "~ (m -f ro)^ — (w — n)' "" 4mn 

m-n " m-\-n (to — «) (m + n) (to — n) (to + n) 

4 m*n* (m — n) (to + n) __ TOn 

~ (to« - n2) (m^ + n^) ^ "~ 4mn " TO^ + n^' 

a; SB 



Example 5. SimpHfy i:ii( Ltl 

V X 



x — y x + y 

Solntioii. Multiplying both terms by (x — y) (x + y), the L.C.D. 
of their denominators, we have 

(X ^ \ 

x^'^xTy) *^^^""^^^^"^^^^ _ x(g + y)-a:(g-y) _ 2xy 
f y ^ \ rr x^ . NT y(x-\-y)-\-x(x-y)^ x^ + y^' 

ITotes: 1. In many examples it is advisable to multiply both terms of the 
fraction by the L. C. D. of its denominators at once. 

2. If the terms of the complex fraction are complicated, the beginner is 
advised to simplify each separately. 

m n mp * 



Example 6. ow^'^r ^'+('"+»)^+'"» x* + (m+p)r+mp 

n — p 
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Froceas. 

mn mp tnn tnp 



x^-(ni+n)x+mn x^-(m-hp)x-\'mp _ ( x -\-m){x+ n) (x-Hn) (x-\-p) 

n — p ~ n — /) 

x^-^ (n+p)x + np (a;4-w)(a;4-/?) 

m n (x+p) — mp (x+ri) 

__ (x-\-m) (x-\-n) (x+p)' _ mx(n—p) (a:+n) (a:4-J») 

" ^~P ~~ (x+m) (x+n) (x+p) ^ n—p 

(x+n)(x+p) 

mx 
~ X H- TO 

X 



Example 7. Simplify — j , ^a 



1-X4-X2 4- ^ 



x2- 1 
14- a:- 



X 

Solution. Begin with the complex fraction x^—\ ' ^^^^ 

1 + x--— — 

X 
X2 ^ 1 X + 1 , X X2 

1 + X ^— = -^-, and F^n[ = F+T- Similarly 

1 +x — 

X 
1+X8 (1 4- X2) (1 + X) 1+X8 

J5" - 3.8 4_ a;2 _|_ 1 , and 1 ^ J^ 

X 



X« + X2 -h 1 

X X 

Therefore, ^ ^ ^.a = 3 



a; X* + x^ ^ 1 

1 - a: + x2 + p^Tj 

1 H-a: 1— 

X 

= - (x« + x3 4- 1). 

Votes : 3. A fraction of the form in Example 7 is called a Continued 
Fraction. 

4. To simplify a continued fraction, the student should always b^n with 
the last complex fraction in the denominator. 
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Exercise 72. 

Heduce to their simplest forms : 

a; + 6 + 2 1 + - a^ + - ^y 

a; — 6 m c vi n 



1 ' ~' vi' mn , rt 

X-6 + -—— 1 a;+- + 2n 

X + o m n X 

,,6^ 1.1 m b 7n+ n 

^ a n m n m 4 ran 

^" . , , d^' 1 P T~b' m^^n^' 

n mm n om*n 



a; + 1 :?; — 1 ofl — VI x -^ 12 



« x-l .r + 1 . 3:^4- 22a; + 120 
a;+ 1 a;- 1 ' ar^ - 21 a; + T()8 
x—1 x+l a?+18a; + 8U 



4a & \a; a)\x a) 



4. 1 + go . __.,^^ _ 

_^ a6 — a-*' ^ ^ 5^ + a^' a; — a 

1 4- a i 2 a6 a; + a 



1.1 1 

+ — : + 



- myt mj? np / a; i 1~"^\_^ ^ 1— a;\ 

• m^~(/i + y)^ ^ Vl+^ ~^y \ll^"""^/ 

fi 1 1 1 

a; + - 1 + - a; + 



a; a; a; — 1 
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7. 



x-2 



1 + 



X 



H-a;+ 



2a:g 
1-aj 



2; 



-2- 



iC 



a; — 



x-\ 
x — 2 



x + 



1 + 7 



a;+l 



3-x 



^ 1 

8. y^ ^ 



1- 



a 



-o h - + 

y^ y X 



2xy 



l-l 



X 



m 

d+ - 

n 



1 + 



{x - yj 



X 



9. 



ax 
x^ a? 



y X 

1' |r— X 



1 + ^ 



a; 



1 + ^ 



1 1 i ar- a; ^ 

- + -0 -0+ -+1 



x- y 



a' 



ax 0? y^ y 



y ^ 



r 



m^ + rfl 2 m 

"T~ 



10. 



m 



2-7^2 



m 4- n 



'mn — nfi m 



-Ml"! 



m — n 



11. 



71 + 



m — n 
1 -\- m n 



m — 



771 — 71 
1—77171 



1- 



(m — n) 



n 



1 + mn 



1- 



(nt — n)m 
1 — m7i _ 



\7i- mj 



83. Example. Find the third power of -rj- • 

Solution. Since an exponent shows how many times an expres- 
sion is taken as a factor, we have 

(a»"\8_^ a"* a"* cf"* (a^y a*"» 

To Find any Power of a Fraction. Raise both terms of the 

fraction to the required power. 
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Exercise 73. 



Expand, by inspection, the following: 






( 2aHixi \\ V Jx + vf V. [mjx-yyy 
V3 m\ n\y^)' W - !/}'} ' L «"(- + ?/) J ' 

*• L ^+n J' L (2a+36)i J' V ^ >> 



^■-mm^m" 



i+i 



art 



w 



k 



ai 



1- 



m 



Ix 



W? 



* 



a 



M. Example 1. Find the rth root of 



a* 



Solntion. Since the rth power is found by taking the numerator 
and denominator r times as a factor, the rth root is found by taking 
the rth root of each of its terms. The operation is indicated by 
dividing the exponent of each term by r. Thus, 

13 
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ZUiutratlon. 



4 

5/ 32 g^ _ 
V 243 ¥^ " 



a' 



» + r 



i»« + r 



m 

"li" 



35-r5^«-5-« = 358 • Hence, 



To Find any Soot of a Fraction. Take the required root of 
each of its terms. 



a* a* a2 



Example 2. Find the square root ofr2~2 — aa;+7-+^"'"^' 
Arranging according to powers of a, we have 



( 



a^ a X 

2"^ i ~ 5 



ProcesB. 

First term of the root squared. 

First remainder, 

First trial divisor, a* 

a 
First complete divisor, a* + - 



a* 






(I 



8 



— + z«-aa; — 2-|--:s 



:c 



a 



a 



' - times first complete divisor, 



r8 



a 



3 



+ -0 



Second remainder, 
Second trial divisor, 



-aa;-2+ -o 



0* + 



2a 

X 

2a 



Second complete divisor, a^ H 



— - times second complete divisor. 



— a a; — 2 H — „ 



Vote. If we take — 

result — -J5 f--. 

2 a; a 



-n for the sqnare root of -j , we shall arrive at the 
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Exercise 74. 

Find the values of the following expressions : 



1- V^386> V a^ 'V 343x^'' \24il^') • 

^- V2437^oj • VV Virj = ^r^'' 

Find the square roots of : 

5. a?+2a;-l-?+ -«; «*-a8+x+4a^2+^. 

aa 2a 26 6^ ir 6 y4 18i/i 9 



Miscellaneous Exercise 76. 

Beduce to lowest terms ; 

(6-aa:)2 + (a + 6a:)2 ' a^ + 7 a:3^~9^2^"7^+^ * 
21 ar^yS _ 35 ySg; _ 12 .x-S;^ + 20 re ?/ 2^ 



3. 



18 rr2 22 _ 21 a^a 2^ _ 30 y ^3 + 35 a; ^2^ 

40a^^i?/-.32a:g7/g2-5//2^ + 4 a: 2^ 
4a;y2;38-36a:*22_;5^+45a;8y8- 
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a!g-6a^-37a;+210 ^ 2^"+10 a^*+ 35 3;^"+ 5 ^"+ 24 

Find the values of : 

6. 3 ar H ^^ « when a; = 4, y = i, z=l; t 

, a b 

when a; = 



a + b 



/pi I !**« ^__ 2** -^ 2 "T* 7y 

^- a:»-y'-^ + 2yg when x = 4, y = J, . = 1. 

^ a; — a .r — 6 , a^ aj . a: a 

7. — ; when x = 7; - + 



b a a — b^ a b — a a+b 

a^(b-a) 
when X = \ — ^ • 

(0 + a) 

^ fx — <e\3 .z;— 2a + 6 , a 4-6 

8. I 7- 1 ; TT when x = — ^r . 

\x — b J x + a — '2 b 2 

9. Ux[jf + y -j/ — ^J when x=8, y = 1. 



10. 



a3-68 ^2 + ^2 + ^2 + ^2 



2ab+2bc+2cd+2ad ' V(a-c)(6+c)+6(-c-6)(a— 26) 
when a = 3, 6 = 1, c = — 2, rf = 0. 



a2 + a c + 62 (4 a 6 4. 62 + ^)i ^ 



a2 — ac + 62 V4a6 — 62—2^ a + b + c -h d 
when a = 4, 6 = 3, c = 1, d = 7. 

Divide : 

12 !!!L-a?bv--a:- + ^bv?+^. 
n' •'^n ' y^ ofi ^ y X 
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1. Y a^ m^ . X m 
13. m* 4 by m ; -, r by - + — 



• 



15. a" - 62 _ c2 - 2 6c by ^jtl±f . 

a + o — c 

17. ^^ -Tir^ ^y 



Factor : 






Simplify : 

20. 32:-{y+[2a^-(y-.)]} + J+|^^. 



2« + .i 



aj— 1 ic— 1 ic + S j: + 3 

3 '^ x-'2 7 "".g4-4 

1* x-\-2 x+2 ' x^2 x—2' 

T"^x^ '~S~^x^ 



^^ Sahc a 



a- 1 6-1 c-1 



be + ac — ab ^ i ^ ^ 

a b c 
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23., ^^ ,+ .. " . + r ""^^ 



(a-b){a-c)^ (b-a)(b-c)^ (c-a){c-h)' 
(a^-.y'")(2r^-2x"?/') ^y 1 

9J2-(4c-2a)2 16c^(2a-36)a 4aM3&-4c)» 
("2a+3&)*-166^ ■•" (36+4c)2-4tt2 + (2a+4c)«-9J» 



26. (^'_iy-^_iVf^_iy^!±^^_i) 

b 
a + 



1 X + a 1 X — a 11^ 

27. ^IZp! + ^1Z±«!. ^ X («.«-J«). 

1 a -^ X 1 a — a; o ^ ' 

a d^-h a? « a^ + ic^ ^ 

ft 

a — 6 — c & — c — a c—a—h 

28. -71 rTT- + T9 7 ri — + 



29. 



a^—ac—ah^-hc l^—ab—cb+ac c^—bc—ac-\-ah 



(r7i"''"^)"(rT"'"^i)' 



+ - 

X X 



30. i 
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33 -a? 3 



/3£+^Y_ £_3 



0-, V- . -- r - 3a:*+ 1 «ic 

oX, 



3a?-l • 3 2 (ar * + 3) ' J^ 1 1_ 

a»-Sx'^ a? (a^-x)" ic''"oc ab 

3-a-b + c 6« a-»i-' a«i-> _ f a-*b-^ \* 
a + b-c ' a8^ a6-» ^ ' b*" ' \ a« ^" 



af—y' , a?"—?/* 
i+ '   

32. 



i it: — z 1 hzr-. — 5^ — i T 



10g.y-3.v'+10a;-3t/ ^ 10a;-3y _3_ 
15y»+10a:y!"+:}Oy+2Ua:y ' 45y+30xy y+2* 

35 a^ + »» i^ + »» y "^ W • \y »>/ 

(a; + y)a — a !y 
(a; — y)* + X y 

36 r a*-y* . g'+qy l r a'-oV . a^2«»y+ff'//^ 

37 __^ 1 

"6 ^""Saa; — 2 6y 



38. 



1 + — r— 1 +— T— 1 + 



y + z x + z x-\- y 
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39. (a + ^. + c)(^- + -^ + -j- ^^^ 

' 4:ah" ]l4ab "^ J [{a+h) ^ab][(a-hf+ab^ 
' {a + bf-3a^b-3ab^^' ^ {a-bf + 'Sab(a—b) 



{b-cf {c-af la^bf 



(c — a] {a —• b) (a — b) {b — c) {b — c) (c — a) 

\x^—!/ lOx^—Sxy—y^ 2a^+xy—y^ J 

_^ x y-y^-2x+2y ^ 
2x-y 

(g + hf - c^ (b + cf ~ a 3 (a,+ c)3^6g 
(a '+ Z^) — c 6 + c — a a + c — b 

44. -7 7T1 -v + 



a{a — b)(a — c) b{b — a)(b — c) abc 

.^ 2a + n , a + b + 7i m + n—a 

45. . , , o + 



am+ab—bm—a^ ab-\-bm—nm—V^ m^—bm—am+ab 



46. -, rr-, r + VT^ TT^ : + 



a{a—b)(a—c) b{b—a) (b—c) c(c—a)(c—by 

Queries. Why does changing the sign of one factor of either term 
of a fraction change the sign of that term 1 Will it change the sign 
of the fraction ? Why ? When the denominators have no common 
factors why multiply both terms by the product of the denominators 
of all the other fractions ? Why does the process of reducing to 
forms having a common denominator not change the value of a frac- 
tion ? How prove the methods for addition, subtraction, multiplica- 
tion, and division of fractions ? 
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CHAPTER XV. 

FRACTIONAL EQUATIONS. 

, 6-5x 7 2x* l-f-3x lOr 11 
Example 1. Solve -j^ - n,^. _n = "^T " —30— 
1 
^ 105 

Solution. Multiplying each member by 210 (the L.C. M. of 
15, 21, 30, aiid 105), transpoaing and iiuitiug like terms, we have 

105-30ar2 ,,,.,. , , r , . 
^^ = 5 + 30x. Multiplying each member of this equa- 

tion by x— 1, transpQsing and uniting like terms, we have 25 x= UK). 
.*. X = 4. 

Proof, Substituting 4 for x in the given equation, we have 

6-5X4 _ 7 - 2 X 4- ^ _ 1 -t- 3 X 4 _ 10 X 4 - 11 1 
15 " 14 (4-1) ~ 21 30 "*" 105 ' 

or, — ^^ = — J^, which is an identity. Hence, 

To Clear an Equation of Fractions. Multiply each memi)er 

by the L. C. M. of the denominators. 

« 01 2r+U 2*x-l x-4 
Example 2. Solve — ,-* - ^^::j^= -^^  

2?x — 1 
Process. Multiply by 5, 2 x + 1 J - YoI^^T^ = 2 x - 1. 

Transpose and unite, — — = — 2i. 

II I X ji 

Clear of fractions, — (2| x — 1) = — 25 x + 5. 

Transpose and unite, 22.6 x = 4. .-. x = ■^. 
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Hote. Iq solving a fractional equation^ where some of the denominators 
are simple and some are compound expressions, it is better to multiply eaci 
member of the equation by an expression which will remove the simple denom- 
inators first, then transpose (if necessary) and unite like terms. Similarly 
remove the compound denominators of the resulting equation. 



Exercise 76. 

Solve the following equations : 

. 1?,_L_29 5a:-l 7-3x _ lOx-S 3-5 a; 
• x'^12x~24:'' 2 ~ 3a;"~ 4 ~ 2x ' 

6x+l3 _ 3x+5_ _2z 2x-5 oa-d Ax-Z , 
15 5a:-25 ~ 5 ' 5 "^ 2a^-15 " 10 ^" 

9a;+5 8£-7 _ 36^+15 10|^ 

14 ■^6a;+2'" 56 ■*" 14 * 

4a;+3 7a!-29 _ 8a:+19 3a:+2 _ 2a;-l _; 
9 '^5a:-12~ 18 ' 6 ~3a;-7 2' 

18a; -22 \+\&x _ ^ ^ 101 -64 a; 

^- 39 - 6 a; ■'' "^ ^ ■•" 24 " *T^~ 24 

18 a; +10 72 a; + 30 _ 20.5 16 a; -14 
42 168 ~ 42 18a;+ 6  

1 _2 a:+2 4(a: + 3) 8a; +37 7a;--29^ 

2"*'a;+2~ 2 a: ' 9 ~ 18 53:-12" 

2a;+8j^ 13a; — 2 . a^ _ 7 a; aH-jj 
9 17 a; - 32 ''" 3 ~ 12 36 

6a;+ 1 2a:-4 _ 2a;- 1 a; — 2 a;-4 __g^ 

15 Ti'^^^lB" 5 ' .05 .0625 
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86. Frequently it is better to unite some of the terras before 
clearing the equation of fractions. Thus, 

X 

, ^^ ~ 3 16 X + 4.2 ^ . 23 
Example 1. Solve -—^^ + "T^T2~ = ^ "^ F+1 * 

X 

^^""3 23 16a:+4.2 , 
ProcesB. Transpose, -j—p - ^qjj + -^^Ij:^" ~ **• 

X 

^""3 16x4-4.2 
Unite like terms, jTy H — q , o = ^• 

Free from fractions, 4+Vx-a:*f 16x^20.2 x+4.2 = 16x^25xH-10. 

1.6x 
Transpose and unite, — g— = 1.8. 

.«. x = 3|. 

1 1 X + I 

Example 2. Solxe ^— ^ - ^^^^ - ^ri:^ = 0. 

ProceB0. Multiply by x^ - 4, (x + 2) - (x - 2) - (x + 1) = 0. 
Simplify, -x + 3 = 0. .-. x = a 

Hotel : 1. If a fraction is preceiled by the — sign, in clearing the equation of 
fractions, care must be taken to cliange the sign of each term of the numerator. 
In such case it is convenient to enclooe the numerator in parentheses before 
clearing the equation of fractions. 

2. The student should be careful to observe that he can make but two 
classes of changes upon an equation without destroying the equality : 

I. Sueh as do not affect the value of the members. 

IT. Sach as affect both members equally. 

Thus, in the above process, the first operation affects both members equally; 
and the Wond, that of uniting like terms, does not affect the value of the 
members. 

4 2 5 21 

Example 3. Solve — 



x + 3 x+ 1 2x+ G 2x-f-2 



Solution. Transposing, ^ - ^^ = ^ " 2^ ' 
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Simplifying each member separately, we have 
3 H 1 



2 (a: + 3) 2 (x + 1) ' "" a; + 3 ~ 2 (a; + 1) 
Clearing of fractions, we have 2 (x + 1) = a + 3. .• . x = 1. 

X — 4 X — 6 X — 7 X — 8 

Example 4. Solve r z z — ?^ ' 

X — 5 X — 6 X — b X — 9 

SolutioiL Reduce the fractions to mixed expressions, 

or ? — — i, = ;t — t: • Reducing the terms in each 

X— 5 X— 6 X— 8 X— 9 ^ 

member separately to common denominators and adding, we get 

- (X - 5)\x - 6) = - (X-8KX-9) - ^^^'"''K ^^^ ^"**'*'" "^ 

fractions, we have — (x — 8)' (x — 9) = — (x — 5) (x — 6). Simplify- 
ing, transposing, and uniting like terms, — 6 x = — 42. .•. x = 7. 

„ ^ , (2 X + 3) X 1 

Example 5. Solve — ^ — t~i~ + ^— = x -|- 1. 

^ X ~T~ 1 o X 

(2x4- 3) X 
Process. Reduce —5 — — j — to a mixed expression, 

25 X -j- 1 

Transpose and unite, — r: — -— = — -— • 

Clear of fractions, — 3x = — 2x — 1. 

Therefore, x =: 1. 

6X-64 2X-11 4X-55 x-6 
Example 6. Solve ^3^ - ^3^- = -^— f^ - ^^7 • 

Process. Reduce the fractions to mixed expressions. 
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Simpliiy each member separately, 

7 



(x - 13) (x - 6) ~ (x - 14) (a: - 7) 

Divide by 7 and clear of fractions, 

x« - 21 a; + 98 = a^ - 19x + 7». 
Therefore, x = 10. 

Exercise 77. 

Solve the following equations : 

12 _J___ 29 2:4-4 x+5 



2. 



a; ' 12aj 2.4' 3a;-8 3a:-7 

3a;+l a; — 2 6a:-hl 2 a; - 4 2a:-l 



3(a;~2) x-V 15 7a:-16 6 



a; + 25 _ 2x4- 75 5 4 



a;-5 2a:-15' l-5a; ' 2a:-l 3a:-l 

6a;4-8 2a;-h38 _ a:g-a;4-l a^+x + 1 _ 
2x4-1 X4-12 ""^' x-l "^ 2:4-1 "" * 

a:-7 2a:-15 1 _3 2 l__n 

a:4-7 '2ic-6 "^ 2x+14"~ ' l-x 14-a: l-x^"^' 

A 3 . 30 3^5 



4-2x^8 (1-x) 2-x^2-2x' 

^ 6 a; -7^ 1 + 16 a: _ 12f - 8 a ; 

^- 13-12a:"^'^^+ 24 ~ ^i^ 3 

a:— 1 a: — 5 __ a; — 4 a: — 2 
'a; — 2 a; — 6""a: — 5 a* — 3 

5a;-8 6a;-44 10a:~8 _ a;--8 
a: — 2 a: — 7 a? — 1 "" a: — 6 * 
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x-'^^ x + 2^ {x+2f 



^^ 304-Oa; 60 + 8a; ,, 

11. — — p- + T-^- = 14 + 

a; -f- 1 X + 3 



48 



a;+ 1 



.6a; + .044 .5a;--.178 _ .3a;-l _ .5 + Ux 

A .6 ^"^^^ .5a;-.4~" 2a;-.l 

2a;-3 _ .4 a; -.6 1 - L4a; _ .7 {x - 1) 
• .3ic-.4"" .06a;-.07' a; + .2 "".l-.5aj' 



87. A Xiiteral Equation is one in which some known 
number is represented by a letter; as, 

Example 1. Solve — + 



m n — m tw + n 

Process. Clear of fractions, x (n^ — m^) + x (m^ +mn) = m^{n- m). 
Unite like terms, {n^+mn)x = m* (n - m). 

Divide by n (n + m), a; = —7 — ; — ^• 

Example 2. Solve {x-m) (x-n) — (x—n) {x-d) = 2(x-m) (m-a). 

Process. Simplify, transpose, and unite, 

3 a X — 3 m X = — 2 m^ + 2 a m — mn -{■ an. 
Factor, 3 (a — m.) a: = (a — m) (2 tw + n). 

Divide by 3 (a — m), x = — ^ — • 

„ a^ — 3 6x 66a;~5fl^ 

Example 3. Solve ax ab^ = hx -\ 7: 

a 2a 

ox -{- 4a 



Process. Clear of fractions, simplify, transpose, and unite, 

4 a^ X - 3 ah X = 4 a^b^ - 10 a^- 
Factor, a (4 a - 3 6) a: = 2 a« (2 J* - 5). 

Divide by a (4 a — 3 0), x = — -r ;rr~ ' 

^ *" 4a — 3o 
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ax — h bx — a a — b 

Example 4. Solve -r-r — t — r — = > j-rrvi: — : — x • 

ax + 6 bx -{- a {ax -^ b) (bx -t a) 

Solution. Reducing the terms of the first member to mixed ex- 

f 2b \ f 2a \ a-b 

pressions, we have (^i - - ^^j - ^1 - ^ = ___^____ . 

Uniting like terms and rt^uuing the fractions to a comniou 
denominator, adding and factoring their numerators, we have 
2(a + b)(a-b)x a-b 

(az + b)ibx + a) = (,ax + b){bx+a) ' ^•*'*""8 "^ ^^^^ons, 

2(a + b) (a — b) X = a — b. Therefore, x =■ ^ . , . v • 

Hotel : 1. Example 4 may be solved by clearing Die equation of fractions. 
The solution is presented as an expeditious method. 

2. If the student cannot readUy discover a special artifice, be should clear 
(he equation of fractions at once. 

3. Known terms are called abfoluta terms. Thus, in the equation ma^ 
-{•nx-\-a = 0, a is called the absolute term. 

Example 5. Solve i = 0. 

X — c X — a X — b 

Process. Clear of fractions, 

(a+b)(x~a)(x-b)-a(x-b)(x-c)-b(x-a)(x-c) = 0. 

Simplify, transpose, and factor, 

X (ac -I- 6c - a« - 6») = a 6 (2 c - a ~ 6). 

■r.. .1 ^ , • ,« ab(2c — a — b) 

Divide DY ac + bc — a^- b% x = n « — r5» 

•^ ' ac + bc — a''—h^ 

_ a h( a + b-2c ) 

°' '^'a^ + b^-cia-^-b) 

Exercise 78. 

Solve the following equations : 

10 1 c a b 1 

1, 2ax + m = 5a^nx; -H — = :r~ * 

X a ox 

2. 10 hmx — ^an = 2 am — 5 hnx\ = r-« 

a X X 
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^ rn? n 4:rfl m a h « ,« 
X 2 X ^ ox ax 

M.(«-.)-(^)'=¥('-|)- 

5. ^^-^-J^+2 = 0; (a:-a)(a;-6) = (a;-a— 6)2. 
. a(l^x + ofi) , aa? 2/a: . A S/'x \ 

7. (ic+7i)3-(x-?i)3-n(3a:-?i)(2a;+w) = a:(?i+l)+3. 

3 ah ^7? ^x-^ac a? — a a-^x 2x a 
o. 



c bx ex ' bx b b 



- aj — m ay^ — mx — rfl ^ rfl 

9- —z^ + —it:: — z^ = 1 + 



2; 



m mx — rfi mx — rfi 

Miscellaneous Exercise 79. 

Solve the equations : 

x^x-\-l 7 — 2a^ ac b c __ , 
• 9 ^ "3 l-dx' 6^ ~ ^ " ^ "^ 

ax + b 36 a^ ^2 ^ j2 

i2. 



3. 



ax ^b ax + b a^a? — V^' 

X a3+l_ir — 8 2: — 9 

a; — 2 x—l a; — 6 a: — 7 * 

2(2a?+3) 6 5a;+l 



4 1- 



63 -9a; 7-a; 28 -4a? 
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+ r^ ^ - —, -T = 0. 



a(b — x) b{c — x) a(c — x) 



6. {2x-a)(x+^^^=^x\^^-x\-l(a-^x){2a + Zx). 
7 _il__4 - 105 + 10 X 

X — a a-\' X 2aa;_^ 1 1 a — h 



10. 






x-1 



+ , ; =2 a;; -=c(a-6) + -- 



a?+2a:-^7 x+3 _ x-6 
X a? — 6 a;4-l~a; — 4 

.« ... . .135* -.225 .36 .09 a; - .18 

12. .15 x H ^ = -jr- . 

.0 .2 .9 

aj — a x — a—\ a; — ft x — h—\ 



13. 



a? — a — 1 a; — a — 2 a:— 6 — 1 a;— 6 — 2 



^. 30 a — 6a? 9n — aa? 6 7;i— Tia; . 

14. = ^ :5 = 0. 

5 a 3 ri Am 

,, 4m(a2-5.x^) ^ . 5m(62-2a;) 

15. ^-5 ^ = 7 m 71 + ^^-i ^ . 

8a; 4 



X ^ np X — mp X — mn 
16. » = ^ ». 

14 
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2(a^l8) 2(x + 10) 

1-7 9 a:-18 ^^. ^'"~ 23 
17. g 6 =a= + 9 5 

36 (a; — a) x — V^__ 6 (4 a + c a;) 
5 a 15 6 "~ 6a 



ma; — n mx + ri 
c? — 3rfaj fP+ 2ca; _^ x x 

c2 + 3da;"^ d2-2ca;'^ ' !^ " 2^ 



m a; m(a;— m) a;(a; + wi)__ ma; 
a? m x{x-\-vi) m{x—m) m^—ar 



Queries. Upon what principle is an equation cleared of fractions ? 
How is it done ? Why change the signs of the terms of the numera- 
tor of a fraction, preceded by a minus sign, when clearing of fractions ? 
Upon what principle (give four different explanations) may the signs 
of all the terms of an equation be changed ? 



Exercise 80. 

1. The second digit of a number exceeds the first by 3 ; 
and if the number, increased by 36, be divided by the 
sum of its digits, the quotient is 10. Find the number. 

Solution. Let x = the digit in tens' place. 
Then x + 3 = the digit in units' place, 

and 2x4-3 = the sum of the digits. 

Therefore, 10 a: H- a: + 3, or 1 1 a: + 3 = the number. 

11 "T -I- *^ -I- *\f{ 

Hence, — 5-— tq — =10- •*• *= !• lla?+ 3 =14, the number. 
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2. The first digit of a number is three times the second ; 
and if the number, increased by 3, be divided by the difl'er- 
ence of the digits, the quotient is 17. Find the number. 

3. The first digit of a number exceeds the second by 4 ; 
and if the number be divided by the sum of its digits, the 
quotient is 7. Find the number. 

4. The second digit of a number exceeds the first by 3 ; 
and if the number, diminished by 9, be divided by the 
sum of its digits, the quotient is 3. Find the number. 

5. A can do a piece of work in 7 days, and B can do it 
in 5 days. How long will it take A and B together to do 
the work ? 

Solution. Let x = the number of days it will take A and B to- 
gether. 

Then - = the part they do in one day ; 



but 



= = the part A can do in one day, 



and r = the part B can do in one day. 

Therefore, = + ^ = the part A and B can do in one day. 
Hence, - = ^ + g. Therefore, x = 2|J. 

6. A can do a piece of work in 2 J days, B in 3 days, 
and C in 5 days. In what time will they do it. all work- 
ing together ? 

7. A can do a piece of work in a days, B in Z> days, 
C in c days. In what time will they do it, all working 
together ? 
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8. A and B together can do a piece of work in 12 days, 
A and C in 15 days, B and C in 20 days. In what time 
can they do it, all working together ? 

9. A and B together can do a piece of work in a days, 
A and C in 6 days, B and C in c days. In what time can 
they do it, all working together ? In what time can each 
do it alone ? 

10. A tank can be emptied by three pipes in 80 min- 
utes, 200 minutes, and 5 hours, respectively. In what 
time will it be emptied if all three are running together ? 

11. A sets out and travels at the rate of 9 miles in 5 
hours. Six hours afterwards, B sets out from the same 
place and travels in the same direction, at the rate of 11 
miles in 6 hours. In how many hours will he overtake A? 

Solution. Let a; = the nwmber of hours B travels. 

Then a; + 6 = the number of hours A travels; 

also, I = the number of miles per hour A travels, 

and ^ = the number of miles per hour B travels. 

Then, V ^ = ^^^ number of miles B travels, 

and f (a; + 6) = the number of miles A travels. 

Hence, ^x = ^(x + 6). Therefore, x = 324. 

12. A man walked to the top of a mountain at the rate 
of 2 miles an hour, and down the same way at the rate of 
3^ miles an hour, and is out 13 hours. How far is it to 
the top of the mountain ?• 

13. A person has a hours at his disposal. How far 
may he ride in a coach which travels h miles an hour, so 
as to return home in time, if he can walk at the rate of c 
miles an hour ? 
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14. In going a certain distance, a train travelling 55 
miles an hour takes 3 hours less than one travelling 45 
miles an hour. Find the distance. 

15. The distance between London and Edinburgh is 
360 miles. One traveller starts from London and travels 
at the rate of 5 miles an hour ; another starts at the same 
time from Edinburgh, and travels at the rate of 7 miles an 
hour. How far from London Vill they meet ? 

16. The distance between A and B is 154 mUes. One 
traveller starts from A and travels at the rate of 3 miles 
in 2 hours ; another starts at the same time from B, and 
travels at the rate of 5 miles in 4 hours. How long and 
how far did each travel before they met ? 

17. The distance, between A and B is a miles. One 
traveller starts from A and travels at the rate ot m miles 
in n hours ; another starts at the same time from B, and 
travels at the rate of h miles in c hours. How long and 
how far did each travel before they met? 

1 8. If it takes m pieces of one kind of money to make 
a dollar, and n pieces of another kind to make a dollar, 
how many pieces of each kind will it take to make one 
dollar containing c pieces ? 

19. The denominator of a certain fraction exceeds the 
numerator by 6 ; and if 8 be added to the denominator, 
the value of the fraction is ^. Find the fraction. 

20. A can do a piece of work in 2 m days, B and A 
together in n days, and A and C in m + ^ days. In what 
time will they do it, all working together ? 
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21. In a composition of a certain number of pounds of 
gunpowder the nitre was 10 pounds more than ^ of the 
whole, the sulphur was 4J pounds less than J of the whole, 
and the charcoal 2 pounds less than ^ of the nitre. Find 
the number of pounds in the gunpowder. 

22. A broker invests f of a certain sum in 5 % bonds, 
and the remainder in 6 bonds; his annual income is 
$180. Find the amount iii each kind of bond, and the 
sum. 

171 

23. A broker invests — th of a certain sum in a % bonds, 

n 

and the remainder in c % bonds ; his annual income is b 
dollars. Find the amount in each kind of bond, and the 
sum invested. 

24. At the same time that the west-bound train going 
at the rate of 33 miles an hour passed A, the east-bound 
train going at the rate of 21 miles an hour passed B ; they 
collided 18 miles beyond the . midway station from A. 
How far is A from B ? 

25. A person setting out on a journey drove at the rate 
of a miles an hour to the nearest railway station, distant b 
miles from his home. On arriving at the station he found 
that the train had left c hours before. At what rate should 
he have driven in order to reach the "Station just in time 
for the train ? 

26. A merchant drew every year, upon the money he 
had in business, the sum of a dollars for expenses. His 
profits each year were the Tith part of what remained after 
this deduction, but at the end 3 years he found his money 
exhausted. How many dollars had he in the beginning ? 
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CHAPTER XVL 

SIMULTANEOUS SIMPLE EQUATIONS. 

88. Simultaneous Bquatioiis are such as are satisfied by 
the same values of the unknown numbers. 

Thus, 3 X + y = 9 and 6x — 2y = 4 are satisfied only by x = 2 
and y = 3. 

Klimination is the process of combining simultaneous 
equations so as to cause one or more of the unknown 
numbers to disappear. 

This process enables us to form an equation containing but one 
unknown number. The equation thus formed can be solved as 
shown in the preceiling chapter. 

Hote. There are only three methods of elimination most commonly used. 



tixm by Addition or Subtraction. 

89. Example 1. Solve the equations : 53aJ-5y=13 (1) 

^ C 2 X + 7 y = 81 (2) 

Hote 1. The abbreviations (1), (2), (3), etc., read "equation one," "equa- 
tiou two," etc., are used for convenience to distinguish one equation from 
another. 



Solution. To eliminate x we must make its coefficients equal in 
l)oth equations. Multiplying the members of (1) by 2, and those 
of (2) by 3, we have 

6x-10y= 26 (3) 
6x + 21y = 243 (4) 



5 
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Subtracting the members of (3) from the correspojiding members 
of (4), we have 31 y = 217. .*. y — l- Substituting this value of y 
in (1), we obtain 3 a: — 35 = 13. .*. a; = 16. 

Verification. Substituting 16 for a:, and 7 for y in (1) and (2), 

, ( 48 ~ 35 = 13 (1), . 1 . .,. 

we have •< , ^ \Ji identities. 

( 32 + 49 = 81 (2), 

Notes : 2. In this solution we eliminate x by subtraction. But suppose we 
wish to eliminate y instead of x. Multiply (1) by 7, and (2) by 5, then add 
the resulting equations, and we have 31 a; = 496. .\ x = 16. This value of « 
substituted in (1) gives y = 7. 

3. When one of the unknown numbers has been found, we may use any one 
of the equations to complete the solution, but it is more convenient to use the 
one in which the number is less involved. 

4. It is usually convenient to eliminate the unknown number which has the 
smaller coefficients in the two equations. If the coefficients are prime to each 
other, take each one as the multiplier of the other equation. If they are not 
prime, find their L. C. M., divide their L. C. M. by the coefficient in each equa- 
tion, and the quotient will be the smallest multiplier for that equation. 

Example 2. Solve the equations : i ^ ^ ^ ' ^ "~ ^^ , J 

^ (55a;-33y = 22 (2) 

Solution. Multiplying the members of (1) by 11 (the quotient 
of 165 divided by 15), and those of (2) by 3, -we have 

165 X + 847 y = 1012 (3) 

165 a: - 99 y= 66 (4) 

Subtract the members of (4) frou^ the corresponding members of 
(3), 946 2/ = 946. .*. y=l. Substitute this value of y in (1), 
15a: + 77 = 92. .-. a; = 1. 



{ 



{ 



Proof. Substituting 1 for a:, and 1 for y in (1) and (2), we have 

15 + 77 = 92 (1) 
55 - 33 = 22 (2) 

Hence, both equations are satisfied for ar = 1 and y = 1. 

Example 3. Solve the equations : 5 77 a: - 12 y = 289 (1) 

^ ( 65 X + 27 2/ = 491 (2) 
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ProcesB. Multiply (1) by 9, 693 x-l08y = 2ek)l (3) 

Multiply (2) by 4, 220 x + 108 y = 1964 (4) 

Add (3) and (4), 913 x = 4665. .-. x = 5. 

Substitute this value of x in (2), 275 + 27 y = 491. .-. y = 8. 

Prool Substitute 5 for x, and 8 for y in (1) and (2), and we 

have 5279 = 279 (1), j^ientitieg^ 
i 491 = 491 (2), 
Let the student supply the method from the solutions. 



Exercise 81. 

Solve the following simultaueous simple equations : 



1. 



2. 



3. 



5. 



6. 



3x + 4:y= 10. 
4:x+ y= 9. 

Sx— y = 34. 
x + 8y = 53. 

10 a; 4- 9 2^ = 290. 
12 a:- 11 7/ =130. 

7y-3x= 139. 
2x+ 5y= 91. 

6a:— 5y = -— 7. 
10a: + 3y = ll. 

9 a: — 4 ?y = — 4. 
15 a; + 8 ?y = — 3. 



8. 



fy + fa; = 26.* 
|y + |a: = 25. 



f .25 a: + 4.5 y = 10. 
1.75 V — .15 a; = .9. 



rx 

■0. /' ^ 



I 

2 



;t + ^ = 7. 



2^3 



= 8. 



J J I ..'5a:4- 2y = 1.8. 
( .5y-.8x= .08. 



'7?/ + I a: = 51. 



y (9.y + 2a; = 15. f Ja; + 3y = 22. 

 Uy + 7a;= 3. llla;-4« = 20. 



* Clear of fractions first. 
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EHmination by Substitation. 

90. Example. Solve the ea uations : \ ^ „ „ SJ. 

^ (5x-7y=6 (2) 

Solution. From (2), x = — — -^ (3). Since the equations 

D 

are simultaneous, x means the same thing in both, the substitution 
of this value of a: in (1), will not destroy the equalit}'. Hence, 

4[ ^J +3y = 22. Clearing of fractions, transposing, and 

uniting like terms, 43y = 86. .*. ^ = 2. Substitute this value of 
y in (3), a: = 4. 

Let the student supply the method. 

Exercise 82. 

Solve by substitution : 

^' \x + 3y=14:. ^- (^a: + Jy = 7. 

'^' \3x+ y = lh ^' l5a:+6y=61. 

1 1 01 I ^ . .y _ 1 



*^ 



. .08 y - .21 ic = .33. |3y-4a!=l. 

^ .7 z + .12 y = 3.54. \Sx-2y = l. 

x + y _ x-y _ f4y _ ^ _ , 

5^2 3 -'*• 10.^11 22- • 

^ + 1+^^ = 11. [l-t = o. 
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^^- \Sy + 9x = 4:L \iy = 15x-7. 

r|-k^-2)-j(y-3) = o, 

12. -( - aud verify. 



Elimination by Comparison. 

91. This method depends upon the following axiom : 



Example. Solve the equation \ \ ^ " \ 



6. Things equal to the same thing are equal to each 
other, 

(1) 

8i (2) 

SolnUon. From (1), x = 1±^ (3). From (2), x = ^±^ 
Since these equations are simultaneous, x means the same thing 

in both, — - — 2- = 21 2 . Solving for y, we have y = 4. Sub- 

' 1 + 20 

stituting this value in (3), x = — tj — = 3J. 

Let the student supply the method. 



Exercise 83. 

Solve by oomparison : 

(5a;+6y = -8. r6a!+15y = -6. 

• \3x + 4y = -5. I 8 a; - 21 y = 74 

|12y-7^ = 17. f3^x-iy = 4. 

^- \4x+8y = 20. \\x+ly = 8. 



(-5x+Sy = 5h (.3y 

"*-. l7a! + 2« = 3. ''• l.02t 



— .7x = .4. 
+ 2y = 3. ^{.02y + .05x = .22. 
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x+y x—y 



fy = 3a;-19. 
la; = 3v-23. 



5 2 



= 3. 



U ?y + ii a; = 17. 



f2/ + t^ = 17. 



f 1.1 a; - 1.3 y = 0. 

1 .13 a; - .11 y = .48. ff + | = ^2. 

f.30^-.77y=-2.95. "^^ ,1? , y^.o 
^' 1 .20 a; + .21 y = 1.65. ^8 "^ 9 " 



92. Each of the equations should be reduced to its simplest form, 
if necessary, before applying either method of elimination. 

Notes : 1. An expeditions method, for the solution otipariicvUar examples, 
is that of first adding the given equations, or subtracting one from the other. 

2. Usually, in solving examples of two unknown numbers, it is expedient 
to find the value of the second by substitution; but this is by no means 
always so. 

Example. Solve : 

^^ 2y^4x-2tf ^3^_ 10}y-5|.^18 ^^^ 

Zx^y , 13y-37t _,^ . 9-9a?-y lOx-f .25y-10.5 
12 + 44 -^^"^ 22 " 33 ^^^ 

Process. From (1), 127 y + 59 sc = 1928 (3) 

Fi'om (2), 59 y + 127 a: = 1792 (4) 

Adding (3) and (4), 186 y + 186 a: = 3720 (5) 

Dividing (5) by 186, y ■\- x = 20 (6) 

Subtracting (4) from (3), 68 y - 68 a; = 126 (7) 

Dividing (7) by 68, y- :r= 2 (8) 

Adding (6) and (8), 2y =22. .-. y = 11. 

Subtracting (8) from (6), 2x= 18. .•. a:= 9. 



Solve: 
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Exercise 84. 



^ ry(a;+7) = a;(y+ 1). f 2y + .4a; = 1.2. 

\ 2y+20 = 3a;+l. l3.4y-.02a:= .01. 

o f (y+l)(«+2)-(y+2)(a;+l) = -l. 
l3(y + 3)-4(a; + 4) = -8. 

. ('.3a; + .125y = aj — 6. ( x — 4y = — 3. 

 l3a;-.5y = 28-.25y. \x + y =32. 

+ 3y 2.V + 7-Z a:-8 

= 5 + 



.1- 



10 24 " ' 5 

9x+ 5y — 8 x + y _ 7y + 6 
12 4~ ~ 11  

_4 5 . r 2x + 6 _ 8 

1. '{5 + y~ 12 + x' 6- y6y + 2~ 7' 

.2x + 5y = 35. U a: — 4 = 9 y. 

a! + |-3 

A J £— +7 = 0. 

9. -< x — 5 

3y-10(a;-l) a; - y , , _ -. 



f 



r4a; — 3y-7 3a; 2y 5 
10 



I J 5 10 15 6 



11. ^ 



y — 1  ip il _ 1 _ ?/~^ I £ , Jl, 

3 "^2 20 15 "^ 6 "•■ 10  

'^ 15!-^ -I- a p , .V_43 

2-12-- + 8. ^^ 1^4- 5-35. 

a; y + a;_3y— 2a; |xy_23 

3~~5 4 U"^n~33* 



222 



ELEMENTS OF AL6EBBA. 






(2x _ 8y-2 
14 -' 18 36 

L? y = 12 X. 



4 + a; y — x 



15 



/ 



2a;-6 = 



23y-x 



re + 43 X — y 



16. 



3 a; 1 — 3« 
_3— -9- 



91 



-y- 



17.^ „ 



4a; + .32y- 



.36 a: — .05 
.5 



= .8a; + 



2.6 + .005 y 
.25 



.04 y + .1 _ .07 a; - .1 
.3 ~ .6 



18. ^ 



_ 3a;-2+.y 15.y + ^« 

^^ 11 "^ 33 ' 

2 a; + 3 ?/ a: — 5 _ 11 y + 152 3 a; + 1 
6 4 ~ " 12 2 



19. 



• y-2 _ 10 -y _ a;- 10 
4 3 ~ 4 

2x + 4 x + 4:y + 12 



20. 



3 



8 



a: + l 
a; 

y+l 



1 
3 
1 



i(2a; + 7y)-l = f(2a;-6y + l). 



2i.{*(2:+ 

{x = 4:y. 



22. -^ 



r 2a; — V ^^ 59 — 2y 



. a'-3 „ 73 -3 a; 

x H Tg = 30 5 

y — 18 3 
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Suggestioii. Multiply the inemben of the first equation by 2, 
transpose, and unite like terms ; then clear the resulting equation of 
fractions. Multiply the second equation by 3, transpose, and unite 
like terms ; etc. 

r2 , y ^ 3y 1 



23. -{ 

V-- 



| + 2 = ^-2x + 6. 



24. 



25. 



6a; + 9 3a;-5 _. 3 a; + 4 

4 +4y_6~^*+ 2 
8a; + 7 3a;- 6y _ 9 — 4a ; 
^0 2a;-8 ~ 5 ' 

16 + 60a; _ 16 a;y- 107 
^^ 3y-l ~ 5 + 2y * 

„ , ^ . n 27 a? - 12 7/2 + 38 
2 + 6y + 9a;= ^,_.,;^^  



Suggestioii. Multiply the members of the first equation by 
5 + 2 1(, transpose, and unite like terms ; then clear of fractions ; etc* 

(§^-T^y)-i-(Sa'-iy)-¥ = 2.  

26. \ X — y 1 
x + y'~ 5' 

13 3 



ly+2a;+3 4y-5a;+6 

3 ^ 19 

63^-5ir + 4 3y + 2a;+ 1* 

2^-a; = l. f5(?/+3) = 3(aj-2)+2. 

28. { y+ 1 _ y-1 _ 6 29. ^ 2 ^ 3 

.a;—! X "^7* l^y+3'^a; — 2' 
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30. 



31. 



i(2y+7a;)-l = f(2y-6a;+l). 



1- 
3x 



6a;+ 3y+ 1 — 



6y»-24:3?+ 130 



By- 



2y — 4x + 3 
151 -16-y _ 9xy — 110 



4a;-l 



Sx-4: 



32. 



4a; + 2y 4:X + 5y 



16 



31 



= 0. 



2x + y 3 y — 2 a; 36 
5 "^ 6 ~~5 



(5x + 20y=.l. 
• tlla;- 



+ 30y = -.9. 



r x + 

34.J^- 



=0 



a; + y + 1 
y - a; - 1 



-7 = 0. 



« :^ — - + -^^ — ^7^1 = 3+y+- 



35. ^ 



9 
Saj- 10 2/-2 



171 



3 



y 



46 + lly 
57 



93. Fractional simultaneous equations in which the unknown 
numbers occur in the denominators as simple or like expressions, are 
readily solved without previously clearing of fractions. Thus, 

ri5 21 ^,^ 



Example 1. Solve : -« 



— + — = 10 
X y 

— - - 9 
Solution. 



(2) 



10 3 ' 

Dividing the members of (2) by 2, we have — = 1 (3). Mul- 

X y 

70 21 
tiplying the members of (3) by 7, — — — = 7 (4). Adding the 



X 
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members of (1) and the corresponding membei-A of (4), we have 

85 6 

~=17. Dividing by 17, -=1. .•. a5 = 6. Substituting this 

value of X in (1), gives - = 1. .-. y = 3. 

Hote. If we cleared these eqnations of fractions they would give the pro- 
duct X y, and thus become quite complex. In the solution of this particular 
class of examples it is always easier to eliminate one of the unknown numbers 
without clearing of fractions. 



2 v "^ 3 X ~ 
Example 2. Solve: < ^ 

2 4 __ 

FrocesB. Multiply (0 by f j^ + ^^ = -^ 

4 20 20A 

Subtract (3) from (2), - . _ = ^ _ 



Simplify (4), 



8 



135 X 



208 
9 • 



2 2 

Substitute in (2), ^ 312 = -8, or g- = 304. 



X = — 



0) 

(2) 

(3) 

(4) 

1 
390* 



y = 



456 



Exercise 86. 



Solve: 



1. 1'" y~ 



10. 



v. 



2. 



I 



4 


3 

X 


= 20. 




2 




5 




9y 




2a;"" 




5 

^y 


+ 


1 
4x 


17 
6 



3. < 



r 4 2 

- + - 

a; y 
11 7 



V. 



y 



X 



4 ^ 



^3 2 



16 






X 



:-5. 

3 
'2' 

1 

I2" 

5 
I2' 
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5. 



1 2 

X y 

2 1 



ta; ~ y ~ 24 



12 
5 

24 



:j- + - = - 15. 
L^y a; 



6. 



I Sy'*' 5x 



6y 



10 a; 



T, + 



= 7. 



= 3. 



2 



r 5 



13. 



1 

6 



x—\ y—1 

1^ L_ = Ji. 

U-l v-l 30' 



7 Ja;-3 .v+2 
2 3 

3^ + 2 a; — 3' 






12' 14. ^ 
1 

"12 



y 

L3y 2a; 



= 7. 



= 7J. 






8. 



x — \ y + 1 

3 4 

a;- 1 "^ y+ 1 



_5 
6 

= 2. 



15. <^ 



''5 16 „n 
- + — = 79. 

a; y 

<x y 



9. ^' y 



ri5_8__17 
I V x~ 3 



2 



8 

X 

3 

2; 



17 
3 

7 
5 



16. J 2a, 3y 
17 5 



l6y a; 



17. 

3 
"2 



10. [2 (^r ' 



+ 



2) ' 3(2y-l) 

3 5 

Ua!-10 4(4y-2) 



= 5. 



= 1. 



11. 




= 37J. 



C2 



17. ^ 



y 



_5^ 
3a; 



1_ 1 

L4y X 



_4 

27 
U 

72 
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18 J ^ - ^ y -t- ^ 19. 



, 2x 3y" 15' 
\ X — 5y -^ 4:xy _ 1 



y + 2 2 ^ 4xy 15 



19. Suggestion. Reduce the first member of the second equa> 
tion to mixed expressions. Etc. 

2o^3aj 3y-2x+l 6 21. <^ ^ 

25 16 



^ 4- 2y ^ 

x'^3y-2a:+l 



 -- =11. 
i^a; y 



94. In solving literal simultaneous equations, either of the pre- 
ceding methods of elimination may be applied, usually the method 
by addition or subtraction is to be preferred. 

Kote. Numbers occupying like relations in the same problem, are generally 
represented by the same letter distinguished by different subscript figures ; as, 
^1 i ^f <Z8 ) ^tc. ; read a one ; a ttpo ; a three ; etc. 

They may also be represented by different accents; as, a'; o"; a'"; etc.; 
read a prime; a second; a third; etc. 

Example 1. Solve: j^ ^ + '^ 2/ = « 0) 

( m^x + n^y = a^ (2) 

Process. Multiply (1) by jUj, m^mx -{- m^ny — m^a (3) 

Multiply (2) by m, m^mx ■\- mn^y — ma (4) 

Subtract (4) from (3), m^ny — mn^y = m^a — ma^, 

or factoring, (m, n — mn{) y = 171^0 — m a^ 

Dividing by «4«-mn„ am,-a,m 

Multiply (1) by «!, mriiX -{- nn^y = n^a (5) 

Multiply (2) by n, m^nx + nn^y = noi (6) 

Subtract (6) from (5), mn^x — miux = n^a — na^, 

or factoring, (mnj — % n) a; = rij a — n Oj. 



Therefore, x = 
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Example 2. Solve: - 



a + b 
x-y 



+ 



y 



a-b 

x + y 

2a6 ~ a2 + 62 



= 2a 



(1> 
(2) 



Process. Free (2) from fractions, transpose, and factor, 

{a-byx-(a-\-byy = (3) 

Simplify (1), (a-b)x+(a + b)y = 2a(a+b) (a-b) (4) 

Multiply (4) hy a-b, (a~by x+(a^-b'^) y = 2a (a+b) (a-b) « (6) 

Subtract (3) from (5), 2 a (a + 6) i/ = 2 a (a + 6) (a-b)^. 

Divide by 2 a (a + 6), y = (a—b)^. 

X 

Substitute in (1), , ■j-a — b = '2a. .•. x = (a + ft)*. 



Example 3. Solve : -< 



m n—m (m+n) (b~y) 

n{a + x) m{b—y) "~ 



+ T — = mH-n^ 



a-\-x b—y 



Process. From (1), -7 — j — r H ^ r = m 4- » 

^ -" n(a-hx) m(b — y) 



Multiply (3) by ~, 
Subtract (4) from (2), 
Simplifying, 
Substitute 



n 



n* 



n' 



-^ r»2rh-..\ = :^(^-^^) 



a + x m^(b— y) m 



(1) 

(2) 

(3) 
(4) 



m 



n* 



m^ — n^ 
m 



b-y Tn^(b-y) 

1 1 

—77 \ = 1' .\y = b — —' 

m(b — y) ^ m 

1 m » . r 

— jrp — V = 1 or r = m^ m (2), 

^\b — y) b — y ^ ^' 



n 



a + x 



= n^. ,\ x = - —a. 



1 
n 



Example 4. Solve 



( x-y+l 
• 1 x + y+l 



(1) 
(2) 
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k From(l), (a-l)x-(a-l)y = a + l (3) 

From (2), (6- I);, f (6- l)y = 6+1 (4) 

Divide (3) by a - 1, a - y = jz7 (5) 

6 + 1 

Divide (4) by 6 - 1, x + y = ^-^^ (6) 

Add (5) and (6), 2 x = ^^ £ y^ -^^-_Y^ . 

ab - \ 



(a-l)(6-l) 



2 (a - b) 
Subtract (5) .from (6), ^ 2/ = (a - l) (6 - i) 



a-6 
• J'- (a -1) (6-1) 



Exercise 86. 

Solve : 



(ax + by = m, ^ ( ax + by = a^. 

' \bx + ay = n. ' \bx + ay = 1?. 

^ ( Ix + my = n. „ (px^ 

'' \px + qy = r. Ira: — 



^qy = r, 
py = q. 



,(ax = by. ^(x + ay = ai. 

'\bx + ay = c. ' \ ax-\-aiy = 1, 



J 



b ab 

X y _ 1 



vai Ji ttibi 




^3y 2x ^ f y x 1 

^ + — = 3. ' '^ - 



5. < 



m n ' ^f\ J ^"^^ a—b a + b 

9 y 6x ^ \ y x 1 
= 3. -4-^ + 



m n ^a + 6 a— 6 a— 6 
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' \ cy + bx = a. *l« + y = c. 



y- 



12. 



hy^rn = 6'(m — r/:). 



14. 



« + y = 2. 
ma; = ny. 



15. 



my = na; + 



2 



(m — ») y = (m + «) a;. 



16. 



17. 



18. 



?? + ^ = l. 
a a^ 

^-- = 1 
«! a 

bcx = cy — 2 b. 

a{(?--b^) 2&8 



- + - = 1. 
X y 



19. 



W 71 

1 = 7n + 71. 

ny m X 

y ^ 



20. V 



2 3 

+ — = 5. 



^^ 



7?iy nx 
my TOa; 



21. 



22. 



{ 
{ 



23. 



a X — by = a^ + b\ 
{a'-b)x-\-{a + b)y=2 {a^ - IP). 

m{m — y) = n (x + y — m), 
m (x — n —y) = n{x — n), 

b a fx + y+l^m + 1 

) y — x+l~~ 771 — 1 
X + y+1 71+1 
y — x—l "~ 1—71 



a 



+ 



a + X h — y 
b a 



a 
b 
b 
a 



24. 



25. 



{ 



a-\-x b — y 

y — a; + 2 (t/i — 7i) = 0. 

(a; + 7i) (y + 7w) — (y — 7») (a? — 7i) = 2 (tw — ti)^. 



SIMULTANEOUS SIMPLE EQUATIONS. 



231 



95. SimultaneouB equations with three or more unknown num- 
bers are solved by eliminating one of the unknown numbers from the 
given equations ; then a second from the resulting equations ; and so 
on, until finally there is but one equation with one unknown number. 

Thus, 





' 2y + 2 


+ 2i; = -23 




0) 




y + 3z 


= - 2 




(2) 


Example 1. Solve: " 


Ax + z 


= 13 




(3) 




| + 3«; 


= -20 




(4) 


Process. Multiply (2] 


) hy2, 


2y + 62 = - 4 




(5) 


Subtract (6) from (1), 




-52 + 2i7 = - 19 




(6) 


Multiply (4) by 12, 




4ar + 36i; = -240 




(7) 


Subtract (7) from (3), 




z_36o= 253 




(«) 


Multiply (8) by 5, 




5a;-180r=1265 




(9) 


Add (9) and (6), 




- 178 I? = 1246. 


.'. V = 


-7. 


Substitute in (4), 




|-21 = -20. 


.'.' x = 


3. 


Substitute in (3), 




12 + 2 = 13. 


.'. z = 


1. 


Substitute in (2), 




y + 3 = -2. 


.-. y = 


-5. 



Proof. Substituting — 7 for v, 3 for x, — 5 for y, and 1 for z in 



(1), (2), (3), and (4), we have 



r - 23 = - 23 (1), 
-j " ^ = ~ ^ ^^l' identities. 



I 



13 = 13 (3), 
-20 = -20 (4), 



Hote. When the values of several nnknown nnmbeTS are to be found, it is 
necessary to have as many simultaneous equations as there are unknown 
numbers. 



Example 2. Solve: •( 



2x'^ 4y 32~4 
1 1 
i-3^=^ 

X by z '» 



O) 

(2) 
(3) 
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112 
ProcesB. Multiply (1) by 2, ^ + g^ - 3^ 



Subtract (2) from (4), 
Subtract (2) from (3), 
Multiply (5) by 6, 
Add (6) and (7), 
Substitute in (2), 
Substitute in (5), 



2 4 
Iby'^z 



I 
2 

1 
2 



= 2ft 



= 3 



5 4 
y~ z 

77 
15 y 

1 1 
X 3 

6"32 



77 
15* 



1 
2* 



(4) 

(5) 
(6) 

C7) 



•. y = i 



— -= 0. .'. a: = 



.-. « = 



3. 

2. 



r 1 1 

a; y 



= a 



Example 3. Solve : -J 1 1 1 _ 5 



1 

X z 



1 1 

y 2 



= c 



O) 

(2) 
(3) 



Process. 

Add(l), (2),and(3),^4-|4-- 



Divide (4) by 2, 
Subtract (3) from (5), 
Subtract (2) from (5), 
Subtract (1) from (5), 



1 1 1 

X y z 

1 

X 

1 

y 
1 

z 



a + b-^c 

a-\-h + c 
2 

a-\- b — c 
2 

a-f-c 



-ft 



2 
ft + c 



a 



(4) 



(6) 



2 



2 



'. a: = 



y = 



'. 2 = 



2 
a— 6-}-c 

2 
b+c — a 
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Exercise 87. 



Solve : 






2 a;— y+ 2= 9. 
x — 2y+3z = 14:, 
3a; + 4y-22;= 7. 

4:X-3y+2z = A0, 
52; + 9?/ — 7« = 47. 
9x + 8 7j-3z = 97, 

2x-3y+5z=m 
3x+2y— z= 8. 
-x+5y+2z = 21. 

3x'-3y+ z= 0. 
2x — 7y + 4:Z= 0. 
9 a; + 5 7/ + 3 2 = 28. 

a: + 2/ + a: = 5. 
3y-5x + 7z = 75. 
9y-llz+10z= 0. 

.65 y — .95 a; = .5. 
5.1a:- 3.3 5; = 6. 
20.3 2 -23.1 a; = 21. 



ax + by + cz = 3, 

7. -^ ax — by + cz= 1. 
ax + by — cz= 1. 

f,2x+.ly+.3z=: 14. 

8. < .5a:+.42^+.62 = 32. 

^.7y-.Sx-^.9z = 18. 



r 



%.{ 



X z 

•'^ + 2 + 3 = 
z y 

X y 

^^ h - = 

^3^2 



6. 



-1. 



17. 



- + ■{+- 
a c 



^ a c 

z 



\ 



X y . 

?: + " + 

a c 



= 1. 



= 1. 



= 1. 



a 2 3 , 
- + = 1. 

X y z 
^. J 5 4 6 



\ 



X 



y 



'I 1 

- + - - 

X 



z 

1 

- = m. 



y z 

12. < - - - + - =n. 

X y z 

111 

^y z X ^ 



13. 



bx -\- ay = ab. 
cx + az = ac. 
c y + b z =b c. 



234 



ELEMENTS OF ALGEBRA. 



^v + X + y + z= 14. 
2v + x = 2y + z-2. 
UJ 3v - X + 2 y + 2 z = 19, 



V X 



y 



3"^4^5"^2"" ^* 



^n — X b — y c — z 

+ - + 



X 



= 0. 



y 



15. < 



\ 



a — X h c 

+ = 0. 

X y z 

X y z ' 



15. BnggeBtion. Reduce fractions to mixed expressions. Etc. 



4 



x+2y = 9. 
16. -^ Sy -h 4z = 14:. 
7z + v = 5. 
2 i; + 5 a; = 8. 



'x + y=l. 

11. iy + z^9, 

x + z = 5. 



X y 

18.^?-? 

2 y 

1 1 

yX z 



_ 3 

z 

= 2. 

4 
3 



19. < 



( iy+Sx+z 2x+2z-y+l 
10 15 

9y+5x — 2z 2y + x.— Sz 



= 5 + 



y-2-5 



V 



12 4 

5a; + 3g 2y+3a!— 8 
4 12 



Tx-i-z+S 1 
11 "^6 



+ 22=.a:-l4 



3y + 2a:+7 



Queries. Upon what principle is elimination by addition and 
subtraction performed ? What substitution ? What comparison ? 
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Miscellaneous Exercise 88. 

Solve : 

x + 1 x — l 6 fix+y = 11. 

y 1x—y 




6 

y 



6. 



bx 



Zx 



23 
15 



3 U (« + y) + J (a; - y) = 1. 
( a (a! — y) + 6 (a; + y) = 1. 



.1 
I 

J 



X — a y — b 

—r— + = 0. 



a 



^+y — ^ , g— y 



a 



7. ^ « * 

^0 a 

4^ 



X 

+ 9=4. 

8. >' ^ 2 



= 0. 



a 



y _^x 



x + 2y = 2-iz-4:v. 
5. -^ 3y + 2aj = 3 — 421 — 5t7. 
9v-83-3 = -6a:-7y. 
^-2? = 25 — 4 2; — 16 y — 64 a;. 



9 



.1^ 



a; 



V 



^-+6 = 2. 



{rrfl — 71^) (5 a? + 3 y) = (4 771 — n) 2 m w. 



10. 



rrfly— 



amvr 
m + n 



+ (7w + ^i + a)7ia; = n2y+(w+27i)mn. 



11. 



12. 



3 1? + a; + 2 2^ - 2! = 22. 
4 a: - y + 3 2; = 35. 

.2 1? + 4 y + 2 2; = 46. 

15 a; = 24 2 - 10 y + 41. 
15 y = 12 a;- 162;+ 10. 
.18y-(72-13) = 14a;. 



X y 

13. < - + f = 11. 

a; 2; 

? + ! =-3. 



236 



ELEMENTS OF ALGEBRA. 



14. 



fx + y + z + v = 14:. 
2x+ 3y + 4:Z-\- 5v 
4:X — by — 7 z + 9 V 
Sx + 4y + 22 — dv 





(y + z + v= 5. 


64. iQ J X + z + v = 10. 


10. ^ 


X +y + v= 6. 


11. 


lx + y + z = n. 



15. 



18. 



ax + by = 2m. 
ax -\- cz = 2n, 
b y + cz = 6 p. 



{mx -\- ny + pz = m, 
mx — ny^pz = n. 
mx+py+ nz = j?. 



3ic — 2?/ , 11?/— 10 4ic — 8y + 5 45-a; 
- + 1+ — "^ = J + 



45- 



3  ^ ' 8 7 

4 ic - 2 55 aj + 71 ?/ + 1 



18 



7a; = 17 + 2;2-3?i. 
v^2Z-2(z^-2y). 

19. ^ «^ = I y - f a? - ^• 
y= 2.25 + .75?4-.5i;. 

^=11- I'.. 



20 



jax + bx — cy = m. 
\ay + by — cx = n. 



n 1 

- + - 

X y 

'a; a 

1 1 



1^ 
m 
1 

1 



22 r a;+2/+2 = a+J+c. 
\ a+a; = i+y = c+z. 



n-1x 2(5-ll.y) 17.5 + 5y 312.5-360a; _ ^ 
 ;3-a; "^ ll(y-i) ~ 3-y 36(a: + 5) 



rs 4 1 

a; 5 y z 

4 14 

k- 

^5 a; 2y « 



/^ 



= 7.6. 



- + 1 

X 



= 4 a;. 



10.16. 25. ^ - + 1 = 3a;. 



= 16.1. 



Vs 



h' 



= 2y. 
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1 



y+ 



y 



26. < 



27. 



5 

X 

y 

-^-1 = 0. 

X 

x+y = 2 rrfi. 

mn 



*-y 30.^ 



f -^^ = 70. 

x + y 

xz 
— — = 84. 

^l- = 140. 



X 



' xy _ 2 
a; + y "" 3' 



mn 

171 — 71 H 



31. < 



28. < 



- + • = 3. 



771 IV 

X y z 

m n p ^ 

X y z 



\ 



y + 2 5* 

a;2 __ 3 
a; + 2 ~ 4 * 



27W, 



a; 



n 

y 



^=0. 

2; 



32. < 



a;-f y 
X + z 



= 7W. 



= i^- 



JIZ_^ 

y-Y z 



{ax-\-by + cz = 0. 
a3:r + 62y+c3;2=0. 

^^ . ( ax + a? y = a^ y + a^ z = 2, 
\a^z + o^x = a^ + 1. 

U ^^^^ - 2(3x~2y) _ __ 5g- 
3aj-2y"" 3z-7 "^"^x- 



5z-'y_ 
3z 



«, ^j__J?L-/^i 7i(7yi + 7i) \ 

7» — 71 H I 1 §-; ; s I 

y m ^ n\ m^ + mn -{- inrj 

X "" wr 71^ 




+ 71 7W* + 771 71 + 71- 
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CHAPTEE XVII. 

PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS. 

96. The solutions of the following problems lead to simultaneous 
simple equations of two or more unknown numbers. In the solution 
of such problems the conditions must be sufficient to give just as many 
equations as there are unknown numbers to be determined. 

Exercise 89. 

1. If 5 be added to both numerator and denominator 
of a fraction, its value is | ; and if 3 be subtracted from 
both numerator and denominator, its value is J. Find the 
fraction. 

Saggestion. Let x = the numerator, 

and y = the denominator. 

r x4-5 _ 3 

By the conditions, i ^ "^ ^ 

x-3 1 

ly-3-2' 

Solving these equations, a: — 7, t/ = 11. 
Therefore, the fraction is ^y. 

2. A certain fraction becomes equal to 3 when 9 is 
added to its numerator, and equal to 2 when 2 is sub- 
tracted from its denominator. Find the fraction. 

3. Find two fractions with numerators 5 and 3, respec- 
tively, whose sum is ||, and if their denominators are 
interchanged their sum is f. 
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4 A certain fraction becomes equal to § when the 
denominator is increased by 3, and equal to ^ when the 
numerator is diminished by 3. Find the fraction. 

5. A fraction which is equal to | is increased to ^| when 
a certain number is added to both its numerator and de- 
nominator, and is ^ when 3 more than the same number 
is subtracted from each. Find the fraction. 

6. If a be added to the numerator of a certain fraction, 
its value is a ; and if a be added to its denominator, its 
value is ^(a — 1). Find the fraction. 



7. Find two numbers, such that two times the greater 
added to one fifth the less is 36 ; three times the greater 
subtracted from eight times the less, and the remainder 
divided by 9, the quotient is 7|. 

8. Find two numbers, such that if the first be increased 
by a, it will be m times the second, and if the second be 
increased by 6, it will be n times the first. 

9. Find two numbers, such that if to \ of the sum you 
add 18, the result will be 21 ; and if from | their differ- 
ence you subtract |, the remainder is 3.65. 

10. A farmer sold to one person 25 bushels of corn and 
52 bushels of oats for $33.30 ; to another person 42 bush- 
els of com, and 37 bushels of oats for $35.80. Find the 
number of dollars per bushel received for each. 

11. A farmer sold a bushels of corn and h bushels of 
oats for m dollars ; also at the same time, c bushels of corn 
and d bushels of oats for n dollars. Find the number of 
dollars per bushel received. Apply the result to 10. 
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12. A grocer bought a certain number of eggs, part at 
2 for 3 cents and the rest at 5 for 8 cents, paying $7.50 
for the whole. He sold them at 28f cents a dozen, and 
made $2 by the transaction! How many of each kind did 
he buy ? 

13. A grocer bought a certain number of eggs, part at 
the rate of a eggs for m cents and the rest at the rate of 6 
eggs for n cents, and paid c dollars for the whole. He 
sold them at d cents a dozen, and made p dollars by the 
transaction. How many of each kind did he buy ? Apply 
the result to 12. 



14. A nuniber is expressed by three digits. The sum of 
the digits is 8 ; the sum of the first and second exceeds 
the third by 4; and if 99 be added to the number, the 
digit in the units* and hundreds* place will be inter- 
changed. Find the numbers. 

Suggestion. Let z = the digit in units' place, 

and y = the digit in tens' place, 

also X = the digit in hundreds' place. 

Hence, 100 x + lOy + z = the number, 

and 100 z+ 10 y + a; = the number with the digit in units' 

and hundreds' place interchanged. 
By the conditions, 

a: + y + 2 = 8, 

x + y —4 = Zj 

100 a: + l0y + z + 99= 100z+ lOy-f ar. 
Solving these equations, « = 2, y = 5, ar = l. 
Therefore, the number is 152. 

Kote 1. In verifying, the results should be tested directly by the conditum 
of the prohl&in. Thus, in the above, the sum of 2, 6, and 1 is, as one condition 
requires, 8. The sum of 1 and 6 exceeds 2 by 4« The sum of 162 and 99 is 251 
as required. 
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15. A number is expressed by three digits. The middle 
digit is twice the left hand digit, and one less than the 
right hand digit. If 297 be added to the number, the 
order of the digits will be reversed. Find the number. 

16. A number is expressed by three digits. The sum 
of the digits is 18 ; the number is equal to 99 times the 
sum of the first and third digits, and if 693 be subtracted 
from the number, the digit in the units' and hundreds' 
place will be interchanged. Find the number. 

17. The sum of the three digits of a number is n; the 
number is equal to a times the sum of the first and third 
digits, and if m be subtracted from the number, the digit 
in the units' and hundreds' place will be interchanged. 
Find the number. 

18. If a certain number be divided by the sum of its 
two digits the quotient is 3, and the remainder 3 ; if the 
digits be interchanged, and the resulting number be di- 
vided by the sum of the digits, the quotient is 7, and the 
remainder 9. Find the number. 

19. If a certain number be divided by the sum of its 
two digits the quotient is a, and the remainder b ; if the 
digits be interchanged, and the resulting number be di- 
vided by the sum of the digits, the quotient is c, and the 
remainder m. Find the number. 

20. The sum of the three digits of a number is 16. If 
the number be divided by the sum of its hundreds' and 
units' digits the quotient is 77 and the remainder 6 ; and 
if it be divided by the number expressed by its two right- 
hand digits, the quotient is 16 and the remainder 5. Find 

the number. 

16 
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21. The sum of the three digits of a number is 9. If 
the number be divided by the difierence of its hundreds' 
and units' digits, the quotient is 157, and the remainder 1; 
and if it be divided by the number expressed by its two 
right-hand digits, the quotient is 21. Find the number. 

22. A, B, and C can together do a piece of work in 12 
days ; A and B can together do it in 20 days ; B and C 
can together do it in 15 days. Find the ^time in which 
each can do the work. 

Suggestion Let x = the number of days in which A can do it, 
and y = the number of days in which B can do it, 

also 2 = the number of days in which C can do it. 

1111111 111 

Theequationsarej+-+- = j2' x + y = 20' ^^ y + ? = Is' 
from which a; = 60 and y = 2 = 80. 

23. A and B can do a piece of work together in 48 
days ; A and C in 30 days ; B and C in 26f days. How 
many days will it tate each, and how many altogether, to 
doit? 

24. A and B can do a piece of work together in a days; 
but if A had worked m times as fast, and B n times as 
fast, they would have finished it in c days. How many 
days will it take each to do it ? 

25. A drawer will hold 24 arithmetics and 20 algebrarj; 
6 arithmetics and 14 algebras will fill half of it. How 
many of each will it hold ? 

26. A purse holds 19 crowns and 6 guineas ; 4 crowns 
and 5 guineas fill ^J of it. How many will it hold of 
each ? 
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27. A purse holds c crowns and a guineas ; Ci crowns 

and Ui guineas will fill — th of it. How many will it hold 
of each ? 

28. A and B together could* have completed a piece of 
work in 15 days, but after laboring together 6 days, A was 
left to finish it alone, which he did in 30 days. In how 
many days could each have performed the work alone ? 

29. Two persons, A and B, could finish a piece of work 
in m days; they worked together a days when B was 
called off and A finished it in n days. In how many days 
could each do it ? 

30. A can row 8 miles in 40 minutes down stream, and 

14 miles in 1 hour and 45 minutes against the stream. 

Find the number of miles per hour that the stream flows, 

also that A rows in still water. 

SnggeBtion. Let x = the number of miles per hour that A can 

row in still water, 

and y = the number of miles per hour that the 

stream flows. 

Then, x + y = the number of miles per hour that A can 

row down the stream, 

and X — y = the number of miles per hour that he can 

row up the stream. 

Since the distance divided by the rate will give the time, by the 

conditions, 

8 2 . 






x + y" 3' 
If- 



x-y 

31. A can row m miles in h hours down stream, and mi 
miles in hi hours against the stream. Find the number of 
miles per hour that the stream flows, also that A rows in 
still water. Apply the result to problem 30. 
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32. A boatman sculls down a stream, which runs at the 
rate of 5 miles an hour, for a certain distance in 3 hours, 
and finds that it takes him 13 hours to return. Find the 
distance sculled down stream, and his rate of rowing in 
still water. 

33. A man who can row at the rate of 15 miles an hour 
down stream, finds that it takes 3 times as long to come 
up the stream as to go down. Find the number of miles 
per hour that the stream flows. 

34 A waterman rows 30 miles and back in 12 hours; 
and he finds that he can row 3 miles against the stream 
in the same time as 5 miles with it. Find the number of 
hours in going and coming respectively ; also, the number 
of miles per hour of the stream. 

35. A waterman can row down stream a distance of m 
miles and back again in h hours ; and he finds that he can 
row b miles against the stream in the same time he rows 
a miles with it. Find the number of hours in going and 
coming, respectively ; also the number of miles per hour 
of the stream, and his rate of rowing in still water. 



36. Five pounds of sugar and 3 pounds of tea c6st 
$2.05, but if the price of sugar was to rise 40 %, and the 
price of tea 20 % they would cost $2.82. Find the num- 
ber of cents in the cost of a pound of each. 

37. If I pounds of sugar and h pounds of tea cost m 
dollars, and the price of sugar was to rise a%, and the 
price of tea h 7o, they would cost n dollars. Find the num- 
ber of cents in the cost of a pound of each. 
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38. The amount of a sum of money, at simple interest, 
for 11 months is $1055; and for 17 months it is $1085. 
Find the sum and the rate per cent of interest. 

39. The amount of a sum of money, at simple interest, 
for m months is a dollars ; and for n months it is h dollars. 
Find the sum and the rate of interest. 

40. A grocer mixes three kinds of coffee. He can sell 
a mixture containing 2 pounds of the first kind^ 9 pounds 
of the second, and 5 pounds of the third, at 18 cents per 
pound ; or one composed of 6 pounds of the first, 6 pounds 
of the second, and 9 pounds of the third, at 19 cents per 
pound ; or one composed of 5 pounds of the first kind, 2 
pounds of the second, and 18 pounds of the third, at 22 
cents per pound. Find the number of cents in the cost of 
a pound of each kind. 

41. The fore-wheel of a carriage makes 6 revolutions 
more than the hind-wheel in going 120 yards ; if the cir- 
cumference of the fore- wheel be increased by \ of its pres- 
ent size, and the circumference of the hind-wheel by \ of 
its present size, the 6 will be changed to 4. Find the 
number of yards in the circumference of each wheel. 

42. The fore-wheel of a carriage makes a revolutions 
more than the hind- wheel in going h feet. If the circum- 

Ttl- 

ference of the fore-wheel be increased by — th of itself, and 

s ^ 

that of the hind-wheel by - th of itself, the hind-wheel 

r 

will make c revolutions more than the fore- wheel. Find 
the circumference of each wheeL 
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43. A grocer has two kinds of coffee. He sells a pounds 
of the first kiud, and h pounds of the second, for m dollars; 
or, ai pounds of the first kind, and 61 pounds of the second, 
for vix dollars. Find the number of dollars in the price of 
a pound of each kind. 

44. A jeweller has two silver cups, and for the two a 
single cover worth 90 cents. If he puts the cover upon 
the first cup it will be worth IJ times as much as the 
other ; if he puts it upon the second cup it will be worth 
l^j times as much as the first How many dollars in the 
value of each cup ? 

45. A jeweller has two silver cups, and for the two a 
single cover worth a dollars. If he puts the cover upon 
the first cup, it will be worth m times as much as the 
other ; if he puts it upon the second cup it will be worth 
n times as much as the firat. How many dollars in the 
value of each cup ? 

46. A broker invests $5000 in 3's, $4000 in4's,and 
has an income from both investments of $315.50. If his 
investment had been $1000 more in the 3's, and less in 
the 4's, his income would have been $5.50 greater. Find 
the market value of each class of bonds. 

Note 2. 3*8 means bonds which bear 3 % interest. The " quoted " price of 
a bond is its market value. Thus, a bond quoted at 116i means that a $100 
bond can be bought for $115.50 in the market. 

47. A broker invests m dollars in a's, n dollars in c's, 
and has an income from both investments of h dollars. If 
his investment had been d dollars less in the a's, and more 
in the c's, his income would have been p dollars less. Find 
the price paid for each kind of bonds. 
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48. A and B do a piece of work together in 30 days, 
for which they are to receive $160. But A is idle 8 days 
and B is idle 4 days, in consequence of which the work 
occupies 5jJ days more than it would otlierwise have done. 
Find the number of dollars received by each. 

49. A and B do a piece of work together in m days, for 
which they are to receive c dollars. But A is idle a days 
and B is idle b days, in consequence of which the work 
occupies n days more than it would otherwise have done. 
Find the number of dollars received by each. 

50. The amount of a sum of money, at simple interest, 
for 5 years is $600; and for 8 years it is $660, Find the 
number of dollars in the sum, and the rate of interest. 

51. The amount of a sum of money, at simple interest, 
for a years is m dollars; and for b years it is n dollars. 
Find the number of dollars in the sum, and the rate of 
interest. 

52. If a grocer sells a box of tea at 30 cts. a pound, he 
will make $1, but if he sells it at 22 cts. a pound, he will 
lose $3. Find the number of pounds in the box, and the 
number of cents in the cost of a pound. 

53. The smaller of two numbers divided by the larger 
is .21, with a remainder .04162. The greater divided by 
the smaller is 4, with .742 for a remainder. Find the 
numbers. 

54. The smaller of two numbers divided by the larger 
is a, with a remainder m. The greater divided by the 
smaller is b, with c for a remainder. Find the numbers. 



248 ELEMENTS OF ALGEBRA. 



CHAPTER XVin. 

EXPONENTS. 

97. An Exponent is a figure or term written at the right 
of and above a number or term (Art. 21). 



m 



m 



Thus, in the expressions 5^, a*, 6", and (a + 6)*; 2, c, — , and 3 
are exponents. 

Zero Exponents. When the dividend and divisor are 
equal the quotient is 1. 

Thus, ^=1; ~4=i; ~i=A; ~ri=i> etc 

» 32 » a* * a? ' a** ' 

But (Art. 30), 32 = 32-2 = 30;^ = a^; -, = a^ ^ = a^ etc 
Therefore, it follows that a® = 1. Hence, in general, 
I. Any expression with zero for an exponent is 1. 

The Beciprocal of a number is unity divided by that 
number. 

Thus, the reciprocal of n is -; of n + m is — ; 

Negative Integral Exponents. 



Divide by a*, a-^ = -^ . 



1 
a»» X a-» = a«-* = a® = 1. 



Divide by a", a-'» = — . Hence, in general, 



a' 
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II. A negative integral exponent indicates the reciprocal 
of the expression wUh a corresponding positive exponent. 

The expression a", where n is any positive integer, represents tht 
product of Ik eqwd factors, each equal to a. It has been shown that : 

Art. 21, a"* X a" = a*+*. 

Art. 30, a^ -7- a* = a**-^, where wi is greater than n. 

Art. 30, a^ -7- a*= ,_m , where m is less than n. 

Art. 27, (a*)" = a"**, whatever the vahie of m. 

Thus, 

By Art. 21, a* X a" X a* X .... a* = a»+«+ **+••"•. 

Take n factors of a^ a^, a', a"*, and suppose each of the n ex- 
ponents equal to m, then it follows that 

(a*")" = a**. Hence, m can 
be positive or negative, i itegral or fractional, 

1 



By II., 


a* 


Multiply by a*". 


a* 
a-» X a"» = -r^ • 
a* 


If m is greater than r 


I, Art. 30, ^ = a"«-» 


Therefore, 


a-* X a" = a"*"*. 


If m is less than n. 


a* 1 


By II., 





Therefore, a-" X a"* = a*"-" for all possible integral 

values of m and n. 



98. By Art. 27, (a 6)* = a* x &". 

Therefore, a* 6"= (a 6)* 

Similarly, a" X 6" x c" x ..../>"= (o6 c .... p)' 
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If n is a negative integer, 

11* 
a^Xb^ (ab)^ ^ * 
Similarly, 

a-" X 6-" X c-» X ....;)-»= (aftc .... /?)-*. Hence, in 
geneial, 

I. The, product of two or more factors^ each affected with 
the same exponent, is the same as their product affected with 
the exponent. 

By IL, Art. 97, a''-Tb'' = a'^b-*. 

Also, a» 6-"= (a &-!)»= f^j. 

Therefore, a^-7-b^= (?). 

Similarly, a-^ -rb"* = It) . Hence, in general, 

II. The quotient of any two factors, each affected with 
the same exponent, is the same as their quotient affected with 
the exponent 

niustrationB : I. 2^ X 3^ = (2 X 3)2 = (6)2 = 36 ; 2« X 3« X 4* 
= (2 X 3 X 4)8 = (24)8 = 13824 ; 2-2« X 3-2« X 4-2* = (2 X 3 X 4)-2* 
= [(24)2]-n = (676)-» = 5^ ; (f r« X (|)-2 X (i)-2 = ( J X f X i)"* 



-16\-« 



II. 242 4-62 = (Y)2 ^ (4)2 = 16 ; (- 16)- 8-^ (-4)-8 = {-^ 

These examples are said to be simplified, that is, they are expressed 
in their simplest forms. 



EXPONENTS. 251 



- Exercise 90. 

Simplify : 

1. (717 X («8)2 X («)»; a)' X (2)' X (§)» H- (|)«. 

2. (a;- jr")' ^ (^~ V")'; (216 a?»)* -^ (54 y-*)*- 

3. (I af X (I x-^; (a:^)"" X (J)~'; (x)* X («->)«. 

4 (a;)- X (o:^)"; (I)-" X (I)- X (2)-; (a-Hf X (,ab-^^ 

5. (2 w)w X (2-1 m)" ; (a &-» c-2)8 -=- (a-i J-^ c-* m")». 

6. (4a*»a;«)-"-=-(2-2a-8»a:-62/")-"; (a;-iyi)-8-^(a;iy-i)-3 

7. a---x(3&»-)-x(ci)-"; {xy- -^{^f-. 

8. ^a-2 6)-2 X (« 6-8)-'; (a* 6» + a«)-8 + (a«- a« 68)-8 

9. (^y X (J^)" X (|)" ; (a2" + a" i^")-* X (a" - 6*")-^ 

10. (a-i)-^ X (a:*)-« X (a:"')-* X (a*)"" X (fti)"". 

11. («"+»)" X (6="-';" X («")" X (b-'Y; a^ ^ (2 a)8. 

12. a-2 X (2 «)-» - (0"*; (2 a-2)-8 x (^f\~^ X (| a)"' 

13. (a-i v^r" X (a;-2V^6)-8. („^)2» ^ (j^)'' x (c«)2-. 

14. (2")-" X (2»-i)-" x (2-2"-i)— X (2-*"+')-" X (4")-"- 

15. (2»+i)'" X (2-"'+")"' X (2"'-!)"' X (4— »)" -r-(16)~". 

16. lix - ?/)-«]- X l{x + y)-]-8; (f)"" X (f)"" - (|)-. 
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99. Positive Fractional Exponents. If m and n are both 
positive integers, 

(a*/ = a*". 



m 



Take the nth root of both members, a« = va*". 

m 

Therefore, a* means the nth root of the mth power of a, or the 
mth power of the nth root of a. Hence, 

The numerator, in a fractional exponeni, denotes a power, 
aoid the denominator a root. 

The denominator of the exponent corresponds to the index of the 
root Thus, (81)f = v^(8l)« = (^81)8 = (3)» = 27. 

In a" = /y^a*", m is the index of the power, and n is the index of 
the root ; also a, m, and n may be any numbers. The expression 
may be raised to the power indicated by the numerator of the expo- 
nent and then extmct the root of the result indicated by the denomi- 
nator; or, extract the root first and then raise the result to the power 
indicated by the numerator of the exponent. Thus, 

(-8)f = '^FS? = >>?^64 = 4 ; or, (-8)1 = i^^Y = (- 2)« = 4. 



"» m 



Notes: 1. a-« is read "a exponent —to;" a" is read **a exponent -;" 
fit ^^^ 
a~ » is read " a exponent ." These are abbreviated forms for " a with an 

exponent — to ; " etc. 

m 

2. It is nmnifestly incorrect to read a» "the _ th power of a." There is 
no such thing as a fractional power. 

3. We must be careful to notice the difference between the signification of a 
fraction used as an exponent, and its common signification. Thus, f used as 
an exponent signifies that a number is resolved into five egual factors, and the 
product of four of them taken. 



m m Xe mc 



100. By Art. 73, a*' = an^e = qnc ; 



m fn-5-c 



also, a" = a» -^ « = a«. Hence, 
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L Mvitiplying or dividing the terms of a fractional ex- 
jponent by the same number wUl not cJiange tJie value of the 
expression. 





X 


But 


* X '- ^V * 


and 


^a^ = V^. 


Therefore, 


Qmn— ^ J^a, Hence, in j^eneral, 



II. The xaxith root of a number is equal to the mth root 
of the nth root of that number. 



ninstratioiiB. 



101. Negative Fractional Exponents. If m and n are 

both positive integers, 

( --Y 

By II., Art 97, a-» = — . 

Take the nth root of botb members, 

a » = — . Hence, 

Any expression affected with a negative fractional expo- 
nent is equAd to the reciprocal of the expression ivith a cor- 
responding positive exponent. 

_m 1ml 

Notes: 1. From the relation a *• = -^, a« = — „ • Hence, the method of 

a» a *» 

Art. 30 is true for fractional exponents. 

2. Any factor of the dividend may be removed to the divisor (or from the 
numerator to the denominator of a fraction), or any factor of the divisor to 
the dividend, by changing the sign of its exponent. 
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niMtratlon.. a"' = ^j = ^ ;(*)-*= ^p = | = j; ^ = a"* ; 

[(i)"' X (ir* X 4-»]« = (i)-5'<* X (J)-»>'« X 4-*x« = (i)-^ 

„._! _i 1 1 1 2* X 3 3 / >\_ 

X (i) X 4 • = ^« X J X -, = -2i- = 4; (x-» -^a;-'-')" 

102. (a»6»)"=a6. 

Take the nth root of both members, 

ill i ± 

Similarly,* a»x &"X c»X ....;>" = (a6c jd)^. Hence, 

The prodvjct of two or more factors ea^h affected with the 
sa77ie root index, is the same as their prodiict affected icnth the 
root index. 

In the same manner we can prove that 

Notes : * 1. If we suppose that there are m factors of a, 6, c, ... . j», and that 
each factor is equal to a, then it follows that 

Va»/ = (a"*)**. 

By Art. 99, Va"*/" = «». 

i -V - 
Therefore, \a«/ = a». 

2. Similarly, Kcvn) z=.a. Hence, 

The nth power of the uth root of a number is equal to that number. 

niustxations. (i)* X (f)* X 8* = (J X § 8)* = ^/^ = f ; 
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103. (a» X a*)** = a"»«+"*. 

m 6 j_ 

Take the ncth root, a» x a« = (a"««+**)''*. 

By Art. 99, (a*«+**)"* = a»"^c. 

Therefore, a« X a« = o»^-. 

m 6 r I m,b,r t 

Similarly, a» X a« X a» X •••• a« = o» « i"*" **i. Hence, 

I. J%e prodtLct of severed expressions consisting of the 
same factory affected with any exponeni, is the factor with 
art exponent equal to the sum of the exponents of the factors. 

By Arts. 101, 21, €^-T-<u = a^Xcr* = a^ «. Hence, 

II. The quotient of two expressions consisting of the same 
factor^ affected uith any eocponent, is the factor xoith an 
exponent equal to that of the dividend minxis that of the 
divisor. 

mustrations: I. 6* X 5"* X 5 = 5*"*"^* = 5* = ^125; 
X* X X® X a* = a;*+*. 

II. 2* ~ 2* = 2^"* = 2* = ^2 ; (a + 6)' -r (a+ 6)* = (a + 6)^"* 
= (a + &)"*• 



Exercise 91. 

Simplify : 

1. 16-* X 16-4; 25-i X 25i; a?^ X a:^; «-* X </7i. 

n n 62» as _^2 m 

2. a^XaSxa^; ri-^* x n ^; m "X?/» "; 2-^^/2. 

a m 1 2 fi n 

3. y~" X y • ; a* -f- a ^; a* X a8; (a«)» -=- (a«)l. 

4. (-2)-i-i-(-32)-ij a*-5-aJ; {gr^)-^ ^ {xf)-\. 



256 ELEMENTS OF ALGEBRA. 



5. af-T- a?«; a ^ -^ a ^~ ; (a - 6)i -r- (ai + bi)i, 
8. (a - 2 xy X{ci-2 xf X (2a: - a)^ x (a - 2 a:) 2". 



m 



10. (a; + y)"-' -7- (a: + y)""; a3'=+2» -=- a^'-^"; jiA -j- »i. 

12. (« + 6)-X(« + 6)-; (^_)^(^-^^j. 

13. at -^ ai; 2" x (2")—' X 2'+^ X 2"-i x 4"". 



104. [(„:)?]"' = („")- = «-'. 

Take the n g'th root of the first and last members, 

m\p mp 

f m r t \p mp : 

Similarly, ^a» 6» cm ..../« = a»»« 6 



* ^ a2-6» 



mp rp t_p 

«?C«? 



The principles of this chapter are true, whatever the values of 

a.h^Ci ,*,.m, n, p, and q ; that is, a,h^c, m, n, p, and 7 cati be 

positive or negative^ integral ox fractional. 
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niustratioiis. (2' X 3* X 4-0* = 2*^» X 3*^* X 4-«^i = 2« 
X 2^ X 3* X 4-1= \/2 X \/3; 1 L(a'""Srr«Jf(^-T- ILva^/dilt 
= L\a » / "tJi j» -f Wamjnjp t = a » ■• — a"* « = a* -r a = a. 

105. negative and Tractional Boot 

1 



Va- = a- = a • = - = -^ 



_ I 1 1 

Similarly, ^a* =z a » = a » = — = -7-—. Hence, 



c 



-4 negative root index, either integral or fractional, indi- 
cates the reciprocal of the expression with a corresponding 
positive index. 

Note. Since it is impossible to extract a fractional or negative root, or raise 
an expression to a fractional or negative power, in order to perform the opera- 
tion indicated by snch indices some preliminary transformations roust be made. 

=8 -1^ I 1 1 



= (2aa«)» = 8a«; ■:^4-« = 4-« = 4 ; ""^/It = -^ = j - (38)5 

- I - J_ -L. = i- = J- = L. 
-■3«-243' L-- ? a^- ^a-- 



Exercise 92. 

Simplify : 

1. 1^27; '^/l&^ 1^32 m-io; Vsfa-^; V^. 

2. 1^8; [(68)2 (a*)M&"^) («"**" W; >^8a"6-ic»-2 

17 
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6. "•^27"^; (4a;-t)-i; (aJ-i «-«)* (a-ij-^c-*)-*. 

« 

7 /w_yM/wx\i/_.y2^\J %/ «_^ J mj. ./16 
\^/ \?/V Wn^; ' V5«2mj»c»i' V25' 



(2;«+V 



1 xoa-frs 



Queries. What does a negative exponent indicate ? A fractional 
exponent ? A negative fractional root index ? Any expression with 
for its exponent = ? Why ? What is the product of ol and a* ? 
Prove it. 



Miscellaneous Exercise 93. 

Express with fractional exponents and negative power 
indices : 

1. "V^^ 'V^\ ^^; "a/^; (^)^ '^'^fV\ 



m 



Express with radical signs and negative integral root 
indices : 

m O 

3. a""t; aijic""i: 4a6"t; ToT'^x *: — i* 
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Express with radical signs and fractional root indices : 



i 

« m 



4. a« ; (4 a^a ; ai hi c* ; a* 6* ; a* J**; 



a;y. 



Sxpress with fractional exponents and fractional power 
indices : 

m 1 

Express in the form of integral expressions : 



6. 



c-a' abc' n-r -fPi' ^^' H,-|' aH-f 

u 

Express with literal factors transposed from the numera- 
tors to the denominators: 

Simplify and express with positive exponents : 

8. V^\ v'S^; v/«H"; "'^'o^; a""; [\/a8 ^ V^p. 

2 ai X 3 a-i a J2 x «"» x v^ ,y 5 5,-^ 

'• V^3 ' vP ; V^^Vm^. 

10. a;-ix2iB-i; (^V*; a» X ai X a"*. 

11. -^4F?; (I^a)"*; V^n X v^T^. 

12. aUiaxa-H-ic-i; (l^V; y/^. 
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13. aibici Xa-ib'ici; \^\ ^{x-iyh)\ 

14. yjx \l X "; {x + yf X ni X n—h x Vn. 

15. yCm'V^^i)"'; ya'J"; ^f^)"^' "^'a^. 

16. (m-i iJ^a)-8 X ^C^Ca-a V^"; y a:*+* + ^ . 

17. ^a-+*62-*H-(*-r")*; l^^li^,. 



a;— 1 



18. V(a; + y)6x(a! + y)-f; -^; ^(a;-y)-s^^(a; + y)' 






'4-f- 



1 \o 



Saj-" (mO+ wO)-^ / 2-8 ] {m. + nf{m—nf 

(m-n)i ■' U-«"-*-*V  

2" ("2"-*")" 1 2"+* 4"+i 

^^- 2»+i X 2**"^ 4""' (22'*)"-i ' (2*"^)*"*"^" 

I 9" X 3 X ^— ii ) — 27* . „ J . , „ j^ 
23. .^ s^-x9 ^ V2" X 3H"'n5*** X 6""*r*. 
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Multiply : 



m ( 



24. a* & i — a^^ 6" 2- + 1 by a*" }r^» + 1. 

25. a* + a^^¥' 4- ft^' by a* — a«»6<- + &«■• 

26. a* 6 '" — a*6 "-ha ""h^—a »&• by a"6 • + a~"6*. 
Divide : 

Sm 3 S * JUL mf f 

27. a » 4- a" 62» + fti by a* + a^ b*~' + b^\ 

28. a;**^'— ^^ — ^-{«"-i) by af'^'— ^' ± y«(— « 

29. a:'"-* - 3^^'"-* by a;*—' + 2^'"-«. 

30. x*"'--*" - 2/*«»-2« by a:*"*"*" ± 3/"'-"'. 

31. «*»— a:«+4a*M<"«— 4a2n-^2. by a^^^- 2a*»a:*- — a*'. 

Sit 11 t» w •» 

32. a"2H-a-t» by ais-frt-J; nyt+ma:* by n^yi+m^xi. 
Separate into two factors : 

33. a-i-&; a-f-J-f; a^ - &-«". 

Expand : 

34. (a-i5-6-ix)*; (x-2a;-i)3; [(«-!_ a?)*]". 

Eesolve into prime factors, and find the products of: 

35. v'U, 4^2, v^, 4/64. 

36. 4/12. aV72, 'C^, ^64, iJ^576, V24: 
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Find the cube roots of : 

37. a*+fa+|«4+J; Slr^-Ua-^^+Qar^bi-ar^bl 

38. 8 a-2 - 12 a- V + 6 a-l - ari. 

39. a?-9x+27x-^-27ar\ 
Find the 6th roots of : 

40. «=« + ^-6(a^ + ^) + 15(a^+i)-20. 

41. 729 - 2916 a^" + 4860 a*' - 4320 ««" + 2160 a«" 

- 576 a«>" + 64 a^\ 

42. ar»a-6arW + 15a:-8-20a;-8+15a;-*-6a;-« + l- 
Simplify and express with positive exponent : 

43. r/^^' + iy-; - H- ^yi6. 

' " y/4"-' x4*+» 

aH-^ [(8 « - 6 Sy"]"' „ « 

9(a^ + y + 2P)-2»«3' [(4a-3J)6"]2"' '^ ^" 2^- 

(20a; + 8a-'t^ - 12y*)\ (m" + n«f (m? - n^^ 
^' [4(ar2 + /y]n ' ; ot8-«« 



I— O 
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CHAPTEE XIX. 
RADICAL EXPRESSIONS. 

X06. A Said is an indicated root that cannot be exactly 
obtained ; as, V5 ; V| ; Va^. 

The Order of a surd is indicated by the root index. 

Surds are said to be of the aecond, thirds fourth^ etc., or nth order, 
according as the second, third, fourth^ etc., or nth roots are required. 
Thus, y'a, y^a, \/6, etc., ^x, are quadratic, cubic, biquadratic, 
etc. 

Surds are of the same order when they have the same root index ; 

as, \^b, A^a\ aud ^6*. 

A surd is in its simplest form when the expression un- 
der the radical sign is integral, and in the lowest degree 

possible; as, \^32a* = v^WaTxTa = 2 a \/Aa. 

Similar or Like Surds are those which, when reduced to 
their simplest forms, have the same surd factor ; as, 3 VS 
and V3 ; 2 a Vh and c V^. Otherwise the surds are 
dissimilar. 

Hotel : 1. When a surd is expressed by means of the radical sign, it is 
called a Badieal Ezpresiion. 

2. An IrratUmal Ezpresiion is one which involves a snrd ; as, V3 ; 

8. An indicated root may have the form of a surd, without really being a 
surd. Thus, Viand ya» have the /on» of surds. 

4. Rational factors or expressions are those which are not surds ; as, 2; 
fl* re — 6« y. 

5. fiSnce a» » a^P^ surds of the form Vw^ and Vo^p are equivalent surds 
of different orders. 
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6. A Mixed Surd is the product of a rational factor and a surd factor ; as, 
a Vb; 3 V6. 

7. An Entire Bnrd is one in which there is no rational factor outside of 
the radical sign; as, V2; va^; Vx. 

8. A biwmiial nird has two terms, and involves one or two surds; as^ 
a-{-b Vx; ayx — h yy. A compound surd or polynomial has two or more 

2 — 8— 4 — 

terms, and involves one or more surds ; as, V2 + 3 V4 -> 5 t^3 ; 
a + b-c + 2Va. 

9. Quadratic surds are of most frequent occurrence. 

107. The methods for operating with snrds follow from an appli- 
cation of the principles of Chapter XVIII. Thus, 

J = Vf 2 a2 b* = ^(2a2 68^« = ^8^?6»: In general, 

n 

a = a^ = a^= ^a\ Hence, 

I. To Reduce a Bational Factor to the Form of a Surd of 

any Order. Raise it to the power indicated by the root index, and 
place it under the radical sign. 



2 \/3 = ^/¥x3 = ^12. f ^9 = v^(})» X 9 = >^|. In general. 



» 1 



a ^x = an X" = {aH^Q^^ = ^a^x. Hence, 

II. To Change a Mixed Snrd to the Form of an Entire Surd. 

Reduce the rational factor to the form of the surd, multiply by the 
surd factor, and place the product under the radical sign. 

V72 = ye^X 2 = 6 V2. ^1029 a* = (7»a« X 3a)l = 7 a >^3a. 

2^-2 i«/i^ -^JBl^ m ^VlL _ ?//lLxW 

a I ^a 4^ 

~ 2 V 2*a* = } V8 «• In general, 

Hence, 
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III. To Seduce a Surd to its Simplest Form, if the surd is 

integral, remove from under the radical sign all factors of which the 
indicated root can be exactly obtained. 

If the surd is fractional, multiply its numerator arid denominator 
by such expression that the indicated root of the denominator can be 
exactly obtained. 

Vi X Vl X V^ = Vi X f X 8 = y'a. 

"K^Wa X \/a^ = \^2^ a x a'^ = a y/l. In general, 



^aX ^6X 'l/cX .. . v^ = a*X6*Xc»X ....p^ = (abc ....pY 

= ^a be p. Hence, 

IV. To Find the Product of Two or More Surds of the Same 

Order. Take the product of the expressions under the radical signs 
and retain the root index. 

In general, 

^x-_.^^-=^j«=Y/- Hence, 

y. To Find the Qnotient of Two Surds of the Same Order. 

Take the quotient of the expressions under the radical signs and 
retain the root index. 

\/^64 = -^64 = 2. ^(/ V256» = 1 J/(28)^ = 2^ = 4. In general, 
^'^ = (o")" = a^ = "^5. Hence, 

VI. To Find the 77{th Boot of the ntb. Boot of an Expres- 
sion. Take the mnth root of the expression. 

Hote. It is sometimes easier to perform operations with surds if the arith- 
metical numbers contained in the surds be expi'essed in their prime factors^ and 
fractional exponents be used instead of radical signs. 
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Exercise 94. 

Express in the form of sui*ds of the 3d and nth orders, 
respectively : 

1. J; |; 22; 4"; 2a"; 3abc\ 3x; cfi; af; afy*. 
Express as entire surds : 

2. I a/2; Jv^3; 5^/32; fV^; 16\/|||; abVb7. 

3. a^J^^HT^; 3a2v^aP, J^i^. 2a:^£^; 1-^91. 

4. 21: V 4^ » ^^ ^^^ ' SaicVoTT^; ^\^^' 

5. 5 a; V 25 a: ^; (m — 1) V ?» V — ; 

^^/?E3.. ;</£!;, ly/Efl, e.^f . 

a — x^ ax y^ of ^ a:"» yS' ^ da 

Express in their simplest forms : 

8. V288; 3 VlSO ; ^- 2187 ; fA/OOf; 2 vWo^. 

9. V3J; ^Tfj; ^; ^l029;V|; V^; -^j. 



10. Vt; -7i; v'-108a*68. !^352«*Jio. y/^ 



m^nx 



11. iJ^rtiOft-OtS' + i; — ^.-V 6-5' -Z4-\/ 
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12. ^7^^; ^7290a8"i8"-^»; V^^; v''^'^*V" 



V586 



13. V(a; + y) (ar» - y") ; Vaa;* - 8 aa: + 16a. 



14. _^v^ZElp±ZZ; -50715-^1^ V"- 

Simplify : 

15. Vl2 X Vis X V24; V54 -f- V6 ; ^VcJ. 

16. '\?'I6X^^=^X^128; [^J^l28a^^6^]-j-V^9a» 



17. ."/V/^'t^'x V50a8 66-^ V'32a68. 



• sl^l^' 



18. v^2fi a8 m* X V^IO^ a^m^x^ x V^o^ a^ w? ^, 

19. ('^53a«fe» -h -^25 a* 6«) x </Vlha^b X ^PT??. 

20. (V6^ -^ VP^) X v^54a* H- <^Wa: </'ir^. 

21. (^^TfcT^'i X ^n-H-^c) -^ (v^x-ioyo X v^x^Oy-io)/ 

22. (^|^^)V'V20736; v^4^^^^ - v^^. 



23. Vf a8 X Vf a-2 X V| ai X \/2.5 a"*. 

24. C/\/<^W^^~ir^; (16 a«62)J x (a J 6i)2 -=- ^2 ai &. 

108. >^2 = **'^2i^= '^S. 3>^22 =3*^)^2a><^ = 3iSJ/16. 
In general, 



^}ip zzan (n> p) = a"^^ = "^a*"». Hence, 
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I. To Sednce a STird, in its Simplest Form, to an Equivalent 

Snrd of a Different Order. Divide the required root index by the 
root index of the surd, and multiply the power and root index by the 
quotient 



^2 =»^!C/2i^ = "^^2T">nr=M/64, 



The L. CM. of the root 
indices (3, 9, 6) is 18. 
In general, 



ptn 

J^ = a»« (n > j9) = "^"l^/ar^. 

Y^6w = ft"*" (m > pi) = ".y^^i^ Hence, 



II. To Sednoe Snrds, in their Simplest Forms, to Equiva- 
lent Snrds of the Same Lowest Order. Divide the L. C. M. of 

the indices by each index in succession. Multiply the power and 
root index of the first surd by the first quotient, of the second surd 
by the second quotient, and so on. 



Exercise 95. 



9/7: 



Express as surds of the 12th order : 

1. ^2; ^3; |^; 3^2; ^a^\ ^4; \ 

Express as surds of the nth order, with positive expo- 
nents : 
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Eedace the following to equivalent suids of the same 
lowest order: 

4 V5, '^11, 4^; V2, ^/l, y/l; ^, V3, ^6. 

5. ^% ^l, \^; \^7, ^5, v^B; Va, ^a\ 

6. v^^, Vo; '^^, </a^ y^a^; v"^, v^x" 

7. Va. ^5b, 4^We; VTa, V3b. ^4^. 

8. Vat?, \^a^3fi; Vm, Vn, Vi> Vmnx. 

9. v^, -^63, iJ^ ; 4 -^5^, 2 -^27^ 10 a VU. 

109. }V6=V(f)'X6=Vl =VE 

In general, 

a ^x — (a* xy = /^J^a" x, 

_ i_ 

^ V^y = (^"y)* = ^h*y. Hence, 

I. To Compare Surds of fhe Same Order. Reduce them to 

entire surds, and compai-e the resulting surd factors. 

/Y32 

i^l ^ ^(f)» X 2 = ^{^Y X 22 = ^45.5625, 

3 VI = V3^X * = ^3« X (1)8 = ^^46.656. 

Therefore, the order of magnitude is 3 Vl* 4 ^/^t \ v^52. 
In general, 

a J^x = a**"* x^ = "/y^a»"»a:«, 

_ mn n ^__^^ 

fe J^y = Ifl^ ymn = "•y^6»»y» HcUCe, 
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II. To Compare Surds of Different Orders. Reduce them to 
entire suids of the same oider, and compare the resulting said fisustors. 

Exercise 96. 

Which is the greater ? 

1. 3V6or2V'i4; 6 Vll or 5 VlSf ; 4 V6 or 6 Vi. 

2. 10V5or4V31; jV7or|VlO; -^ or lJ^. 

3. VioT'^; ^ior^; Vf or ^. 

* 

4. ^1| 01-^1; 1.6orjvl0; v^ or \/3^. 
Arrange in order of magnitude : 

5. V3, ^4, <^; 8V2, 5^5, 4 A/Tf. 

6. 2<^, 3^^, 4V7; 3^, 4^, 2 iJl3| . 

7. 3^2, 3V2, I'sJ^i; 2 ^J^, 3^, 2V8. 
Show that the following are similar surds : 

8. ViO, VQO, Vf ; J a/20, J V45, 5 V^. 

9. 7 Vl, \/f|, 3 V^ ; 1^162, 3 ^3l, ^^^^592. 

10. V27, V192, 1/147, V|; a^J^^^s^, i'^S^^ |y- • 

11. >f^. m Jv'f ; v/f  V^' -v^'- 



12. Va I. ^-3, V'^. Vp 



8/2;12>n 



688" y 



» <,i24m 
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110. Addition and Subtraction of Snrds. 

4^ = ^¥l<2= S^2, 






Adding, 



V ^6" = V 2b X (26? = 26 ViaH'x, 

"°V26=-"V 2ftX(26)' =-26V4a«6«x. 



8/46»a5 l»/4 6«zXo« 1,. _ 

V^=6-V^^^XT« =jli^4a»6«x. 



Adding, 

= ^^ ^4a2 62x. Hence, 

Reduce each surd to its simplest form. Prefix the sum or differ- 
ence of the rational factors to the common surd factor of the similar 
surds. Connect dissimilar surds by their signs. 

Exercise 97. 

Simplify : 

1. 3V45-2V20 + 3\/5; 3 V| + 2 V^. 

2. 2V| + 3Vi; 2<^2-^4^; 3 ^ + ^S. 
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4 3V147-JVJ-V^; \/| + 2 V60-3VT5-fV|. 
5. 3v^+lJ^:uor-4V^; 3\^l62-7^32 + v^l250. 



7. V50 aft^c-s - \/32 a^fec^ - (46 c^ - 3ac) V2 aftc 



8. X ^/m^ 7t^* x^ — m y/ir? v?^ a^ + n V^/i^ ^® ^. 



9. V3aP+t5aF+3a+ V3aJ2_(5a5 + 3^^ 
10. V + V — —r; 2 T^ — V a^ - ^• 



111. Multiplication of Surds. 

3 ^2 X 7 V6 = 21 V4 X 3 = 42 >v/3. 
^2 X '^= v/2* X 38 = i(J/432. 

f V2 X f '^ X IaJ^ X >^i" = t X I X I ;;^2« X 3* X (i)« X <J)* 

= '{^ = -^2. In general, 

_ 111 

a y/x X h ^yy = as^ X bi/^ = ab(x yY = ab \/xy. 



aJ^xXhyy^aT^Xhf- ahipH^y'^y = ab*y^af^y\ Hence, 
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I. To Find fhe Product of two or more Monomiali Reduce 

the surds to the same order (if necessary). Prefix the product of the 
rational factors to the product of the surd factors. 

Multiplicand, 3 V2 - 2 ^6 

Multiplier, 3 \/3+ 2 ^ 



3 ya- 2 v^ multiplied by 3 ^3, 9 v^6-6 ^6« X 3« 

3 v^2-2 v^ multiplied by 2 ^, 6 '^2«X6«-4 ^^30 



Sum of partial products, 9 v^+6 ^288-6'^676-4'^30. 

Hence, 

11. To Find the Product of two Polynomial!. Proceed as in 

Art. 24. 

(3y2+2y'3)(3 V2-2 V3) = (3 X 2*)*-(2 X 3*)* = 3« X 2-2« X 3 = 6. 
{a^x+b^)/y) (a^x^^y) = (ax*)' - (fty*)' = a^x-b^y. Hence, 

III. ne product of the sum and difference of two binomial 
quadratic surds is a rational expression. 

Exercise 98. 

Simplify : 



1. 2V3X SVS; 3V|x jVr62; f VlO x Jy^\/r2|. 

2. i^4x3v^2; 2VUxV2i; 3 ^| X 6 V J. 

3. 3^3X3V2; (5 V3 - 5) X 2 V3; '^6ix2V2. 

4. (V2 + VS + 2 V5) X V2; 4 ^75 X 2 4^. 

5. iVix v^lO; iVjx J^l; VB X ^. 



6. 3V|X^|; iV|x9V|xV2. 

18 
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8. <^^X'^^x4/¥; (3V2-3V6-V8+3V20) x 3a/2. 

9. VE X \^; (Vn - Vm) X Vm; 4 v^^X 3 V^. 

10. Vmrc X '^Z nfix X ^2 wa;. 

11. '^m^H^ X 'VnFnx; 2VaX'^x3^x^6. 

12. -{/f^ X -^^ X \l^; ^{4. VI a^- X ^5^(2^?^. 

13. ^V^'x^v/^,; (V2-3V3)(2V3 + 3V2). 

14 (3V5-4^)(2^5 + 3V2); (-5^ + ^3)^. 

15. (5 V3 - 6 V2 + Vl) (10 V3 + 12 \/2 - 2 VS). 

16. {V2 + 'S^S+^i){V2-V^; ^Mx6^. 

17. (a/2 + V3) (V2 - V3); (i|!^3 + -^(^ - V^4). 

18. (V5-V3)(V5 + V3); (a/B + 2 a/3) (a/5 - 2 \/3). 

19. y^l2 + a/19 X y^l2- a/19 ; v'16 X VS. 

20. \l9 + a/17 X ^9- a/TZ; a/3 X ^2 X •^. 

21. (-^a"^ +K^i4^^-^^; a/| X '^. 
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22. y'lO + V68 X y'lO - V68; 'y/'^^>^\^- 



23. (5 Va; + 3 Va - fa;) (5 Va; - 3 Va — 2Ja;). 

24. r^x4^; V^xri; (^^(^^ 

112. To Bationalize Surd Denominaton of Fractions. 

T- = 7= —P' = ^ = TR X 1.732 + = .23 + . 

5 V3 6 V3 X V3 ^^ ^^ 

2 2x ->/3^' 2>^3« 2 ,/--. 

?§=>C/3-^X^3^«"^^=3^''- I-«--^' 

a ox A/m^"^ O'l/a;**"'" ^ . a\/x*— ^ ^^ 

;=^(n>m) = — T- — . Hence, 



I. If the Fraction be of the Form ^ . Multiply both 

terms by v^5^=« * V ^ 

3 + V5 _ (3 + V5) X (3 + Vs) _ 3^+2 (3) (>v/5) + (-y/s) ' 

3 - V^ " (3 - V^) X (3 + V^) ~ 32 - ( V5)^ 

14 + 6VS 7 + 3X2.236+ ^_^ 
= 9-5 = 2 = «-^^+- 

4 V3 + 3 V5 _ (4 V3 + 3 V5) X (2 V? - 3 V2) 
2 V? + 3 ^2 ~ (2 Vt" + 3 V2) X (2 V7 - 3 ^2) 

8\/2T + 6V35- 12a/6-9\/To _ , 

= —^ 5: — :^ ^ In general, 



b±\^ (6±Vc)x(6tv^) (py-ic^y ^^~^ 



Hence, 
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II. If the Denominator is a Binomial Involving only 

Quadratic Surds. Multiply both terms of the fraction by the 
terms of the denominator with a different sign between them. 

Note. It is often useful to change a fraction which has a surd in its de- 
nominator to an equivalent one with a surd in its numerator. Thus, 

3 3x V6 3V6 



V5 Vlx V5 



= 1X2.236+ = 1.3416+. 



Exercise 99. 

nationalize the denominators of: 

2 3 2 - \/2 3 V5 



1. 



2. 



V2 + V3' 2V5-V&' 1 + V2 VS'hV2 

8-5a/22\/5-a/2 1 6 

3-2V2' VI + SV2' 3-2V6' \^64' 



\/x—Vy, 3x — Vxy Va + a; + Va — x 

Oi . — • ^ — 

Vx + Vy Vx y — 8y VcL + a; — Va •— x 



a;— Vx^ — la 1 2a 

4. 



X 



+ Vx'-l' ^a+Vb V5-\^2' 3</ar^' 



Given V2 = 1.414, V3 = 1.732, V5 = 2.236; find 
the approximate values of : 

5. ^; V50; 8JV288; ^; — ^; -^. 
V2 ' V5 2V675 a/HOO 

„ 1 + V2 l-VB 3 11 

D. " 



2 + ^/2' 3 + V5' 2V'2-3V3 V5— v/2 2+^3 
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U3. DiTirion of Sards. 

2 V54^ 3 -v/6 = I VV = f X 3 =2. 
f^-|V2 = iv/g = «-^3-« =^-5^- 

In general, a'-C^i -^ 6^y = ^^j "^^Vy* 

I. If the Divisor is a MonomiaL Reduce the suTds to the 
same order (if necessary). Prefix the quotient of the rational factors 
to the quotient of the surd factors. 

3 V3> (3V^+ 2V2) = -4-^ = 3V^X(3V^2V2) 

^ "^ ^ 3V3+2>v/2 (3V3+2y2)x(3V3-2V2) 

= "^ . Hence, in eeneral, 

19 » B > 

II. If the Bivisor is a Binomial Involving only Quadratic 

Surds. Express the quotient in the form of a fraction, and ration- 
alize its denominator. 

^a + >y/6 — V'c ) a + 2 ^\/ah + b — c (y'a + ^b-j- y'c. 
Divisor multiplied by y'a, a + ^a b — ^a c 
First remainder, ^a 6 + 6 + Va c — c 

Divisor multiplied by ^b, ^a b + b — ^/b c 

Second remainder, /y/a c -j- ^b c — c 

Divisor multiplied by ^c, \/a c + ^b c — c 

Hence, in general, 

III. To Divide a Polynomial by a Polynomial. Proceed as 

in Art. 33. 
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Exercise 100. 

Simplify : 

1. 2lV384^8V98; 5 \/27 -e- 3 V24; Vi2-5-^5^. 



2. - 13 \/l25 -=- 5 A/eS ; 6 Vl4 -J- 2 ^21. 

3 3Vn^_5_. 3V48 ,_ 6vg . J^^(/ 
2V98 ' 7V22' 5\/ll2 " V394' '2 " V, 



2 
3 



5. 20 -^200 -^ 4 V^ ; -^IS-J-Ve; 4^32-7-^16. 

3V108 5Vl4 15V84 
7. (15 VIOB - 36 v'lOO -I- 30 4^) -^ 3 VlS. 



8. "^''0064 -T- VlO ; a^aV'c -t- ^^^i Va ^ V^. 

m ■— n ^ m — n ^ (m — rif ^3 '2 

10. {acQi?Vy—hcyVx)'^cVxy\ \/ax'^ V^~^. 

11. 'S^4cmn^-T- V2rrfin; ^2 m^n^ X ^^^m^-r- Vm^^ 

12. v^4^?^ X v^9^?^-^ v^25 m2n6; ^3a2^-^y- 

13. rV ^-V-2""^-7^V-4-q; (a?-l)^(va?— 1). 



a? 
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14. '^10.4976-^2^6; (2 1 - V«y) -^ (2 Vx^/ - y). 

15. (3 V3 4- 2 V2) -^ ( V3 + V2); 4 4^ax -i- 3 V^'. 
2\/l5 + 8 8V3-6V5 8-4^^5 3V5-7 



16. 



5+V15 5V3-3V5 l + VS 5 + V7 
17. ( v^^ + <^ + VP^) -^ (V^ - v';^ + ^y»). 

114. Invohition and Evolution of Surds. 

y486av'4a* = [3» X 2a(2«o«)*]^ = [3» X 28a5J* = 3 x 2*o* = 3\/^. 

m mp 

In general, (a"H v^6«)'' = (a"*! 6*/ = a'"!!'^" = a"*!' J^i^. 

— » - — -— II 1 Wj III 

Y a*"* \/b^ = (a*i 6"^)»" = a^ l^^. Hence, 



Express the surd factors with fractional exponents, and proceed as 
in Art. 104. 

Example 1. 
\^d^ 2a) ~ lei 2ai 

= (D'-3©'(i)-©C4)'-©' 

_fl^ 3^ 3 c^ 

-?lv^_ 3o* 3 '^ 
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Exercise 101. 

Find the values of the following : 

1. mf; i!^VM; {<^Uf; \fWn; {^32)\ 

3. i-mf; vQ^; mf: fvi; my. 



6. -■v^3-'a-'; (3^24^*;^)''; ^iT^; "-^'27^. 

7. iy«-8^F"6; [\/(a-cy]'; "-^l; [ J -^4^]'. 



/ 7= 



8- V^IVi' (^-v'^X'j Va-«V^a-"«; (a^T'. 

11. ^C^'F^^; [(^ + .y)V^/f; ^'l28 -^243^. 

Find the values of the following, and express the results 
in terms of positive exponents, by inspection : 

12. (4/WTff ; Wl + V|f ; ( V2 + V3)«. 
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13. {4^3 -If; iV2 + '^f; T^.i^]'. 

14. [^ia~' - jyj; [(^)' - (v^r^)T; (2-1-1)*. 

15. MV«or; [(-^)'+('^r^)-f 

16. ^JLv/^+2^-]^ r2v/^-^T 

Find the square roote of : 

17. ^ + 1 + 9^^+ Ja;-i-fa;-i'^-6^. 

18. 1 - 2"+' + 4"; 9* - 2"+^ X 3» + 4*. 

19. ^+ ^+2y\/^-a;\/?; a^i^ - 2 + a-^VS. 

20. Va?" - i-v^aj^" + 4 a;" + 2 v'*^- 4 v^a;«" + v'a:*-. 

Miscellaneous Exercise 102. 

Find the values of the following : 

1. \^; v^; a/3xV27; 1""; "'^; V^-^Vf 

2. ^?32^; ;^6l^; Y/M^y/||; ^^s. 
Reduce the following to their simplest forms : 



'■ t\/2%- ^'■- ^'■- ^V 



mn^ 



n '^ 16 (w + n) 
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Eeduce to equivaleut surds of the same lowest order : 

5. \/2, ^, '^l; ^/^, ^8, V5; 3 y^, 3-^. 

6. 2VI8, 3 '^16, 4^162, 5'^U»', V^, W, v^ 
Change to similar surds : 

7. -^27, </\^% ^54, 3^; -^2, I?' 243. 

8. V0:2, V5; ^25. -i^ioB ; JiJ'iIb. V^. 

9. 2v/f. ^7-2^. iy/^; K.io;^2r5. 

10. i^, ^. ^fi^, 3 ^^; V20, 3 '^aV 4 Vl2 

11. J(!^32, ^128; ^64^. y/^. f^J^(8lf • 

12. ^J^, ^^92, ^;^- ^;^. ^^-; ^2, M 
Arrange in order of magnitude : 

13. 3 ^2^, 4 'e^SJ. 3 ^^3 ; 5 ^l, 3 ^9, 3 Vl9. 

14. \¥2,\ Vs. i V5, 2 '^j Vi -^H- 

15. a' ^e/CS^J^. -^ ^(2^^^-. (64)" y/"^^ . 
Find the values of: 



5. 



16. ^243 + V27 + v'48 ; 2 1?^189 + 3 ^875 - 7 -^56. 
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17. iVlx x^Ti; 3 1?^500 -h v^5; ^2 y 2V2 -r- >}^2^- 

18. 5V2 + 3V8-2V32: 3 1?^ - 4 -^5192 + v^CiS. 

19. V^128 X ^432 ; | V5 X J ^2 X ^80 X '^5. 

20. ''?^ + 5^32-iJ^I()8; ^(•'J^+i -^192 + -^X 

21. 2 v^^ + V60 _ '^;'225 - Vf ; J V| -^ ( V2 + Sv/J). 

22. ('^-^2^^)-'^l6; ('^-2'e^2|+4'^)2^9. 

23. (6 ^1 + ^l8) H- ^72 ; If a/20-3 V5 - V^. 

24. Jj^'^^- (2^^^240 + 7'^); y/l-^riV. 

25. ('^IG - 2 ^^4 + 4 ^54) (o A^'ei + 3v^^- 2 v'32). 

Bationalize the denominators of: 

V20-A/8 . (3 + V3) (3 + a/5) (a/5 - 2) . 
 a/5 + a/2 ' (5 - a/5) (1 + a/3) 

_„ Ml + an— Vm? + a*«* a;"" 2 

m — an+ Vm^'~+ a^v?' j^' V5 + a/3 — a/2' 

Simplify the following : 

28. X^A^; \/(f|yxV(||f; ^(S^s&^xaJ'^^". 
a/2 

29 7 + 3A/5 ^ 7-3V5 . . /a/9*^i x a/3"xT' 
"  7-3V'5 7 + 3a/5' V 3VF= 

30. (a - V^)" + ' y/(a p^^)""; -(/^i^^" X ^:r-/ 
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31. \^a X 'i^^ X Va* X "/« X ^^" X <^^. 



32. -J, 



33. -^ X ^.- X f X ^; ^a-^(p)% ^/*:l 

''■ fii§) ^'</^' t^l + l^'T'. -2®'. 



2 4^2 



36. ^^ + A^r63 - 2 V2 a /^ «^^* 



37. 



Va?-\-ab Va ^a^-4\^x^ 



38. 






2; 



-5v^-14 \ Va:/ ^ ^ 

40. Express ~ with a single radical sign. 



Queries. What sign is given to the nth power? To the nth 
root] Why? How change the order of a surd? In T., Art. 112, 
why take m less than n ? How rationalize a surd denominator ? What 
powers of negative numbers are positive ? What negative ? 



286 



ELEMENTS OF ALGEBRA. 



Tmaginary Expressions. 

lis. An Imaginary Expression is an indicated even root 
of a negative expression ; as, V— a ; a -\-b V— 1. V' — 1 
is an imaginary square root ; a V— 1 is an imaginary 
fourth root; etc. 

V^^ = ^a« X (- 1) = V^* X a/~ = « V^^. 
y'lTT = V* X (- 1) = V6 X V^. Hence, 

Every imaginary square root can be expressed as the product of a 
rational or surd factor multiplied by ^— 1 . 

The successive powers of ^— 1 are found as follows : 



[V^]' = [(-i)*]' = 



(- 1)» = + V^; 

(-1) =-i; 

(-l)* = (-l)(-l)» = -V=n-; 

(-i)'' = -i; 
(-i)* = + i; 

(-l)» = (-l)*(-l)* = + y':ri-; and so 



on. In general, 

[V=T=[(-l)*]"=(-l)»=l/(=0^ =±V^orTl, 
according as n is an odd or even integer. Hence, 

The successive powers of ^y/— 1 form the repeating series : 

■^\/~\, -1, -V-i» +1- 

The methods for operating with imaginary expressions are the 
same as those for surds ; but before applying the methods ft is better 
to remove the factor ^— 1. All cases of multiplication can be made 
a direct application of Arts. 97, 114. 
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niostrationB. y/- 8 a«^ = ^8 o«6« X (-1) = V® «*^ X ^-\ 

= 2 a 6 ^Tb X V-^' 



= 10 a V'-T^ - 2 a 
= 2 o (5 V^ - 1). 

3 V^ X 4 V^ = (3 \/3 X V^)(^ V^ X V-^) 

= 3 v^3 X 4 ^2 X y ^ X V^i 
= 12V3X~2X [(-l)*]" 

= - 12 ye. 

2 v^^ X 5\/=^ X 3 V^ 
= 2 V3 X 5 V2 X 3 y 6 X V^ X ^^ X V^ 
= 30>v/3 X 2 X"6 X [(- l)*]* 
= - 180 ^^^. 

^ ^ _2V4XV-1 -4xV-l 

= f V3 X 1 = I ^Z, 

(ilV~)'(i V-) = ^"^^^ (i + V=T)x(i4-v^) 

_ (l+\/^)' ^ l + 2V^ +(-l) 

i2_[yz-r]a i-(-i) 

Example. Multiply 1 -- 2 V~^ by 3 + y^. 
Process. 1—2 ^y/— 

3+ V- 



1 — 2 y'— 1 multiplied by 3, 3-6 ^— 

1-2 y'lTI multiplied by ^^, 2 + V- 



Sum of the partial products, 5 — 5 ^— 
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Kotei : 1. Imaginary expressions represent impossible'operations ; yet it is 
a mistake to suppose that they are unreal, or that they have no importance. 

2. If the student employ the method of multiplying or dividing the expres- 
sions under the radicals (Arts. Ill, 113), for all cases in multiplication and divi- 
sion, he cannot readily determine the sign of the product or dividend. Thus, 




8. Is the above product both it a or — a ? We are limited to the considera- 
tion of the product of two equal factors, and we know that the sign of each is 
negative ; also, that Va^ = d: a* Hence, the sign of Vofi will necessarily be 
the same as that of each of these factors. Therefore, it will be the same as was 

its root. Thus, ' 

V=^ X V=^= - V9 = - 8, 



Exercise 103. 

Simplify : 

* 

1. V^; </^^U; V-I2.a; V==^T^; V^ 

2. V-49a2"i«; ^^=^729; ^^^^^i *yf=^\ 
Find the values of : 

3. (V=ir; (A/=nr; W~lf; (-V=I)' 

4. (-V=lf; {-V^lf; {-^/—lf^, {-y/^f. 



5. v'-25-V'-49 + V'-121-V'-64 + V-l— \/-36. 



1 ,—rr, V-22 -V/-216 



6. 2 ^=^24 + —= - V- 18 ; -, 



V-'i V-33 V-324 



7. V- 36 a6 + •vA^DoS - V- (1 - af a« ; - V-o*. 



8, V-(a-6)*+ V-(a2- 2ah + i^+ V-1 6 a* b*-V^^^. 
Multiply : 



9. V- 3 by V- 6 ; 3 \/-4 + V- 9 by 4 V^. 
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10. 2^-9 by 4 V-.4; 1 + V- 1 by 1 + V- 1. 



11. V- 2 + 3 V- 3 by V- a + 3 V- 3. 



12. 3-2v'-4 by5 + 3V-4; 4 + ^-5 by 4-'\/^5 



13. 1 + V-l by 1-V-l; 2-V^byl-2V-3 



14. 2 V- 3 - 6 V- 6 by V- 3 + V-l. 

15. Va — 6 by Vb — a; a + V— x by a — V— «• 

16. a V— a + h V— 6 by a V— a — 6 V^^. 
Divide : 

17. V^^ by V^^; - V^ by - 6 V^. 



18. V- 5 by V- 20; V- 24 - V- 9 by V- 3." 



19. 2 V- 4 a» by V- tt^ ; a + V- a by V- ««. 



20. - 2 \A-1 by 1 ~ V- 1 ; 2 by 1 + V- 1. 

21. '^^^^ by v^'^TS; ^^^l by ^J^^'^TS. 

22. 4 + V^ by 2 - a/^; \/^ by 1 - V^. 
Eationalize the denominators of : 



23 3 + V"-^ . 2 V=ri^3 V^ 2 3 + 3 V~ 1 
" ' 2 - V^=^' 4 V^ + 5 V^' 2-2 V^ 



24. 



2 + V— 1 ' a 4- V— X V— a + V- 



X 



Qneriea. To what form can all imaginary monomials he reduced ? 
In multiplication and division why separate the imaginary expres- 
sions into their surd and imaginary factors ? Is it necessary in all 

cases? 

19 



290 ELEMENTS OF ALGEBRA. 

Qnadratic Surds. 

116. I. A quadratic surd cannot equal the sum or differ- 
ence of a rational expression and a quadratic surd. 

Proof. If possible, let V^ = 6 ± >v/^, in which \/a and ^c 
are dissimilar qoadiatic surds, and h a rational expression. 

Square both members, a = 6* ± 2 6 ^/c + c. 

± a q= &^ T c 



Transpose, ±26 ^c = a — 6^ — c. . •. ^/c = 



2h 



That is, a surd equal to a rational expression, which is impossible. 
Therefore, V^ cannot equal h ± V^. 

II. If a+ Vh = X + Vy, in which a and x are rational 
and Vh and Vy are quadratic surds, prove that a = x and 
b = y. 

Proof. Transposing, y'ft = (x — a) -h ^y. Now if a and x were 
unequal, we would have a quadratic surd equal to the sum of a ra- 
tional expression and a quadratic surd, which, by I., is impossible. 
Hence, a = x. Therefore, \/h = ^y, orb = y. 

Til. If ^^+ Vh = Vx + Vy, prove that y^a — \/b 

= Vx — v9- 

Proof. Square both members, a + ^s/b z= x + 2 y'x y -\- y. 
Therefore IL, a = x + y (1) and Vh = 2 V^y (2) 

Subtract (2) from (1), a — V^ = x — 2 V^+ V- 

Extract the square root, V a — V^ = V^ ~~ VV* 
Similarly it may be shown that if Va — \/6 = ^/x — >v/y, 

* then Va + V^ = V^ + a/^- 
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Square Boot of a Qnadratio Surd. 
3J.7. To find the square root of a binomial surd a ± Vh, 



ProceBB. Let Va ± ^b = \/x ± Vy (1) 

Then (III., Art. 116), ^/a^ ^/h = y/x:^ y/y (2) 

Multiply (1) and (2) together, y/a^ ~-b = x-y (3) 

Square (1), c* ± V^ = a: ± 2 ^x y + y. 
Therefore (IL, Art. 116), a = x-{-y (4) 

Add (3) and (4), a + V^?^-^ = 2 x. .-. x = ^ 

, a - \/cfi — b 

Subtract (3) from (4), a- V«' -b = 2y. .'. y = ^^ 

Therefore, V^ly^ = y/° + ^^^^ i: y/^ " ^^' '^ (0 

Hotel ; 1. Evidently, unless a^ — 6 be a perfect sqnare, the values of Vx 
and Vy will be complex surds ; and the expression Vx + Vy will not be as 

simple as V a + Vb, 

2. Since, Vcfle-\- Vbc = i^c{a + ^^\ also if o^ — 6 be a perfect sqnare 
the square root of a + Vb may be expressed in the form Vx + Vy, the square 
root of Vcfic + Vbc is of the form ^c ^Vx-\- Vy). 

3. Frequently the square root of a binomial surd may be found by in- 
spection. Thus, 

Find two numbers whose sum is the rcUional term^ and whose produci is the 
square ofhoilf the radical term, Vonnect the square roots of these numbers by 
the sign of the radical term. 

Examples : 1. Find the square root of 3J - ^/T^. 

Process. Let ^x-^y- V3i - /y/lO (1) 

Then (TIT., Art. 116), y^ J + Vy = Vsj + ^\^ (2) 
Multiply (1) and (2) together, _x - y = W - 10 = | (3) 
Square (1), a: - 2 ^/xy + i/ = 3^ -- \/ia 
Therefore (II., Art. 116), x + y = 3^ (4) 

From (3) and (4), x = 2 J, y = 1 . 

Therefore, V3J - yf^ = \/j -1 = J VlO- 1. 
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We may employ the general form (i). Thus (since a = 83 and 
yS = + 12 V35), 



/ -]= 1/83 -f- V832 - (l2 JZhf 

2. V83 -f- 12 V35 = V 1^ — - — - 

•4/83 - \/83« - (12 V35)^ . /83 + 43 /83 - 43 

+ V 2 = V""^~ + V"^~' 

= 'v/63 4- V20 = 3^/7 + 2^5. 

3. VV27 - 2 V6 = \/a/3 (3 - 2 ^2) = ^ X ^3 - 2 V2» 
also V3 - 2 ^2 (in which a = 3 and >v/S = - 2 V2) 

__ i/ 3 + V3« - (2 V2)' 4/ 3 - V3^ - (2 V2)^ _ ^ _ 

.-. ^^^27 - 2 V6 = -^ (\/2 - 1). 

i. Find by inspection the square root of 103 — 12 ^/\\, 
Solution. The two numbers whose sum is 103 and whose 

product is y — y^j , are 99 and 4. . Hence, Vl03 - 12 \/lT 
= V^ - \/4 = 3 \/n - 2. 

5. Similarly, VlO 4- 2 ^21 = V^ + V3, because 7 an^ 3 are 
the only numbers whose sum is 10 and whose product is (a/21) . 



Exercise 104. 

Find the square roots of: 

1. 7-2\/T0i 5 + 2 a/6; 41-24\/2; 2J + \/5. 

2. 18~8V5; II + 2V36; 13-2V42. 

3. 15-V56; 47-4V33; 6-2V5; 10 + 4\/6. 
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4 4J _ I VS; V32 - V24; 3 VB + V40. 

5. V27 + Vl5 ; 2m + 1 + 2 Vm^ + /i - 2. 

6. (m2 + m) 71 - 2 ?/i n Vwi ; 9-2 V'li. 

7. (771 + n)2 — 4 (m — ?i) Vmw ; 3 a; — 2 a; V2. 

Find the fourth roots of: 

8. 97 - 56 V3 ; | V5 + 31 ; 56 + 24 V5. 

9. 17+12V2; 4(31- 8 Vl5); 248 + 32^60. 

Simple Equations Containing Snrds. 

118. Examples ; 1. Solve V4 x^ - 7 a; + 1 = 2 z - 1| (1) 

Process. Square (1), 4 x^ — 7 a: + 1 = 4 z* - 7^ x + f^. 
.•• X = }l\. Hience, 

To Solve an Equation containing a Single Surd. Arrange 

the terms so as to have the sunl alone in one member, and then raise 
each member to the power indicated by the root index. 

Note. If the equation contains two or more surds, two or more operations 
may be necessary in order to clear it of radicals. Thus, 

2. Solve V-^ X - 29 - >v/4 x - 11 = 3 ^x. 

Process. Transpose, \/25x-29 = 3 ^/x + V^x-ll (1) 

Square (1>, 25x-29 = 9x+6 V(4x- ll)x-|-4z-ll. 

Transpose, etc., V(4a:- U) x = 2 x - 3 (2) 

Square (2), 4 x^ - 11 x = 4 a-2 - 12 x -f- 9. .-. x = 9. 
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3. Solve -^4= -n (1) 

Proceas. Clear (1) of fractions, transpose and unite, etc., 

(TO — n) \/x = mn. Hence, a/x = . .*. x= \ 1 

^ ^ ^ ^ ^ TO-n \m — n/' 



^m 4- X 4- \/to — X 

4. Solve y y = n. 

V wi + a; — V wi — a: 

Proceas. Rationalize the denominator, 



TO 4- Vto^ - gg _ ^ ,j. 



From (1), ^TO«-x2 = na:-TO (2) 

Square (2), to^ - a:* = n^aj^ - 2 TOnar + to*. 

Transpose, etc., x* (1 + n*) = 2 to » x. 

2 TOfl 

Divide by x, x (1 4- n^ = 2 to n. . • . x = , ^ 



Exercise 105. 

Solve : 



2. Va;2 _ 3 ;;c + 5 = a; - 1 ; v^2 a? - 3 -1=2. 

3. V^3 4- V4 + V^^=2; V4 + a; V^"+l2 = a; + 2. 

4. V^ma; + a= '\/ca; + &; \s^+V4~^^ = x. 



5. ^^+1 = 2 V2aj-3; VSx -\- 5 = 3 V2x + 1. 



6. V3aj-4=-. \/2a;4- 16; ^2aj - 4 = V4 - V2 



a;. 
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7. 3 Vi = ^ + V9 a: - 32. 

V9 a: - 32 



8. Vx+3+ VSTS- V4a; + 21 = 0. 

9. y^\/i4- 5 - ^Vx-5 = V^2Vi. 



3 



10. 'V^w^T^VPT^ = Va; + 7H ; Vz + Va;-2= .- 

11. l5^4+2V2a:-5 = V3; ^+^ =^. 



V2ic 4- 1 4- 3 Vx Vfn a; — n 3 Vm a? — 2 w 

±^.' —p -= = o; — — — — ^ 

V 2 a; + 1 — 3 v a: v wi x + n 3 v m a: + 5 n 

VBIp + a/5 Vi + 5 \/6T+ 2 4 \/Wx + 6 



13. 



V'3aj + V3 \/aj + 3' VQx-2 4V6a;-9 



-, A 4 / n A J CL aI A a n 

14. V — [— + V = V -2 — xa • 

^ m + x ^ m — X Vm^ — ar 

Solve the following for x and y : 

15. X + 4:V3 + y = 15 — X + y V5. 

16. X + y + X Va + y VJ = 1 — Va. 

17. « - 5 + (2 y - 3) V3 = 5 a; - Vl2. 

18. aj — a + (y — 3) Va + 6 = n a? + Voft. 

19. a — Va; + y = y — a: — Vm + n. 

20. a; Vm (Vw + l) = /t — w + y a/w(1 — Vw). 
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CHAPTER XX. 
LOGARITHMS. 

119. If a' = m, then / is called the logarithm ofmto the 
hose a. Hence, 

A Logarithm is the exponent by which a certain num- 
ber, called the baae, must be affected in order to produce a 
given nuinl^r. 

The lo;;arithm of m to the base a is written log^m. Thus, 
logaWi = / expresses the relation a^ = m; logj^ 100 = 2 expresses the 
relation 10^ = 100, etc. 

Since numbers are formed by combinations of tens, any numbei 
may be expressed, exactly or approximately, as a power of 10. Thus, 



2912 - 102 X 20 -f- 10« X 9 + 10 + 2; q, 2912 = 10*«* •; 

1000 = 10* ; etc. 

120. Common System of Logarithms. This system has 
10 for its base, and is the only one used for practical 
calculations. Thus, 

Since K'^ =1, log 1 = ; since lO* = 10, log 10 = 1 ; 

since 10^ = 100, log 100 = 2 ; since 108 = ioqo, log 1000 = 3; 

since 10* = 10000, log 10000 ;= 4 ; and so on. 

Since lO-i = ^ = .1, log .1 = - 1 = 9 - 10 ; 
since 10-2 = ^J^ = .01, log .01 =_2 = 8-10; 
since 10-« = ^^^ = .001, log .001 = - 3 = 7 - 10 ; and so on. 

It is evident that the logarithm of all numbers greater than 1 is 
positive J and of all numbers between and 1 is negative ; also, that 
the logarithm of any numbers between 
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1 and 10 is + a fraction ; 

10 and 100 is 1 -f a fraction ; 
100 and 1000 is 2 + a fraction ; 

1 and .1 is — 1 + a fraction, or 9 + a fraction —10; 
.1 and .01 is — 2 + a fraction, or 8 + a fraction — 10 ; 
.01 and .001 is — 3 + a fraction, or 7 + a fraction — 10; and so on. 

It thus appears that the logarithm of a number consists 
of an integral part, called the characteristic, and a fractional 
part, called the fnantiiwa. 

The mantissa is always made positive. 

lUustratioiiB. It is known that log 5 = 0.69897; log 12 = 1.07918; 
log 2912 = 3.46419; etc. These results mean that 10« «•*»' = 5; 
10107918 _ 12; 108.4WW = 2912 ; etc. 

Notes : 1. The fractional part of a logarithm cannot be expressed exactly, 
but an approximate value may be found, true to as many decimal places as 
desired. Thus, the logarithm of 3 is found to be 0.477121, true to the sixth 
place. 

2. For brevity the expression "logarithm of 3" is written log 3. The 
expression "log x" is read "logarithm of a;." 

3. Logarithms were invented by John Napier, Baron of Merchistou, Scut- 
land, and first published in 1614. 

4. Thare are only two systems of logarithms in general use : the Natural^ 
or Hyperbolic, system, and the Briggsian, or Comvion, system. The base sul>- 
script of the former is e, and that of the latter is 10. 

5. The natural system, invented by Jolni Speidell and pu>)lished in 1619, is 
employed in the higher branches of analysis and in scientific investigations ; 
its base is 2.718281828+ . 

6. The common system, more properly called the denary or decimal sys- 
tem, was invented by Henry Briggs, an English geometrician, and first pub- 
lished in 1617. The logarithm of its base, 10, is ahoays 1. 

7. The logarithms inyented by Napier are entirely different from those in- 
vented by Speidell, though they are closely connected with them. The natural 
system may be regarded as a modification of the original NapieHan system. 

121. Since log 1 = 0, log 10 = 1, log 100 = 2, log 1000 = 3, etc., 
the characteristic of the logarithms of all numbers consisting of one 
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integral. digit (that is, all numbers with one figure to the left of its 
decimal point) is 0; of all numbers consisting of tux) integral digits 
is 1 ; of all numbers consisting of three integral digits is 2 ; and so 
on. Hence, 

I. The charactetnstic of the logarithm of an integral 
mtmheVy or of a mixed decimal, is one less than the number 
of Integral places. 

Since log .1 = — 1, log .01 = — 2, log .001 = — 3, etc. ; the charac- 
teristic of the logarithm of any decimal whose frst significant figure 
occupies the frst decimal place (that is, of any numlier between 0.1 
and 1) is — 1 ; of any decimal whose Jirst significant figure occupies 
the second decimal place (that is, of any number between 0.01 and 
0.1) is — 2 ; of any decimal yfhosefrst significant figure occupies the 
third decimal place (that is, of any number between 0,001 and 0.01) 
is ~ 3; 'and so on. Hence, 

II. The characteristic of the logarithm of a decimal is 
negative, and is numerically equal to the member of the 'place 
occupied by the first significant figure of the decimal. 

The characteristic only is negative. Hence, in the case of decimals 
whose logarithms are negative, the logarithm is made to consist of a 
negative characteristic and a positive mantissa. To indicate this, the 
minus sign is written over the characteristic, or else 10 is added to 
the characteristic and the subtraction of 10 from the logarithm is 
indicated. 

Thus, log .0012 = 3.0792, or 7.0792 — 10; read "characteristic 
minus three, mantissa nought seven ninety-two," or "characteristic 
seven minus ten, etc." In reading the mantissa, for brevity, two inte- 
gers are read at a time. Thus, log 2 = 0.30103, is read " the loga- 
rithm of two equals characteristic zero, mantissa thirty ten three." 

niuBtrations. The characteristic of the logarithm of 9 is 0; 
of 32 is 1 ; of 433 is 2 ; of 39562 is 4 ; of 632.526 is 2 ; of .45 is - 1 ; 
of .023622 is - 2 ; of .0000325 is - 5 ; etc. 
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Let m and n be any two numbers whose logarithms are x 
and y in the common system. Then 10* = m and \(P = n. Multiply- 
ing the equations together, we have 10*+" = iw ». Hence (Art. 119), 
log m n = a; + y. But x = log m and y = log n. Therefore, log m n 
= log m 4- log n. Similarly log mnp = log m + log n + log p ; etc. 
Hence, 

The logarithm of a product is found by adding together 
the logarithms of its factors. 

lUuatratioiiB. Qiven log 2 = 0.3010, log 3 = 0.4771, log 5 
= 0.6990, log 7 = 0.8461. 

log 262 = log (2 X 2 X 3 X 3 X 7) 

= log 2 -f- log 2 + log 3 + log 3 + log 7 

= 2 log 2 + 2 log 3 + log 7 

= 2 X 0.3010 + 2 X 0.4771 + 0.8461 

= 0.6020 + 0.9642 -f 0.8461 

= 2.4013. 

log 300 = log (2 X 3 X 6 X 10) 

= log 2 + log 3 + log 6 + log 10 
= 0.3010 + 0.4771 + 0.6990 + 1 
s= 2.4771. 

Exercise 106. 

Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451 ; find the values of the following : 

1. log 6; log 64; log 14; log 8; log 12.; log 15; log 84. 

2. log 343; log 16; log 216; log 27; log 45; log 36. 

3. log 90; log 210; log 3600; log 1120; log 1680. 

123. If any number be multiplied or divided by any integral 
power of 10, since the sequence of the digits in the resulting number 
remains the samet the mantissse of their logarithms will be unaffected. 
Thus, since it is known that log 677.932 = 2.7619, 
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log 5779.32 = log (577.932 X 10) = log 577.932 + log 10 

= 2.7619 + 1 = 3.7619. 
log 57793.2 = log (577.932 X 100) = log 577.932 + log 100 

= 2.7619 + 2 = 4.7619. 

log 57.7932 = log (577.932 X 0.1) = log 577.932 + log 0.1 

= 2.7619 + (- 1) = 1.7619. 

log 5.77932 = log (577.932 X 0.01) = log 577.932 + log 0.01 

= 2.7619 + (- 2) = 0.7619. 

log .577932 = log (577.932 X 0.001) = log 577.932 + log 0.001 

= 2.7619 + (-3) = 1.7619. 
Etc. Hence, 

The mantissce of the logarithms of numbers having the 
same sequence of digits are the same. 

lUustrationB. If log 44.068 = 1.6441, log 4.4068 = 0.6441, 
log .44068 = 1.6441 or 9.6441 - 10, log .000044068 = 5.6441 or 
5.6441 - 10, log 440.68 j: 2.6441, log 4406800 = 6.6441, etc. If 
log 2 = 0.3010, log .2 = 1.3010, log .02 = 2.3010, log 20 = 1.3010, 
etc. Hence, 

The mantissa depends only on the sequence of digits, and 
the characteristic on the position of the decimal point 



Exercise 107. 

1. Write the characteristics of the lojOjarithnis of: 12753; 
13.2; 532; .053; .2; .31; .00578; .000000735; 1.23041. 

2. The mantissa of log 6732 is .8281 , write the logarithms 
of: 6.732; 673.2; 67.32; .6732; .006732; .000006732. 

3. Name the number of digits in the integral part of the 
numbers whose logarithms are: 5.3010; 0.6990; 3.4771. 
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4. Name the place occupied by the £rst significaut fig- 
ure in the numbers whose logarithms are: 4.8451; 0.7782. 

Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451; find the logarithms of the following 
numbers : 

5. .18; 22.5; 1.05; 3.75; 10.5; 6.3; .0125; 420. 

6. .0056; .128; 14.4; 1.25; 12.5; .05; .0000315. 

7. .3024; 5.4; .006; .0021; 3.5; .00035; 4.48. 

124. Let m be any number whose logarithm is x. Then 10* — m. 
Raising both members to the pih jjower, we have 10''* = m^. Hence 
(Art. 119), log mf = px. But x = logm. Therefore, log wi'' 
= p log m. Similarly log mPn^ = p log m + 9 log>i, etc. Hence, 

ITie logarithm of any power of a number is found hf 
multiplying the logarithm of the number by the exponent of 
the power. 

lUustrationa. log 6^^ = 10 log 5 =J0 X 0.6990 = 6.99(X). 
log .0035 = 5 log .(X)3 = 5 X 3.4771 = 13.3855. 
log 864 = log 2fi X 3» = 5 log 2 4- 3 log 3 = 5 X 0.3010 + 3X0 4771 
= 1.5050. 

Note. If the number is a decimal and the exponent positive, the product of 
the characteristic and exponent wiU be negative, and since the mantissa is made 
positive, we must algebraicaUy add whatever is carried from the mantissa. 

Thus, log .0005^® = 10 X 4.6990 = 40 + 6.9900 = 34 + 0.9900 = 34.9900. 

Exercise 108. 

Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451 ; find the logarithms of: 

1. 2*; 58; 78; 88; 3^ 64; 81; 72; (8.1)^ (2.10)6. 

2. 343; .036; .000128; (.0336)i»; (.06174)2; (3.84)9. 
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K Let m and n 1>e any two numbers whose logarithms are x 
and y. Then UV = m and 10"' = ». .-. 10*-*' = w -r n. 

log — = X — y = log TO —log n. Similarly, log = log m + log n 

— (log TOj + log fij). Etc. Hence, 

T^te logarithm of a quotient is found by subtracting the 
logarithm of the divisor from the logarithm of tJie dividend. 

Bluatratioiui. log J = log 3 - log 2 = 0.4771 -0.301O = 0. 1761. 
log f = log 5 - log 7 = (0.6990) - 0.8451 = (1.6990 - 1) — 0.8451 
= 0.8539 - 1 = 1.8539. 

Vote. To subtract a greater logaritlini from a less logarithm. Add to the 
characteristic of the minuend the least number which will make the minnend 
greater thau tlie subtrahend ; also indicate the subtraction of the same number 
from the minuend so increased. Then proceed as before. Tims, 

log ^ = log 252 - log 300 = (2.4014) - 2. 4771 = (3.4014-1) - 2. 4771 = 1.9243. 

log ^ = (3.6990) - 2.8451 = (1.6990-2) -2.8451 = 0.8539-2 = 2.8539 or 
8.8539 — 10. 

Exercise 109. 

Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451 ; find the logarithms of: 



1 t. ±. 7. 3. .003. .005. /5Y. .007 



2' .05' 5' 5' ^'' .07 



2 41 _l^ \')K -^ ^ .343 .02 

 **' .0052' ^•'^^'' 5' 8.1' .000027' ' 1007 " 

126. Let TO be any number of which the logarithm is x. Then 

X 

10* = m. Taking the rth root of each member, we have KT = 'y/wi. 

oj lo£? X 

.'. (Art. 119), log iJ/to = - = . Similarly, log ^/rnn 

loff TO + log n T^, T, 
= -J2 L — ii_ . Etc. Hence, 
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The logarithm of any root of a number is found by divid- 
ing the logarithm of the number by the index of the root. 

-, . , «/- logs 0.6990 ^ 

niuBtratioiiB. log ^ = -^ = — - — = 0.1398. 

7> log .0007 4.8451 3.8451 + 7 - - 

log >^^;0007 = -^ = — — = =--^ = 0.5493-hl = 1.5493. 

« log 1.5« 5 log 3 X .5 5 (log 3 + log .5) 
log Vl-6* = — g— = 6 = g 

5(0.4771 + 1.6990) 



6 



= 0.14676. 



Hote. If a negative characteristic is not exactly divisible by the index of 
the root, subtract from the characteristic the least ])ositive number which will 
make it so divisible. Indicate the addition of tlie characteristic so formed to 
the mantissa, and prefix the number subtracted from tlie characteristic to the 
mantissa. Then divide separately. Thus, 

, ^^ log^_T.6990 1.6990 + 2 ^ omr . T - T cior a qaqk ia 
log V.5 = ° = — J5 — = ^r—^ — = 0.8495 + 1 = 1.8495 or 9.8495 — 10. 

A Z L • 



Exercise 110. 

Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451 ; find the logarithms of: 

1. ^n\ \/l', \/2; \/75; ^243; ^W; \^M; ^/.07. 



3. 



^5' ^2 
V^X A?^2 ^42 ^ y/^ ^J (.21)2 V^2 4'^ 



127. Table of Logarithms. The table (pages 304 and 305) 
gives the mantissse of the logarithms to four decimal places for all 
numbers from 1 to 1000 inclusive. The characteristic and decimal 
points are omitted^ and must be supplied by inspection (Art. 121. 



304 



ELEMENTS OF ALGEBRA. 



N 





1 


2 


3 


4 


6 


6 


7 i 8 


9 


lO 

11 
12 
13 
14 

15 

16 
17 
18 
19 


0000 
0414 
0792 
1139 
1461 


0043 
0453 
0828 
1173 
1492 


0086 
0492 
0864 
1206 
1628 


0128 
0631 
0899 
1239 
1558 


0170 
0569 
0984 
1271 
1584 


0212 
0607 
0969 
1303 
1614 


0253 
0646 
1004 
1335 
1644 


0294' 
0682 
1038 
1367 
1673 


0334 
0719 
1072 
1399 
1703 


0374 
0755 
1106 
1430 
1732 


1761 
2041 
2304 
2653 

2788 


1790 
2068 
2330 
2577 
2810 


1818 
2095 
2366 
2601 
2838 


1847 
2122 

2:«0 

2625 
2856 


1875 
2148 
2405 
2648 
2878 


1908 
2175 
2430 
2672 
2900 


1981 
2201 
2455 
2695 
2923 


1959 
2227 
2480 
2718 
2946 


1987 
2253 
2504 
2742 
2967 


2014 
2279 
2529 
2765 
2989 


20 
21 
22 
23 
24 


3010 
3222 
3424 
3617 
3802 


3032 
8243 
3444 
8636 
3820 


3054 
3263 
8464 
3665 
3838 


3076 
8284 
8488 
3674 
3866 


3096 
3304 
3502 
3692 
3874 


8118 
3324 
3622 
8711 
8892 


3139 
3345 
8541 
3729 
8909 


3160 
3365 
8560 
3747 
3927 


3181 
3385 
3679 
3766 
3945 


3201 
3404 
3698 
3784 
3962 


25 

26 

27 
28 
29 


8979 
4150 
4814 
4472 
4624 


3997 
4166 
4380 

4487 
4689 


4014 
4183 
4346 
4502 
4654 


4081 
4200 
4362 
4618 
4669 


4048 
4216 
4378 
4533 
4683 


4065 
4232 
4398 
4648 
4698 


4082 
4249 
4409 
4564 
4713 

4857 
4997 
5132 
5263 
5391 


4099 
4265 
4425 

4679 
4728 


4116 
4281 
4440 
4594 
4742 


4133 
4298 
4456 
4609 

4757 

4900 
5038 
5172 
5302 

6428 

5551 
5670 
5786 
5899 
6010 

6117 
6222 
6325 
6425 
6522 

6618 
6712 
6808 
6893 
6981 


30 

31 
32 
33 
34 

35 

36 
37 
38 
39 


4771 
4914 
5051 
5186 
5315 


4786 
4928 
5065 
5198 
6328 


4800 
4942 
6079 
5211 
5340 


4814 
4955 
5002 
5224 
5353 


4829 
4969 
5105 
5237 
6866 


4843 
4983 
5119 
5250 
5378 


4871 
5011 
5146 
5276 
5403 


4886 
5024 
5169 
5289 
5416 


5441 
6663 
5682 
6798 
6911 


5463 
6675 
5694 
5809 
6922 


5465 
5587 
5706 
6821 
6933 


5478 
5599 
5717 
5832 
5944 


6490 
6611 
6729 
5848 
6965 


6502 
5623 
5740 
6865 
5966 


5514 
6635 
5752 
5866 
5977 


5527 
5647 
6763 

6877 
5988 


5639 
6658 
5775 
5888 
5999 


40 

41 
42 
43 
44 


6021 
6128 
6232 
6336 
6435 


60:U 
6138 
6243 
6345 
6444 


6042 
6149 
6253 
6355 
6454 


6063 
6160 
6263 
6366 
6464 


6064 
6170 
6274 
6376 
6474 


6075 
6180 
6284 
6385 
6484 


6085 
6191 
6294 
6395 
6493 


6096 
6201 
6304 
6406 
6603 


6107 
6212 
6314 
6415 
6513 


45 

46 
47 
48 
49 


6632 
6628 
6721 
6812 
6902 


6642 
6637 
6730 
6821 
6911 


6551 
6646 
6789 
6830 
6920 


6661 
6666 
6749 
6839 
6928 

7016 
7101 
7186 
7267 
7348 


6571 
6665 
6758 
6848 
6937 


6680 
6676 
6767 
6857 
6946 

7033 
7118 
7202 
7284 
7364 


6590 
6684 
6776 
6866 
6965 


6599 
6693 
6785 
6875 
6964 


6609 
6702 
6794 
6884 
6972 


50 

61 

62 

63 

64 


6990 
7076 
7160 
7243 
7324 


6998 
7084 
7168 
7261 
7332 


7007 
7093 
7177 
7259 
7340 


7024 
7110 
7193 
7275 
7366 


7042 
7126 
7210 
7292 
7372 


7050 
7136 
7218 
7300 
7380 


7059 
7148 
7226 
7308 
7388 


7067 

7152 

7235 

7316' 

7396 
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N 





1 


2 


3 


4 


5 


6 


7 


8 





55 

56 
67 
68 
59 


7404 

7482 
7669 
7634 
7709 


7412 
7490 
7566 
7642 
7716 


7419 
7497 
7674 
7fJ49 
7723 


7427 
7505 
7682 
7657 
7731 


7435 
7613 
7589 
7664 

7738 


7443 
7620 
7697 
7672 
7746 


7461 
7628 
7604 
7679 

7762 


7459 
7636 
7612 
7686 
7760 

7832 
7903 
7973 
8041 
8109 

8176 
8241 
8306 
8370 
8482 


7466 
7543 
7619 
7694 
7707 


7474 
7551 
7627 
7701 
7774 

7846 
7917 
7987 
8056 
8122 

8189 
8254 
8819 
8382 
8445 


ao 

61 
62 
63 
64 


7782 
7863 
7924 
7993 
8062 


7789 
7860 
7931 
8000 
8069 


7796 
7868 
7938 
8007 
8076 


7803 
7876 
7945 
8014 
8082 


7810 
7882 
7952 
8021 
8089 


7818 
7889 
7969 
8028 
8096 


7825 
7896 
7966 
8036 
8102 


7889 
7910 
7980 
8048 
8116 


65 

66 
67 
68 
69 


8129 
8196 
8261 
8826 
8388 


8136 
8202 
8267 
8831 
8396 


8142 
8209 
8274 
8888 
8401 

8463 
8626 
8686 
8646 
8704 


8149 
8216 
8280 
8344 
8407 


8150 
82*22 
8287 
8361 
8414 


8162 
8228 
8293 
8367 
8420 


8169 
8236 
8299 
8863 
8426 


8182 
8248 
8312 
8876 
8439 


70 

71 
72 
73 
74 


8451 
8613 
8573 
8633 
8692 


8467 
8619 
8679 
8689 
8698 


8470 
8531 
8691 
8651 
8710 


8476 
8537 
8597 
8657 
8716 


8482 
8543 
8603 
8663 
8722 

8779 
8837 
8893 
8949 
9004 


8488 
8649 
8609 
8669 

8727 


8494 
8565 
8(J15 
8675 
87^3 

8701 
8848 
8904 
8960 
9015 


8500 
8501 
8621 
8681 
8739 


8506 
8567 
8627 
8686 
8745 

8802 
8859 
8016 
8971 
9025 

9079 
9133 
9186 
9238 
9289 


75 

76 
77 
78 
79 


8761 
8808 
8866 
8921 
8976 


8766 
8814 
8871 
8927 
8982 


8762 
8820 
8876 
8932 
8987 


8768 
8826 
8882 
8938 
8998 


8774 
8831 
8887 
8943 
8098 


8786 
8842 
8899 
8054 
9009 


8797 
8854 
8010 
8965 
9020 


80 
81 
82 
83 
84 


9031 
9086 
9138 
9191 
9243 


9086 
9090 
9143 
9196 
9248 


9042 
9096 
9149 
9201 
9263 


9047 
9101 
9164 
9206 
9258 


9053 
9106 
9159 
9212 
9263 


9058 
9112 
9165 
9217 
9269 


9063 
9117 
9170 
9222 
9274 

9826 
9375 
9425 
9474 
9528 


9069 
9122 
9176 
9227 
9279 


0074 
9128 
9180 
9232 

9284 


85 
86 
87 
88 
89 


9294 
9346 
9396 
9446 
9494 


9299 
9360 
9400 
9460 
9499 


9804 
9366 
9406 
9466 
9504 


9809 
9360 
9410 
9460 
9609 


9315 
9365 
9415 
9466 
9613 

9662 
9609 
9657 
9703 
9750 


9320 
9370 
9420 
9469 
9518 


9330 
9380 
9430 
9479 
0528 


9335 
9386 
9435 
9484 
9633 

9581 
9628 
9675 
9722 
9768 


9340 
9390 
9440 
0480 

0538 


OO 
91 
92 
98 
94 


9642 
9690 
9638 
%86 
9731 


9647 
9696 
9643 
9689 
9736 


9652 
9600 
9647 
9694 
9741 


9667 
9605 
9662 
9699 
9745 


9566 
9614 
9661 
9708 
9764 


9571 
9619 
9666 
9713 
9760 


0576 
0624 
0671 
0717 
0768 


0686 
0033 
0680 
9727 
9773 

0818 
9863 
9908 
9962 
9906 


95 

96 
97 
98 
99 


9777 
9823 
9868 
9912 
9966 


9782 
9827 
9872 
9917 
9961 


9786 
9832 
9877 
9921 
9965 


9791 
9836 
9881 
9926 
9969 


9795 
9841 
9886 
9930 
9974 


9800 
9846 
9890 
9984 
9978 


9805 
9850 
9894 
9030 
9983 


9809 
9854 
9899 
9943 
9987 


9814 
9850 
0003 
9948 
9901 
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Explanation of Table. The left-band column, headed N, is a 
column of numbers. The figures O, 1, 2, 3, 4, 5) 6, 7) 8, 9, 

opposite N at the top of the table, are the right-hand figures of num- 
bers whose left-hand figures are given in the column headed N. The 
figures in the column whick they head are the corresponding man- 
tissaB of the logarithms of the numbers. 

128. To Find the Logarifhin of a Nnmber. 

I. Consifltlng of one Figure. The mantisssB of the loganthnis 
of single digits, 1, 2, 3, 4, etc., are seen opposite 10, 20, 30, 40, etc., 
and in the column headed O. To the mantissa prefix the character- 
istic and insert the decimal point. Thus, 

log 6 = 0.7782. log .6 = 1.7782. log 8 = 0.9031. 

Similarly, since the mantissa of log .009 is the same as the man- 
tissa of log 9, log .009 = 3.9542. 

XL Consisting of two Figures. In the column headed N look 
for the figures. In the line with the figures, and in the column 
headed O, is seen the mantissa. Then proceed as before. Thus, 

log 13 = 1.1139. log 2.6 = 0.3979. log .92 = T.9638. 

Similarly, log .00092 = 4.9638. 

III. Consisting of three Figures. In the column headed N) 
look for the first two figures, and at the top of the table for the third 
figure. In the line with the first two figures, and in the column 
headed by the third figure, is seen the mantissa. Then proceed as 
before. Thus, 

log 313 = 2.4955. log 17.9 = 1.2529. log .279 = T.4456. 

Similarly, log .000718 = 4.8561. 

lY. Consisting of more than three Figures. Take the man- 
tissa of the logarithm of the first three figures as given in the tahle. 
Prefix a decimal point to the remaining figures of the' number, and 
multiply the result by the tabular * difference. Add the product to 

* The Tabular difference is the difference between the two successive man- 
tissas between which the required, or given, mantissa lies. 
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the mantissa thns taken. Piefix the characteristic and insert the 
decimal point as before. Thus, 

1. Find the logarithm of 80.672. 

The tabular mantissa of the logarithm of 806 is 9063 

The tabular mantissa of the logarithm of 807 is 9069 

Therefore, the tabular difference = 6 

The number 80672 being between 80600 and 80700, the mantissa 

of its logarithm must he between 9063 and 9069. An increase of 100 

in 80600 causes an increase of 6 in the mantissa of the logarithm of 

80600. Therefore, an increase of 72 in 80600 will produce an increase 

of :^ of 6 (or .72 X 6), or 4.32, in the mantissa of the logarithm of 

80600. Hence, the tabular mantissa of log 80672 must be 9063 + 4, 

or 9067. Prefixing the characteristic and inserting the decimal point, 

we have 

log 80.672 = 1.9067. 

Similarly, since the mantissa of log .0005102 is the same as the 
mantissa of log 5102, 

2. To find the logarithm of .0005102. 

The tabular mantissa of log 510 is 7076 

The tabular mantissa of log 511 is 7084 

.*. the tabular difference = 8 

Hence, the tabular mantissa of log 5102 must be 7076 + .2 X 8, or 
7078. 

.-. log .0005102 = 4.7078. 

Exercise 111. 

Find by means of the table the logarithms of the 
. following : 

1. 70; 102; 201; 999; .712; 3.6; .00789; 3.21. 

2. .0031; .0983; .00003; 10.08; 29461; 3015.6. 

3. 32678 ; ^337; -v^.0086672 ; ^f ; (.098 x 85)i 
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129. To Find a Vnmber when its Logarithm is Given. 

I. If the Oiven MantlnBa is Foand in the Table. The first 
two figures of the required number will be seen on the same line 
with the mantissa and in the column headed N, the third figure will 
be seen at the head of the column in which the mantissa is found. 
Finally insert the decimal point as the characteristic directs. Thus, 

1. Find the number whose logarithm is 1.9232. 

Look for 9232 in the table. It is found on the line with 83 and 
in the column headed 8. Therefore, write 838 and insert the deci- 
mal point. Hence, the number required is .838. 

II. If the Given Mantissa cannot be Found in the Table. 
Find the next less mantissa, and the corresponding number ; also find 
the tabular diflference. Annex the quotient of the difference between 
the given mantissa and the next less mantissa divided by the tabular 
difference, to the corresponding number ; then proceed as before. 
Thus, 

2. Find the number whose logarithm is 2.7439. 

The next less mantissa is 7435, corresponding to 554. 

The next greater mantissa is 7443, corresponding to 555. 

.'. the tabular diflFerence = 8. 

The diflference between the given mantissa and the next less man- 
tissa is 4. Since the given mantissa lies between 7435 and 7443, the 
corresponding number must lie between 654 and 555. An increase of 
8 in the mantissa causes an increase of 1 in 554. Therefore, an in- 
crease of 4 in the mantissa will produce an increase of |, or .5, in 554. 
Hence, the mantissa 7439 must correspond to the number 554-1- .5, or 
554.5. Therefore (II, Art. 121), write 05545 and prefix the decimal 
point.. Hence, the number required is .05545. 

3. Find the number whose logarithm is 3.1658. 

The next less mantissa is 1644, corresponding to 146. 

The next greater mantissa is 1673, corresponding to 147. 

.'. the tabular diflFerence = 29. 

The diflFerence between the given mantissa and the next less man- 
tissa is 14. Annex ^, or .48 nearly, to the number 146, and insert 
the decimal point as the characteristic directs. Hence, the number 
required is 1464.8. 
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Exercise 112. 

Find the numbers whose logarithms are : 

1. 3.4683; 2.4609; 4.8055; 0.4984; 0.1959. 

2. 3.6580; 2.4906; 4.5203; 2.5228; 0.6595. 

3. 0.8800; 1.7038; 5.8017; 3.1144; 5.7319. 

130. An Exponential Equation is one in which the expo- 

nent is the unknown number ; as, w* = n, ?7i' = n. Such 
equations usually require logarithms for their solutions. 

Example 1. Solve the equation 21' = 1.5. 

Process. Take the logarithm of each member, x log 21 = log 1 .5. 
By means of the table, 1.3222 x = .1761. 

Therefore, x = ,' ^oaa = -1332, nearly. 

Example 2. Find the value of 3.208 X .0362 X .16734. 

Process, log (3.208 X .0362 X .15734) = log 3.208 + log .0362 
+ log .15734. 

log 3.208 =0.5062 
1(^.0362 =2.5587 
log .15734= 1.1969 

2.2618 = log .01827. 
Therefore, 3.208 X .0362 X .15734 = .01827. 

Example 3. Find the fifth root of .05678. 

Process, log .05678 = 2.7542. 
5)2.7542 = 5) 3.7542 + 5 

.7508 + T = T.7508 = log .5634, nearly. 
Therefore, ^.05678 = .5634, nearly. 
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ElxAMPLB 4. Find the valae of log^ 144. 

Solutioii. To find log^y^ 144, is the same as solving (Art. 119) 
(2i^' = 144, for /, squaring each side, etc., / = 4. 
Therefore, log^yg 144 = 4. 

Exercise US- 
Find by logarithms the values of the following : 

1. 360 X .0827 ; 117.57 x .0404 ; ij|| ; (31.89)8 

2. ^951; 380.57 X. 000967; iS2llLj4«l. 

212.6 X 30.2 7435 "^343 
84.3 X 3.62 X .05632' 38731 X .3962' -^729' 

4. P^^^J^ . 72132 X .038209 ; '^iOOOSlS. 

^385.67 

5. (61173)t; —^ j; -5-.= ;' v3 X V.OOl; — ,7= • 

^ ' (.19268)* v'27 5v^49 

Solve the following equations : 

6. 20^=100; 2'' = 769; 10' = 44; (f)' = 17.4 



jx, 



7. 10* = 2.45 ; 5*-*" = 2*+' ; -^3"-* = W^^ 

8. 2* X 6'-' = 5'' X 7'-"; 3'-* = 5 ; 4» = 64 

9. (J)* =10; m' = « ; m"'+* = n ; m" X <^' = n. 

10. 2'+* = 6», 3' = 3 X 2"+^ 2}-'-' = 4-', 2*'-* = 3"—. 

11. a^'n^' = vfi, a^n?' = 7n}^; m'm^^ = {mX)\ ^ = (m')« 
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Find the number of digits in the values of: 

12. 312x28; 2«; W^; (4375)8; (396000)10. 

Find the number of ciphers between the decimal point 
and the first significant figure in the values of: 



— «> 



13. (.2)*; (.5)»«>; (.05)»; (.0336)»; V8100. 

14. Given log a: = 2.30103, find log xf 

Find the values of : 

15. loga 4 ; logs 8 ; log, 32 ; log, 128 ; log, 1024. 

16. log, \ ; log, J ; log, ^ ; log, ^ ; log, \^Y6. 

17. log, 729; log6l25; log^ 625 ; log, 15625; log^ J. 

18. log^e 1296 ; log_e - jiff ; loge ^\^ ; log,^^ 512. 

19. log5^5l25; loga4,49; log8l28; log,^3Tii. 

20. log,v^^ff; log,7^; logj4; log. a; log^i^ 

21. If 8 is the base, of what number ia § the logarithm ? 
Of what I ? Of what 1 ? Of what 2 ? Of what 3 ? Of 
what If ? Of what 2 J ? Of what 3^ ? Of what ^ n ? 

22. In the systems whose bases are 10, 3, and |^, 'of what 
numbers is — 5 the logarithm ? 

Find the bases of the systems in which : 

23. log 81 = 4; log 81 = - 4; log ^^Vrr = ^> 
loglTftjW = -4; logJ^=±2; log 1024" = ± 5 71. 
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CHAPTER XXL 



QUADRATIC EQUATIONS. 



131. A Quadratic Equation is an equation in which the 
square is the highest power of the unknown number. 

A Pore Quadratic Equation is an equation which contains 
only the square of the unknown number; as, 5 a? = 17. 

An Affected Quadratic Equation is an equation wbicb 
contains both the square and the first power of the un- 
known number ; as, 5 a? — 2 a; = 10. 

a;2 + 5 a: 17 

Example. Solve I ^ = q + l~ ' ' 

Process. Clearing of fractions, 12 a:^ + 60 - 9 a:^ = 4 x« + 61. 
Transposing and uniting, ar^ = 9. 

Therefore, extracting the square root,* ar = db 3. Hence, 

To Solve a Pure Quadratic Equation. Find the value of the 
square of the unknown number by the method for solving a simple 
equation,, and then extract the square root of both members. 



Note. * In extracting the square root of both members of the equation 
afl = df yre ought to prefix the double sign (db) to the square root of each mem- 
ber; but there are no new results by it, and it is sufficient to write the double 
sign before one member only. Thus, if we write ± « = db 3, we have + « 
= + 3, -f. a; = — 3, - a; = + 3, and - a; = — 3; but the last two hecome 
identical to the first two on changing the signs of both members. So that in 
either case, a; = 3, and a; = — 3. 
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Exercise 114. 

Solve the following equations ; 

1. a:2+5 = )^^_16; | x^ - (2 a? - 3) = "^-^-^^-^ . 

X ^ X ° 

3. a;(a;-10) = (Gf-a;)10; (5 a: + J)* = 756 J + 5 a;. 

35 -2 a; 5ar'+7 _ 17- j a ; 
9 """Sa^-?" 3 

^•r^+rT2-a; = 25; 9-^=16(2-;^ 

„ 7r' + 8 a3-)-4 «* /^ .xa 6 ic 
6.-21 8^^11=3' (5^-|)"=i-15«'- 

7. f(2a;-5)» = 94-24a;; 3r'_4 = ^±_2. 

8. -g = -5 > «a? + ma; = ac* + ma;. 

sr — n nr — m 

9. a;^ + ma; — m = ma;(l— ma;); 2 + 43;* = o(l— a;^. 



10. a? — w a; + m = w a; (a; — 1) ; x VS + a? = 1 + a?. 



mw — X n — a X 



n — mx an — X y ^ _ 3 

12 _^ + -^ = o- 1 _ 1 _V3 

i+a; 6— a; ' i_yi_2:2 i+y'i_aJJ a;^ 
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132. ExAMFLK 1. Solve i;»-2ai + 4oft- 2fti. 

Solution. TranHpoaing, we have x^ — 2ax -h iab — 2bx= 0. 
ArraDge in binomial tenns and factor, and we bave (x — 2d)(i — ib) 
= 0. A product cannot be zero udIcbb one of the lactora is ien>. 
Hence, the equation ia satisfied ifx — 2a = 0, oi x — 2b — 0; thai 
ia,ifi = 2o,orifz = 2 6. 

Example 2. Solve J i* + 1 1 + SOJ = 42| + »- 
Frooesa. Clear of fractions, transpose, and unite, 
33:"-2i-133 = 0. 
Factor, (:i x + 19) (r - 7) = 0. 

Therefore. 3 z + 19 = 0, and i - 7 = 0. a: = - 6^, and i = 7. 

To Solve a Qnadratlo Equation by Factorinff. Simplif; the 
equation, with all iU terms in the first member ; then place the fac- 
tors of the first member separately equal to eero, and solve the simple 
equations thus formed. 

Exercise 115. 

Solve the following equations : 

1. 3^3-10^ = 24; 3^+2a; = 80; a^-18a; + 32 = 0. 

2. a^ + 10 = 13(3; + 6); 2^ + 41-50 = 2-6^ 
3 4ar'+ 133;+ 3 = 0; ia? + 1 =~ II x - a? + 4. 
4. r'-a;=11342; 5a^ + Zx - i = 8x~7 3? -t 

= 2a? + x-S; 3?-2ax + 8x = Ua. 
53^+7 a^; a^-fa:+^ = 0. 

^' x+2 x-1 ~ x-2' 
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8. (a;-2)(a;H92:+20) = 0; 20?+ 3a? -2a;-. 3 = 0. 

21 a? - 16 « , 1 n_,A 2x{a — x) a 
3ar— 4 '3a — 2a; 4 



10. 7nq3? — mnx+ pqx — np =- 0; a; + 5 = Va;+ 5 + 6. 



11. {a-b)a^-{a + b)x + 2b = 0; aj2 = 21 + Va;*^ - 9. 



An affected quadratic equation can always be solved by the 
method of completing the square. This method consists in adding to 
botb members such an expression as will make the member, with all 
the terms containing the unknown number, a perfect square. The 
explanation of this method depends upon the principle that a trino- 
mial is a perfect square when one of its terms is plus or minus twice 
the product of the square roots of the other two. This process 
enables us to extract the square root of the member containing the 
unknown number, and thus form two simple equations which may 
be solved separately. 

2 :c — 11 
Example. Solve i (8 - «) x — Z = 4 (^ — 2). 

Process. Clear of fractions, transpose, and unite, 

-4a:« + 26x= 12. 

Divide by — 4, a:^ — J^ x = — 3. 

Add * (Vf to both members, x^-^x-{- {^f = - 3 + (J^)« = ^. 
Extract the square root, x — J^ = ± J^. 

Therefore, x — ^ = ^, and x — ^ = —^. x = 6, and x = ^. 

Every affected quadratic equation may be reduced to the 

general form 

ma^ + nx + a^O; 

where m, n, and a represent any numbers whatever, positive or 
negative, integral or fractional. Dividing both members by m for 

convenience, representing — by 6 and - by c, and transposing, we 

have 
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x^-{-cx = —b. 
Add I 2) to both members, x^ -\- c x -\- l~j = —b-\-i~\ . 

Or, x^+cx+^) =i(c2-46). 

c J 

Extract the square root, a; + „ = ± J y c^ - 4 6. 



Therefore, a: + 5 = i V^* ""***» ^^ ^ + 2 ~ "" ^ Vc«-46. From 

which a? = — 5 + i ^^^ — 4 6, and a; = — H "~ i V^^ ~ ^ ^' ^^^ 

- c 4- V^^--4~6 „ 
values may be written in the form x = 5 * Hence, 

Common Method of Solving Qnadratics. Reduce the equa- 
tion to the form x^ + c x = — b. Complete the square of 
the first member by adding to each member of the equation 
the square of half the coefficient ofx. Extract the square 
root of both members, and solve the resulting simple 
eqications. 

Notes : 1. * Always indicate the square of the expression to be added, in the 
first member. 

2. Since the squared terms of the square of a binomial are alioays positive, 
the coeflScient of x^ must be made + 1, if necessary, before completing the 
square. This may be done by multiplying or dividing both members by - 1. 

3. The foregoing method is called the Italian Method, having been used 
by Italian mathematicians, who first introduced a knowledge of algebra into 
Europe. 



134. It is often convenient to complete the square without first 
reducing the simplified equation to the form in which the coefficient 
of x^ is 1. Thus, 

Example 1. Solve —ir- = -r • 

a? a? + 5 2 
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Process. Clear of fractions, 

6 a;2 _ 14 a; + 30 X - 70 + 8 a:* - 20 a; = 7 a:3 4- 35 z. 
Transpose and unite, 7 x^ — 39 a; = 70. 

Multiply by 7 X 4, 196 x^ - 1092 x = 1960. 

Add (39)2, 196 a:» - 1092 x + (39)2 = 1960 + 1521 = 3481. 

Extract the square root, 14 a: — 39 = ± 59. 

Therefore, 14x = 394-59, and 14a; = 39-69. a: = 7, and x = - Y- 
Verify by putting these numbers for x in the original equation. 



Process. x = 7. 

3 X 7-7 4 X 7 - 10 

7 ■*" 7 + 5 -*' 

2 + 1 = 4, 



x = -^. 
3 X -y-7 4X-V-10 



J^ ^ -Y + 5 



It - ¥ = 1, 

4=}. 

When a quadratic equation appears in the general form 

7»x2 + nz + a = 0, 

the terms containing x may be made a complete square, without first 
dividing the equation by the coefficient of a:*. Thus, 

Transpose a, mx^-\-nx = -a 

Multiply the equation by 4 m and add the square of n, 

4 m^ x^ + 4 m n X + n^ = n^ — 4 am. 

Extract the square root, 2 m a: + n = ± y^n^ — 4Gm. 

Transpose n, 2mx = —n± ^n^ — 4 am 

r.,, -. — n ± \/n^ — 4am _ 

Therefore, x = t: . Hence, 

2m 

Hindoo Method of Solving Quadratics. Reduce the equa- 
tion to the form m x^ + n x = — a. Multiply it hy fo^ir 
times the coefficient of x^, and complete the square by adding 
to each member the square of the coefficient of x in the given 
equation. Extract the square root of both members, and 
solve the resulting simple equations. 
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If the coefficient of x in the given equation is an even number, the 
square may be completed as follows : 

Multiply the equation by the coefficient of x^ and add to each mem- 
ber the square of half the coefficient ofx in the given equation. 

8x 20 ^ 
Example 2. Solve -^^-^~^ "" ale ^ 

FrocesB. Free from fractions, 

(3x)(8ar) - 20(x + 2) = 6 (3a;)(x + 2). 
Simplify, 6 x^ - 56 x = 40. 

Multiply by 6, 36 x^ - 336 x = 240. 

Add (i^)«, 36 x« - 336 X + (28)^^ = 1024. 

Extract the square root,* 6 x — 28 = ± 32. 

Transpose, 6 x = 28 + 32, or 28 - 32. 

Therefore, « = 10, or - f . 

Verify by substituting 10 for x in the original equation. 

8X 10 20 

ProcesB. 10 + 2 "" 3 X 10 "" ''^ 

¥-1 = 6, 
6 = 6. 

Verify by substituting - | for x in the original equation. 

8X -t _20__ 
Process. _| + 2 ~ 3 X - f "" ®' 

-V 20 _ 

- 4 + 10 = 6, 
6 = 6. 

Notes: 1. * We ought to write the double sign before the root of both 
members. Thus, 6 a; — 28 = db 32, the reason for not doing so is the same as 
given in Art. 131, Note. 

2. The Hindoo, or Indian Method, is supposed to have been discovered by 
Aryabhalta, a celebrated Hindoo mathematician, and one of the first inventors 
of algebra. It is not only more general in form, but much better adapted to 
the solution of equations in which the coefficient of the square of the unknown 
number is not 1. 

3. This method has an advantage over the common method in avoiding 
fractions in completing the squaroi and is often preferred in solving literal 
equations. 
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_35. In case the coefficient of the square of the unknown, in 
the simplified equation, is a square number the square may be 
completed as follows : 

Example 1. Solve 72 a? - 54 = (20 - x) (4 a; + 3). 

Process. Simplify, 4 a;^ — 5 a: = 114. 

/ 5 a; \2 /5\2 

Extract the root, 2 a; — f = ± ^. 

Transpose, 2 a; = J + y, or f — ^. 

Therefore, a: = 6, or — 4|. 

The coefficient of a? may always be made a sqiuire 
number by multiplication or division. Hence, 

General Method of Solving Quadratics. Add to each 
member the square of the qtiotient obtained from dividing 
the second term by twice the square root of the first term. 
Tlien proceed as before. 



5 3 35 

Example 2. Solve „ , . + - = 



a? -f 4 X X — 2 

Process. Free from fractions, 

5 (a: - 2) a: + 3 (a: + 4) (x - 2) = 35 (a: + 4) x. 

Simplify, - 27 ar^ - 1 44 a; = 24. 

Divide by -3, 9x2 + 48a: = - q 

(48x \2 
— ;== J , or (8)«, 9 x2 4- 48 X 4- (8)2 = 56. 
2 Y 9 ar/ 

Extract the root, 3x + 8 = ± 2 \/]A. 

,— -S±2a/T4 
Transpose, 3x = -8±2yi4. .-. x= k-^ — 



Note. The Common and Hindoo Methods of completing the sqaare are 
modifications of the (General Method. 
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Exercise 116. 



Solve the following : 



1. 23aj=120 + a?; 42 + ^2= 13a;; 12a? + x = l. 

2. 22a; + 23-x2 = 0; a;2~|a; = 32; 2:2+3^ = 4 

3. a;+22-6a:2^0; 25 a; = 6a;2+ 21; a?-2aj = 3. 

4. 3a:2_,.i21 = 44a;; l^x = ^-s(?i 91 ai2-2;z; = 4. 

5. 21 2:2 + 22 a; + 5 = ; 9 a;2 _ 143 _ g a; = 0. 

6. 18a?-27a;-26 = 0; 50ar» - 15 re = 27. 

7. 19^=15-8a?; aj2+T^3: = ^; x2-^^_i = o. 

8. 5a:2+ i4a; = 55; (oj + 1) (2 ic + 3) = 4a:2 _22. 

9. 2{x'-i) = S(x + 2)(x-3); .32?^ + 2.1a; + l = 0. 

10. 25a;+2a;2= 0025; |(aJ + 6)(2J-2) = f (()2jV+^M 

. _1 1 6_ x+16 11 _ 4a; -17^ 

1+a; 3-a;~35' 5 ' "^ a; "" 3 

19 4a? x — 5 _ 4cX+7 a: + 4 , a; — 2 ^^ 
^"^^ 9 ■*"a; + 3"" 19 ^ ^ ~ 4 "^ ^"=^ ~" ^*- 



13 1 4^ 1 . _4 3___^ 

•3-a: 5 9-2a;'a;-3 a;+5~18' 



14. 
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5 4 3 4 5 3 



a: — 2 X X + 6' x — 1 x + 2 x 



a^ + 3 _ 12-h 5a^ 3x 2^r" ^ - qio 
1^- ^ + ^.2.5-5(^^5); x+l'^'Sx^i^'^^^ 

^^ bx — 1 x-b 3a;-l , « 

16. = . = r: z-r : -. — =1 =: 1 — 



Ix-b 2a;- 13' 4 a,' +7^ x + 1 

12a;8-lla;a+ 10 a? - 78 _ ^ , _ 
^^- 82?-7a; + 6 "^^^ *• 

3a;+5 3a?-5 _ 135 7 21 22 

3a;-5 3a: + 5""176' a^H4z "^ 3r*-8x " a; ' 

6 18 7 8 a5a;-h3 



19. 



a:— 1 a; + 5 a; + 1 x — 5' a; + 8 2aj+l 



136. Literal Quadratic EquatioiUL 

mn 
Example 1. Solve mx^ + nx = -—^—- -{-mx - nx\ 

Process. Transpose and factor, (to + n)x^ — {m — n)x= — — • 

Multiply the equation by 4 (to + n) and add the square of (to — n), 

4 (to + ny x* - 4 (to2 - n2) a: + (to - n)^ = (to + n)^. 
Extract the square root, 2(TO4-n)x— (to — n) = ± (to + n). 
Transpose, 2 (to + n) x = to — n ± (m + n) 

= 2 TO, or — 2 n. 

TO n 

Therefore, ^ = ;^rrT>or- 



TO + »' m + n 



« o, 2a:+l 1/1 2\ 3x4-1 
Example 2. Solve — g i (5 - J j = "T~ 



21 
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Free from fractions, 
ax(2x+ l)-(a-26) =bx(3x + l). 

Simplif J and transpose, 

2ax* + ax-36z*-ftx = a-26. 

Express the first member in iwo terms, 

(2a - 36)x« + (a - 6) X = a - 26. 

Mahiply by 4 (2a - 36), 

4 (2<l-36) V+4 (2a-36) (a-b)x = 8 a« - 28a 6 + 24 Al 

Complete the square, 
4(2a-36)«x«+4(2a-36)(a-6)x+{a-6)« = 9a«-30a6 + 26&«. 

Extract the square root, 

2(2a-36)x+(a-6)= ± (Sa-bb), 

Transpose, 2 (2 a - 3 6) x = - (a - 6) ± (3 a - 6 6) 

= 2a-46, or-2(2a-3ft. 

a-26 
Therefore, x = ^a-Sb » ®' '"^• 



« , 1 1 1 

Example 3. Solve + . , ^ = - + 



X 6+x a a+b 

Process. Transpose, = —t-t — . , ^ 

t^^^ X a a + 6 b -\- X 

Reduce each member to a common denominator, 

a — X X — a 



ax (a + 6) (6 + x) 

Free from fractions, (a - x) (a + 6)(6 + x) = a x (x — a). 

Transpose and factor, 

(a - x) [(a + 6) (6 H- x) + ax] = 0. 

Hence (Art 11), a — x = 0. .-. x = a. 

Also, (a + 6) (6 + x) + a X = 0. 

Simplify and factor, 

6Ca + 6) + (2rt4-6)x = 0. .-. x= -g^Jj* 

Note. Always express the first member of the simplified equation Id two 
terms, the first term involving x^, the second involving x. 
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Exercise 117. 

Solve the following equations : 

n m ox tn ct X 

1. a? — (a + 6)a; + a6 = 0; mx^-] m = — j—. 

^ X a X h ^ mbx amx 

2. - + -- = r + -; rnoi? m = r — 

a X X a 

3. (a-6)a?-(a + 6)a; + 26 = 0; a^a^ + abx = 2V^. 

a? X ^2a^ 2x(a'- x) __ a ^ + ^^^ _ ^ 
^ "^ J "^ ~ja"' 3a-2a; "" 4' x " 

5. mq2^-^mnx + pqx^np = 0; a?+2xV^ = n, 

6. a^a? - 2 a^a; + ^t* - 1 = ; a? + x(a -b) z=z ab. 

7. a? + m aj + c aj + 713 a: + w^ a; = 0. 

8. 4:a^x = (a?-b^ + xf; o? (x ^ af ^l^{x + a)\ 



\a X J \ X a J 



a? — 4:abx a m 
1^- —/ — . x\i = fa — or ; qt—tx a; = — ca: — a;. 

j^ (^-^(^-fJO ^ 2 a; ; 9 a*6*a? - 6 aS&aa; = ft^. 

^- waj+a a; + & 11 1 ^ 

12. =- = ; - + -— — + , ^ = 0, 

x—o nx—a a a+x a+2x 
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13. 1 = - ; -^^ ;; \ — = 1. 

X a—x c 4a— 1 

14. (x + ^^ :=^3?; («a;-|y=ia2^. 



137. Solution by a Formula. From the quadratic equa- 
tion wa? + 7ia; = — a, 



— ?i ± Vn^ — 4:am ... 

^= 2Vv ^^> 

By means of this formula the values of x, in an equation 
of the general form, may be written at once. Thus, 

Example 1. Solve lOa;^- 23a: = - 12. 

Froceas. Here, ??i = 10, n = — 23, and a = 12. 



Substitute these values in (1), x = — ^ .^ 

_23±_7 
" 20 

= h or f 

« « , 1 111 

Example 2. Solve j—, ; — = r- + - h 

6+c+y b c y 

FrocesB. Free from fractions, transpose, and factor, 
(h + c)y^+(h + cyy = - 6c (J -f- c). 

Divide by 6 + c, y^ + (b+c)y = — be. 

Here, m = l,n = b + c, and a = bc. 



Substitute these values m (1), x = — ^^ -. ~  

_ -'(b + c)±(b-c) 

" 2 

= — c, or — 6. 

Note. In substitnting the student must pay particular attention to the 
signs of the coefficients. 
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Miscellaneous Exercise 118. 

1. 17a;2+ 19z = 1848; 3 a? - 12a; + 1 = 6«- 23. 

2. 5a? + 4a; = 273; f a? + |a; + ^^^ = 0. 

oa; D X — 1 X + 5 X + 1 

2x+3 7--X l—Zx 



5. 16a.^-6ic-l = 0; 



2(2a:-l) 2(a: + l) 4-32; 



a ox^_ ^ a: — 8 2 (a; + 8) __ 3 a: + 10 
3 "^ 4" ~ 3 a' i'^Ts "^ a; + 4 " a; + 1 ' 

7.--^ = ^; H(5^^ + 36)2 = ^,(8a?-4)2 

8. -^ = 1 + -; lla;2+10aaj = ±a2; a: + - + 2 = -. 

p-{-X p X 'XX 

_ 70 ^ afl bx a^ , ab 
y. aa; 4- aar — a = of: — « H = — « H • 

o (^^ — 71^ a: ^ a;2 a; m^ — 4a2 

10. ma^ '— = 1 ; ^ ^^ o = 1 ^ 

mn 3m — 2a 2 4a — ow 

11. ar^ — 2 a a: = (6 — c + a) (6 — c — a). 

12. a:^ — (a + 6)a; = J (w + ?i + a + 6) (m + ^ — a — 6). 

13 1 ^ 1 ^g^ + a^. a; + 3 a:-3^^ 
' a -^ X a — X a^ — 2^' X — 3 a;+3 
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14. aha?-2x{a + h)Vah = {a-hf. 

(i-b _ 14ag-5a&-10&2 {2a-^U)x 
^^' ^+ ai2 - iSa^ja "^ 2ah ' 

a^2b — x 5 b — X 2a — a; — 19&_ 
a2_4^2 " ax + 2bx 2bx — ax ""* 

_^ 1 1 _ w 2nx+n 

2a^5+ic-l'^2ic2-3a;+l " 27ia?-7i"ma?-w 



18. = a a;. 

a a; — Va^ a^ — 1 a a; + Va^ a? — 1 



Query. What is th^ difference between the meaning of "the 
root of an equation " and " the root of a number " ? 

138. Problems. The following problems lead to pure or affected 
quadratic equations of one unknown number. In solving such prob- 
lems, the equations of conditions will have two solutions. Some- 
times both will fulfill the conditions of the problem ; but generally 
one only will be a solution. 



Exercise 119. 

1. Find a number whose square diminished by 119 is 
equal to 10 times the excess of the number over 8. 

Solutioii. Let X = the number. 
Then, x — 8=^ the excess of the number over 8. 

Therefore, a:^ - 119 = 10 (a: - 8). 
The solution of which gives, ar = 13, or — 3. 
Only the positive value of x is admissible. Hence, the number 
is 13. 

Note. In solving problems involving quadratics, the student should retain 
only those vahies for results that will satisfy the conditions of the problem. 
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2. The differance of the squares of two consecutive 
numbers is 17. Find the members, 

3. Find two numbers whose sum is 9 times their differ- 
ence, and the difference of whose squares is 81. 

4. Find two numbers, such that their product is 126, 
and the quotient of the greater divided by the less is 3|. 

5. Divide 14 into two parts, such that the sum of the 
quotients of the greater divided by the less and of the less 
by the greater may be 2-j^. 

6. Find two numbers whose product is m, and the 
quotient of the greater divided by the less is n. 

7. Find a number which when increased by n is equal 
to m times the reciprocal of the number. Find the num- 
ber when n= 17 and in = 60. 

8. Divide m into two parts, so that the sum of the two 
fractions formed by dividing each part by the other may 
be n. Solve when m = 35 and n = 2-^, 

9. Divide a into two parts, so that n times the greater 
divided by the less shall equal vi times the less divided by 
the greater. Solve when a = 14, ti = 9, and m = 16. 

10. A farmer bought some sheep for $72, and found 
that if he had received 6 more for the same money, he 
would have paid $1 less for each. How many did he 
buy? 

11. If a train travelled 5 miles an hour faster, it would 
take one hour less to travel 210 miles. Find the rate 
travelled and number of hours required. 
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12. A man travels 108 miles, and finds that be could 
have made the journey in 4j hours less had he travelled 
2 miles an hour faster. Find the rate he travelled. 

13. A number is composed of two digits, the first of 
which exceeds the second by unity, and the number itself 
falls short of the sum of the squares of its digits by 26. 
Find the number. 

14. A number consists of two digits, whose sum is 8; 
another number is obtained by reversing the digits. If 
the product of the two is 1855, find the numbers. 

15. A vessel can be filled by two pipes,' running to- 
gether, in 22 J minutes; the larger pipe can fill the vessel 
in 24 minutes less than the smaller one. Find the time 
taken by each. 

Solution. Let x = the number of minutes it takes the larger pipe. 
Then, a; -f- 24 = the number of minutes it takes the smaller pipe. 

- = the part filled by the larger pipe in one minute, 
and , 04 = the part filled by the smaller pipe in one minute. 

m, .. 1 1 1 

Therefore, - -h 



a; ^ a; f 24 ~ 22j 
The solution of which gives, x = 36, or — 15. 
One pipe will fill it in 36 minutes, and the other in 1 hour. 

16. A vessel can be filled by two pipes, running to- 
gether, in m minutes ; the larger pipe can fill the vessel in 
n minutes less than the smaller one. Find the time taken 
by each. Solve when m = 56 and n = 66. 
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17. B can do some work in 4 hours less time than A 
cau do it, aud together they can do it in 3| houra. How 
many hours will it take each alone to do it { 

18. A boat's crew row 7 miles down a river and back 
in 1 hour and 45 minutes. If the current of the river is 
3 miles per hour, find the rate of rowing in still water. 

19. A boat's crew row a miles down a river and back. 
They can row m miles an hour in still water. It took n 
hours longer to row against the current than the time to 
row with it. Find the rate of the cun-ent. Solve when 
a = 5, m = 6, and n = 2. 

20. A uniform iron bar weighs m pounds. If it was a 
feet longer each foot would weigh n pounds less. Find 
the length and weight per foot. Solve when m = 36, 
a = 1, and w = J. 

21. A and B agree to do some work in a certain num- 
ber of days. A lost m days of the time and received n 
dollars. B lost a days and received c dollars. Had A lost 
a days and B vi days, the amounts received would have 
been equal. Find the number of days agreed on and the 
daily wages of each. Solve when m = 4, ti = 18.75, a = 7, 
and c = 12. 

22. A person sold goods for m dollars, and gained as 
much per cent as the goods cost him. Find the cost of 
the ffoods. Solve when m = 144. 



O' 



23. By selling goods for m dollars, I lose as much per 
cent as the goods cost me. Find the cost of the goods. 
Solve when m = 24. 
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CHAPTEE XXII. 

EQUATIONS WHICH MAY BE SOLVED AS QUADRATICS. 

139. In the equation m (y* — y)* + n (y« — y)^ f a = 0, suppose 
(y" - y)' = ^> then mx«4-nx + a = 0. Similarly, y* - 3 y^ - 9 = 
may be changed to the form a:* — 3 x — 9 = 0. 

Hence, an equation is in the quadratic form when the unknown 
number is found in two terms affected with two exponents, one of 
which is twice the other ; as, x® + 5 aH* — 8 = 0. 

The geueral form for an equatioD in the quadratic form is, 

where a, b, c, and n represent any numbers whatever, positive or 
negative, integral or fractional. 

Example 1. Solve x* - 13 x^ + 36 = 0. 
ProcesB. Factor, (x + 2) (x - 2) (x 4- 3) (x - 3) = 0. 
Hence, x + 2 = 0, x - 2 = 0, x + 3 = 0, and x - 3 = 0. 
Therefore, x = db 2, or ±3. 

Example 2. Solve 8 x"" * - 15 x~* -2 = 0. 
Process. Factor, (x~^ — 2) (Sx"* + 1) = 0. 

x-«-2 = 0, orx8 = i x=(i)^ =i^2. 
Also, 8x~* + 1 = 0, orx* = -8. x= (-8)* = -32. 

Example 3. Solve 3 x + x* - 2 = 0. 

Process. Solve for x*. Thus, 

Multiply by 12 and transpose, 36 x + 12 x* = 24. 

Complete the square, 36 x + 12 x* + 1 = 26. 

Extract the square root, 6 x* + 1 = ± 5. 

Therefore, x*= f, or-1. 

Square each member, x = 4, or 1 . 
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Example 4. Solve 2 ^^foF^ + 3 -y^i^ - 56 = 0. 

Process. Since ^IF^ is the same as x"', and ^x-* is the same 
as x~ *, this equation is in the quadratic form. Transpose and mul- 
tiply by 12, 36 x~^ + 24 x~* = 672. 

Complete the square, 36 a:" * + 24 x" * + 4 = 676. 

Extract the square root, 6 x"~' + 2 = db 26. 

«"* = 4, or — y. 

Therefore, ar' = ^, or - ^. 

Extract the square root, x* = ± |, or ± \/— ^\. 



Raise to the 5th power,* x = ± |j»j, or i ^/ic A)*- 

Kotes : 1. When the roots cannot all be obtained by completing the square, 
the method by factoring should be used. Thus, in solving a:6-f7««— 8 = 0, 
by completing the square, we find but two values for x, x = 1, or — 2. Fac- 
toring the first member, we have (x + 2) (tS - 2 x -f 4) (x - 1) (x2 -f a; + 1 )= 0. 
Hence, x + 2 = 0, x2 - 2x + 4 = 0, x 1 = 0, and x2 -f a; + 1 = 0. Solv- 

>-^— — 1 -4- \^ ^ 

ing these equations, x = — 2, 1 ± V^, 1, and ^ 



m 



2. * In solving equations of the form x»» = a, first extract the mth root, 
and then raise to the nth power. In practice this is the same as aflfecting the 



.-,„.,..»^...j. «.,.=^ 



Example 5. Solve ax^" + &x" = -c. 

Process. Multiply by 4 a, 

4a2aj«2ii -I- 4a6a:" = — 4ac. 

Complete the square, 

4a2x2« + 4a6x" -I- 62== _ 4ac +6*. 



Extract the square root, 2 a x« + 6 = ± V^^ - 4 a c. 

± V** - 4 a c - 6 
Transpose & and divide by 2 a, x» = ^-^ • 

Extract the nth root, :p = [ — - — ^-^ J vV 

Example 6. Solve 4 x* - 37 x^ -}- 9 = 0. 
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ProceoB. Here, a = 4, 6 = - 37, c = 9, and n = 2. 

Substitute these values in (i), x = I 9^4 J 

r ± 35 -f 37 1^ 

= ± 3, or ± i 

Exercise 120. 

Solve the following equations : 

1. a;*-14x2 = -40; x^^ + Zlofi = '^2', a^-lx^^^- 

'2. a^(19 + a^) = 216; a^ + ^ = a^ + ft^. 
3. 16 (x2 + ^"N = 257 ; a« + 14a;« = 1107. 

4 5 x* + ^x = 22 ; \^ + -4- = 3J. 

2 Va; 

5. a:t + 7a;t = 44; 3 a? + 42 x* = 3321. 

6. a;t + a;» = 756 ; 3 V^ - 4 •^^ = 7. 

7. 2Vi + ^ = 5; 12^-t + f = 4 + ¥- 

8. 3 a;* - X-* + 2 = ; 2 a;-^ + 61 a;"* - 96 = 0. 

9. a;-i+aa;-* = 2a2; a;-2_2a;-» = 8; a;-» + V?' = 6- 

10. a;*" - I aj^" - If = ; 3a:t" + 4a!§" = 4. 

m w* _3_ 3 

11. a;" + 13 af» = 14 ; 3 a; ""• + 26 a; <- = - 16 
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140. Equations may frequently be put in the quadratic forni liy 
grouping the terms containing the unknown number, so that the 
exponent of one group shall be twice the exponent of the other group, 
and then solved for the polynomial. Thus, 

Example 1. Solve a;-3x*-4Vx-3x*-l = -2. 

The equation may be put in the quadratic form if we regard 

Va: — 3 X* — 1 as the unknown number. Thus, 

Process. Add — 1 to each member, 

ar-3a;*- 1-f 4V'a;-3a:*-l =~3. 

FntVx-3x^ -l = y, y -h 4 y = - 3. 

Therefore, y = 3, or 1. 

Hence, Vx - 3 x* - 1 = 3, or 1. 

Squaring, x - 3 x* - 1 = 9, or 1. 

Complete the square, x - 3 x* + } = y, or Jf . 

Solving these equations for the values of x, we find x = 25, or 4, 

13±3>v/l7 
and X = 2 * 

Note 1. In solving equations of this fonii we must group the terms so that 
the expression outside of the radical, in the first member, is the same or a mul- 
tiple of the expression under the radical sign. 

Example 2. Solve x* - 6 ax* + 7 a^ x^ 4- 6 a^x = 24 a*. 

Process. Add 2a^x^, x*-6ax^+9a^x^-\-Ga^x = 24 a* + 2 02x2. 
Transpose 2 a* x2, x*- 6 a x«+ 9 a2 x24- 6 a^ x - 2 a2 x2 = 24 a\ 

Group and factor the terms, 

(x2 - 3 ax)2 - 2 a2 (x2 - 3 ax) = 24 a*. 
Regard x*— 3ax as the unknown number, and complete the square, 

(x2 - 3 a x)2 - 2 a« (x2 - 3 a x) + a* = 25 a*. 
Extract the square root, (x2 - 3 a x) - a2 = ± 5 a2. 

Therefore, x2 - 3 a x = 6 a2, or - 4 a2. 

Complete the square and solve, x = g (3 ± \/3S), 
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Note 2. Form a perfect square with ac^ and ~ 6 a sH^. The third term of the 
square is the square of the quotient obtained by dividing 6ax8 by twice the 
square root of a;*. 

Example 3. Solve a:* + 4a;-4ar-i + ar-2 = J. 

Process. Use positive exponents, rearrange terms, and factor, 



x« 



+ i'a + 4(x-J)=J. 



Regard z — as the unknown number, and subtract 2 from both 
sides, „ ^ 1 . / 1\ 

Factor, and complete the square, 

Extract the square root, a; — - + 2 = dbf. 

Therefore, a? — "" = — Ji or — Jj^. 

Free from fractions, x^ — 1 = — J «, or — Jj^ x. 

CJomplete the square and solve, x = ^ (— 1 ± \/37), 

a; = i(-ll± Vl^' 

Note 3. Form a perfect square with x^ for the first term and -j for the 

third. The middle term will be twice the product of their square roots taken 
with a negative sign. 

A Biquadratic Equation is an equation of the fourth de- 
gree. Biquadratic means twice squared, and hence the 
fourth power. 

If a biquadratic is in the form, 

0:* + 2ma:«+ (m2 + 2n)x«+ 2mna: = a (ii) 

the first member becomes a perfect square by 

Adding n*, or the square of the gtwiient obtained by dividing the 
coefficient of x by the coefficient of x*. 



EQUATIONS SOLVED AS QUADRATICS. 335 

Thus, extracting the square root of the first member, 

ar* + 2ma:«+(m*H-2n)a;«+ 2TOnar [ x^-f-mar-f n 



2x^-hmx I 2mar»-f- (m« + 2n)x«+ 2mnz 

2ma:«+(m» j x^ 



2x^-i-2mx + n\ + ( 2n)x^+2mnx 

+ ( 2n)x'-h2mnz + n« 

— ?4*. Hence, 
the equation may be written, 

(x2 + OTx + n)2 - »» = a, or (x« + m x + «)« = a + n^ (iii) 

Example 4. Solve x* - 10 x» 4- 36 x« - 60 x = II. 

Process. Here, 2m = — 10, 2mn = — 60. .•. m = — 5 and n = 6. 
Since m* + 2 » = 36, the equation has the form of (ii). 
Add 26 ; or put »i = — 6, n = 6, and a = 11 in (iii), 

(x2 - 6 X -h 6)« = 3fi. 
Extract the square root, x* — 6x-f6 = ±6. 

Therefore, x' — 5 x = 1, or — 11. 

5db V29 
Complete the square and solve, x = ^ — > 



6 ± V- 19 
^ = - 2 

Note 4. After adding the value for n> the first member may be factored by 
substitttting the values for m and n in (iii). 



Exercise 121. 

Solve the following equations : 

1. {3u^ + z- 2)2 - 13 (a:2 ^_ a: - 2) 4- 36 = 1. 



2. 2^ + 2x'^6Vs?T~2x + 5 = ll. 



3. a:2 + 24 = 12v^2 + 4. 2a: + 17 = 9 V2 a; - 1. 

4. x^-x + 5(2 3?-'5x+6)^ = ^(3x + 33). 
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3 ~ {3? + x+ 6)i 

8. (ai2 _ 5 a;)2 - 8 (a? - 5 a;) = 48. 

9. 9 X - 3 a? + 4 (a!2 - 3 a; + 5)* = 11. 

c 

/> IV 2/^ 1\ 15 
11. (3 a:2 - 10 a; + 5)2 - 8(3a<-2 - 10 a; + 5) = 9. 

13. a;* + 6 a.5 + 5 a? - 12 a; = - 12. 

14. a^ - 6 a^ - 29 a?* + 114 a; = 80. 

c 

15. a;* + 2 a^ - 25 a^« - 26 a; + 120 = 0. 

16. a;* - 8 .^« + 10 ai* + 24 a; + 5 = 0. 

17. a^+ 3a;8 + 2a;2_|a. = |. 

18. (aJ» - 16)» - 3 (a^ - 16)i = 4. 

19. aia + a:-2 + a;-a;-i = 4; a? + 3a;-3a;-^+ar2 = ^. 
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141. Equations Containing Badioals may be Solved. Thus, 

Example I. Solve x - '^a:» + 2x+ 12 + 2 = 0. 

Process. Transpose, x + 2 = ^t^ + 2i + 12. 

Raise both menibers to the third power, 

x« + 6a:2+12a; + 8 = a:» + 2x-fl2. 
Transpose and simplify, " 3x* + 6a; — 2 = 0. 

Factor and solve, af = J, or — 2. 

Verify by putting these numbers for x in the original equation. 



Process. x — \. 

i-^^ + f+12 + 2 = 0, 

J-J + 2 = 0, 

= 0. 



x = - 2. 

-■ 2 - ^-8-4+12 + 2 = 0, 

-2-0+2 = 0, 

= 0, 



« « , 1 1 1 

Example 2. Solve , + 



V«* + 1 V^^ - 1 V^ - 1 



Process. Multiply by y'x* — 1 , 



^Jx^ - 1 + ^Jx^ +1 = 1. 
Square, x« - 1 + 2 V^ - 1 + x^ + 1 = 1. 

Transpose and simplify, 2 ^/x* — 1 = 1 — 2 x^. 

Square, 4x*-4 = l-4xa + 4x*. 

Simplify, x' = \, 

Extract the square root, x—±.\ y'6. 



Exercise 122. 

Solve the following equations : 



1. 3V'a;+6 + 2 = a;+\/'r+6; x^ Vx+l = 10. 



2. a? + 16 - 7 Vaj + 16 = 10 - 4 Va; + 16. 



3. 2 a? + V4 aj + 8 = J; V4 a; + 17 + Va: + 1 = 4. 

22 
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4 2V3a: + 7 = 9-V2«-3; 



77 ^JTx + 2 4 - V^ 



X 



4Va; Vi 



a; 



V« + 12 V5 a; + 3 2 



^4T 



a; 



7. v/|+3 + V^|-3=Vfy; 



3a; -1 _. , V3a:-1 



V3^+l ^ 



2 2 
8. , + 7= = a;. 

.r + V2 - ;z? a; - V2 - a;2 



V7y^ + 4 + 2V3y-l _ rti-^^/m^-f _ 
V7y^ + 4: ^ 2 VSy-l "~ ' m + Vm^ - f "" 

10. ^ag + 2a^-2aa;^- /! '"^/^ ; V6a;-a? = ^^^ 



11. 



Va + x' Vx 

ax-V Vax + b Vx+9 3 Vi - 3.8 



Vox + b c ' Vx 9 — VS 

,o /—I— / 12a 6 + 3Vi 4 

5 V a + a; 4 + ya; Va? 

13. VoTVy - Vy-a = V2y; 2 a: + 3 Vi = 27. 

^^aj+Vi a:2_^ 12 + 8\/i 

1^ 7= = — -A — 5 ^ = K 

/p — \/x 4 a? — o 

^ 3 + 4 Vi a; Vi — 12 

15. a:-3 = — ^— ; 4=-^zrir- 

16. Vi^ + Va:^ = 6 Vi; Vi~--^ + Va? — a = Va?. 
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, THEORY OF QUADRATIC EQUATIONS. 

142. Representing the roots of m x^ + n x = — a by r and r^, we 
have (Art. 134), 



— n 4- \/n* — 4am 



''" 2m 



— M — ^/n* — 4 a 



m 



'"i"' 2to 



Adding, r + r ^ = - - (i) 

Multiplying, ^^i^m ^"^ 

Hence, if a qu^ratic appears in the form, mx^ + nx = — a, 

I. The sum of the roots is equal to the quotient j with its sign changed, 
obtained by dividing the coefficient ofxby the coefficient of x^. 

II. The product of the roots is equal to the second membery with 
its sign changed, divided by the coefficient of x*. 

By means of (i) and (ii) the original equation becomes, 

mz* — m(r -^r{)x + mrr^ = (1) 

Factor, m(x-r)(x- r^) = (2) 
lfm=l, x^ + nx = -a 

a:' — (r + rj) X + r Tj = (iii) 

(x-r)(x-r,) = (3) 

If the roots of a quadratic equation be given, by means 
of (iiij we can readily form the equation. 

Example 1. Form the equation whose roots are J, — J. 

Procees. Here, r = J and r^ = — J. 

Substitute these values in (iii), x^ — (^ — \)x + (^) (—J) = 0. 
SimpHfy, 8 x^ _ 2 x - 1 = 0. 

Example 2. Find the sum and the product of the roots of 
8x« + 3x-5 = 0. 

ProcesB. Here, m = 8, n = 3, and a = — 5. 

Substitute in (i) and (ii), r + rj = — | and rrj = — |. 
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Exercise 123. 

Find the sum and product of the roots of : 

1. a?+8x = 9; 12a;2_i87a;+ 588 = 0. 

2. 20x-^ = 5-5x-^; ar» - 6 a; + 9 = 9a;. 

3. 3a;2+5 = 0; a^ + a^=:^ax; it^-lox = S. 

4 ^«2^^ = _ J?^; a^-2bx-a^ + i;^ = 0. 
m — n m ^ n 

Form the equations whose roots are : 

5. 7,-3; f,-f ; 5,-3; ±V^; 2-V3,2 + V3. 

6. 0,-5; 7 + 2a/5, 7-2V5; 1 + V2, 1 - V2. 

7. m (m + 1), 1 — w ; - , — — ; — r- , o-a. 

n in a — o 

a±Vb V^±Vb 



8. — 7W + 2 V2 71, - m - 2 \/2 7i; 



2 



143. A Boot is said to be a Surd when it can be found 
only approximately ; as, a; = i V5. 

Real Eoots are values of the unknown numbers that can 
be found either exactly or approximately. 

Imaginary Boots are values of the unknown numbers 
that cannot be found exactly or approximately; as, 



Character of Boots. For brevity, represent the roots of tbe 
equation ma:* + na;4-a = by r and rj, then. 



^ _ - n 4- Vn^ 



4am 



2m 



— n — a/h^ — 4am 
* 2m 
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It is seen that the two roots have the same expression, \/n*— 4am. 

If n* is greater than 4 am, n* — 4 a m will be positive, and 
\/n2 — 4am can be found exactly or approximately. 

If n is positive, r^ is numeiically greater than r ; if n is negative, 
r is numerically greater than r^. Hence, 

I. Condition for Beal and Different Roots. n^-4am, 

positive. 

niuatration. 3x^-2x-\-\ = 0. 

Here, m = 3, n = — 2, and a = J. 

na-4am= (-2)2-4 XtX3 = 4-f = |. 

Therefore, the roots are real and diflferent. 

Evidently both roots will be rational or both surds according as 
n^ — 4 a m is, or is not, a perfect square. Hence, 

II. Condition for a Bational or a Snrd Boot, n' - 4 a m, 

a square number; or, -y^n' --4 am, a surd, 

Illustrationa. (1) a;« - 3 a: - 4 = 0; (2) S x^ + bx - \ = 0. 

(1) Here, m = 1, n = — 3, and a = — 4. 
n2 - 4 am = (- 3)2 - 4 X - 4 X 1 = 9 + 16 = 25. 

Therefore, the roots are real and rational, and different. 

(2) Here, w = 8, n = 5, and a = — J. 

\/^2 -/^am = \/25 + 8 = ^33. 

Therefore, the roots are real and surds, and different. 
If n* is less than 4am, n^— 4am will be negative, and ^n^ — 4am 
will represent the even root of a negative number. Hence, 

III. Condition for Imaginary Boots, n^- 4am, negative. 

niuatration. 2x^-3x + 2 = 0, 

Here, m ~ 2, n = — 3, and a = 2. 

n« - 4 am =(- 3)2 - 4 X 2 X 2 = 9 - 16 = - 7. 

Therefore, the roots are both imaginary. 

If n2 = 4am, n'— 4 am = 0, and the roots will be real and equal, 
and have the same sign, but opposite to that of n. Hence, 
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IV. Condition for Equal Boots. n^-4am = o. 

niuBtration. 4 x^— 12x4-9 = 0. 

Here^ m = 4, n = — 12, and a = 9. 

fi*^ - 4 am = 144 - 144 = 0. 
Therefore, the roots are real and equal. 
li am is positive^ for real roots, n' — 4 a m will be positive aud 

less than n*, since ^n^ — 4 a w will be /««s than n. 

If am is negative^ V^* — 4 am will be greater than n, since 
n* — 4 a m will be greater than n*. Hence, 

V. Condition for Signs. If Am is positive, real roots have the 
same sign but opposite to that of u. If &m. is negative, the roots 
have opposite signs. 

niiiBtxationB. (1) 2a;«-10a?+12 = 0; (2) 3x«-5x-3H = O. 

(1) Here, m = 2, n = — 10, and a = 12. 

n«-4am= 100-96 = 4. 
Therefore, the roots are rational and positive, and different. 

(2) Here, m = 3, n = — 6, and a = — 3^. 

n2- 4am = 25 + 47 = 72. 
The roots are surds and have opposite signs, and different. 



Exercise 124. 

Determine by inspection the character of the roots of : 

2. 4a?+52aj = 87; 3a;2 4. 4^; + 4 = 0. 

3. b-\\x- 9x^ = 0; 9a: = 3 + 4^a?. 

4. 10iu+8i = -3a?; | ir^ - | a; + | = 0. 

5. 3a:2- 2a:4- 3 = 0; 4a? -3a;- 6 = 0. 
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6. 2^+lx = -^^; 2r^-18 = 0; a?-14a? + 45 = 0. 

7. 28 = 3a; + a?; |a;-2- Ja;-i = 5; a?-a;-l = 0. 

8. 6a?+ 5a;-21=:0; 13x2 + 56 a: - 605 = 0. 

9. 9a?-30a; + 41 = 0; 40 a? - 100 a; - 360 = 0. 

Query. How many roots can a quadratic equation have ? Why ? 

Miscellaneous Exercise 126. 

Solve the following equations : 

1. a;* + 7a;l = 44; x'^-2x'-^ = 8; 3J^-J-2 = 0. 



2. y/j^+ Y/^-^ = 2J; l + 8a:t + 9^a^ = 0. 

3. -^-2V2^ = 59; ^^^^_+ 1= = 3 Vx. 
V2x 1 + ^ Vx Vx 

4. a:** -2 2^8- + 3.-* = 6; a:* - 2 a? + a; = a. 

5. a:* + J^a^-39a; = 81; a:* - 2 a:^ + a: = 380. 

6. 108a:*=180a:8-20aj-51ar2+7. 

7. a^ - 10 a?io + 35 a? - 50 a; = -r- 24. 

8. (a; - a)* + 2 a/ti (a; - a)* - 3 n = 0. 

9. a;t + 4a;t + ar-t + 4a:~t = — J. 
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Vy + 2 a — Vy — ^a ^ y a; + V^ _ a:^ — a? 
' Vy^^2"a + V7-r2a "" 2a' a; - ya; "" 4 



4a:" 



11. 3a;-^af— 3;= = 4; V6^+I + k''a;+4+ V6aJ+l = 2. 

Va.** 



12. a: V5 + \/2 ic + 2 = Va; + 2; a: - 1 = 2 + -p 

ya; 

13. 2 Vi + 2 aj-i = 5 ; 6 Vi = Sa;" i - 13. 

14. a:i + 2 wi^a;-* = 3wi; x^i + 2 == ^ "*" 



15. ^/a;+^/2a:-l-^'a;-V2a;-l = |y- 



a;~S + 5 

~io¥ 



5 '^ a;+V2a;— 1 



16. £ +V^^ ^; --Vg^ ^8^V a^^3:.+ 2. 
a; — V a:* — 1 a; + v a:^ — 1 



17. ; =3 6 ; aj* + a; Vz — 72 = 0. 

a + a; 

18. State the conditions that will make the roots of 
a? + Ax + B = 0: (i) surds; (ii) real; (iii) imaginary; 
(iv) equal; (v) have same signs; (vi) have opposite signs; 
(vii) equal in value but opposite in sign. 

19. Find a number such that if its nth root be increased 
by one half of its ^th root, the sum shall be a. Solve 

when n = 2 and a = 12. 

* 

20. Find a number such that if its nth. power be dimin- 

2 a 

ished by the - th root of the -th part of it, the remainder 

Tl C 

shall be m. Solve when m = 144, w = 2, a = 27, and c = 5. 
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CHAPTER XXIII. 

SIMULTAN-EOUS QUADRATIC EQUATIONS. 

144. Only certain forms of quadratic equations involving two 
unknown numbers can be solved. Thus, 

Example 1. Solve the equations : \ ^'^ ^ "" « V^ 

^ (2aa-xy+3ya = 64 (2) 

10- v 
Process. From (1), a = — 5—^ (3) 

Substitute in (2), 2 ( —g"^ 1 - ( "2 j y + 3 y« = 54. 

Simplify and factor, (y — 4) (4 y -f 1) = 0. 

Therefore, y = 4, or — J. 

Substitute in (3), x = 3, or 5^. Hence, 

When one of the Equations is of the First Degree. Solve 
by substitution. 

The Begree of a term is the number of literal factor's 
involved, and is always equal to the sum of their ex- 
ponents. 

Each literal factor is called a Dimension. 

Thus, 3 X t^ is of the second degree^ and has two dimensions, 
5 x'y^ is of the Jlfth degree y and h&Bjive dimensions. 

« c 1 .1. *• (183xy + 72x+36y = 88 (1) 

Example 2. Solve the equations : -^ ^^^ , a^ , na 

^ ( 177x1/ + 60x+36v = 



80 - 36 y ,«x 
Process. From (2), x = rrjirir^ ^^^ 



y + 60x+36y = 80 (2) 
80 - 36 y 
177y + 60 



Substitute in (1), 

183(80y-36y«) 72(80-36y) _ 

1772/ + 60 + 177i/ + 60 +36y-88. 
Simplify, 9 y« + 57 y - 20 = 0. 

Complete the square and solve, y = J, or — 

Substitute in (3), x = |, or - f 
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Example 3. Solve the equations . | 6 ^* " ^^ - 3 y = 5 (1) 

^ ix^ + x-y=l (2) 

6 X — a? — 6 /"ox 

Process. From (1), y = « ' -^ 

Substitute in (2) and simplify, 

3a:«-4a?-2 = 0: _ 

2± a/To 
Complete the square and solve, x = ~ — • 

11 db 7 Vl^ 
Substitute in (3), y = ^-^ — . Hence, 

When each Equation Contains only one Second D^^ree 
Term, and that Term Consists of the Same Product or Sqnare 
of the Unknown Hufnben. Solve by substitution. 

Exercise 126. 

Solve the following equations : 

2 (3xy + 6x-2y = 4. g ( x — y = 5. 
\4xy^x + ^y=h ' la;y = 126. 

(x + xy = 24. jQ (a^-f = 2m 

\xy + y=^ 21. ' \ic — y = 2. 



3. 



4. 



f22r^ + y = 28. ^j fa:-y = 4. 

\ 2/2 + 3 a; - 4 y = 18. ' \a? + y^= 106. 

^(15 + y = x. j2 f a? + 3 y = 16. 

\xy = 2y^. ' \33^+2xy-f=^12. 

g^ (xy+6x-]-7y=66. jg {ofi + y^ = lS5. 

\3xy-\-2x+5y = 70. ' I x - y = 3. 

fl 1_^ (1 1_ 

7. ^i+y~12" 14. ^x'^y"^' 

[xy = 12, \^x + y = 2. 



Example 1. Solve the equations : -j ^ 

ixy = 4 
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146. An equation containing two unknown numbers is 
symmetrical when the unknown numbers can change places 
without changing the equation ; as, 3 a? — 4 a: y + 3 ^^ = 2 ; 
a:*+ 5 a^y + 5 xy'^ + y^ = — d x^i^. 

f = 89 (1) 

40 (2) 

Process. Add (1) to twice (2), x^ -{■ 2 xy -\- y^= 1^9 (3) 

Subtract twice (2) from (1), a:^ - 2 x y + y« = 9 (4) 
Extract the square root of (3), a: + y = ± 13. 

Extract the square root of (4), x — y = ± 3. 

We now have to solve the four pairs of simultaneous equations, 

x + y=lS} x + y=\3 > ar + y--13) a:+y = -137 
x-y- Si' x-y = -3y x-y = 3 )' ar-y = - 3) 

There are four pairs of values, two of which are given by a; == ± 8, 
y = ±6, and the other two by x = ± 5, y = ± 8, in which the upper 
signs are to be taken together, and the lower signs are to be taken 
together. 



Notes : 1. If the second members of two simple equations have the sign ±, 
we will have six simultaneous simple equations to consider. 

2. The above equations may be solved as in Art. 144, but the symmetrical 
method is more simple. 

o o 1 .1, .• 5x» + y»=l26 (1) 

Example 2. Solve the equations ' {^2 ^ ^y -i- y^ = 2l (2) 

Process. Divide (1) by (2), x -h y = 6 (3) 

Square (3), x^ -h 2xy + y^ = S6 (4) 

Subtract (2) from (4), 3xy=l5,OT xy = 6 (5) 

Subtract (5) from (2), x^ - 2xy + y^= ]e. 

Extract the square root, x-y = ±4 (6) 

Add (3) and (6) and divide the result by 2, a: = 5, or 1. 

Subtract (6) from (3) and divide the result by 2, y = 1, or 5. 
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xy-hx + y^ 



- a: - y = 78 (1) 
39 (2) 

Process. Add (1) to twice (2), z^+2xy+y^+x+y = 156. 
Factor, (x + y)« + (x + y] = 156. 

Regard x + y an the unknown number, complete the square, and 
solve, a: + y = 12, or - 13 (3) 

Subtract twice (2) from (1), factor, and transpose 3 (a: + y), 

{x - yy = 3 (x + y) (4) 

From (3) and (4), (x - yY = 36, or - 39. 

Therefore, a: - y = di 6, or ± >y/-T39 (5) 

- 13 ± V^^ 
Add (5) and (3), etc., ar = 9, or 3, and ^ 



— 13=f V-39 
Subtract (5) from (3), etc., y = 3, or 9, and ^ 

Example 4. Solve the equations : -5 ^ "" )^( 

^ ix-\-y-A (2) 

Process. Raise (2) to the fourth power, 

a:* + 4 ar»y + 6 ar^y^ ^. 4 jpy* ^ y4 = 256 (3) 

Subtract (1) from (3), etc, 

2 a:« y + 3 a;«ya + 2 a: y» = 87 (4) 

Square (2) and multiply the result by 2 ary, 

2a:«y + 4a;22/2-f 2xy« = 32a:y (5) 

Subtract (4) from (5), etc., ar^ 3/2 - 32 ar y = - 87. 

Regard xy b» the unknown number, complete the square, and 

solve, a;y = 29, or 3. 

- We now have the two pairs of equations to solve, 

x-{-y=^ 4> a: + y = 4> 

a:i/=29> ' a:y = 3> ' 

, ^ cx = 2±5V'^f 

From the first, -{ ^ ^ — 

( y = 2 T 5 V- 1- 



„ , , (a: = 3, orl. 

From the second, i 1 ^« o 

Cy = 1, or tj. 



Hence, 



When the Equations are SymmetricaL Combine them in 
such a manner as to remove the highest powers of x and y. 



SIMULTANEOUS QUADRATIC EQUATIONS. 349 

Exercise 127. 

Solve the following equations : 

la;y = 35. (5y^+52^=6d. 

2 (a? + f = 407, g (x' + x^y^ + y^ = 6ol. 

' \x + y=n, ' \a^-xy + y^ = 21. 

^ (a?-\-x+y+f=m g (s^+a?f+y^=:931, 
\xy=6. '\3^ + xy + y^=:49, 

^ (x^y^+2x+2y = 50,^Q (x^^xy + y^ = 76. 
\xy + x + y = 23, ' \x + y = 14:. 

(a^-\-f = 52. J J (a^ + a^y^ + y^=133, 

\x + y + xy = 34. ' \o(? + xy + y^= 19. 

1 1 61 /< 34 15 

+ -9 = 



5. 



6. < ar^ ^ 3r^ "" 900 12. ^2^ + f xy 

.xy = 30. \x + y = 8. 

146. An algebraic expression is said to be homogeneous 
when all its terms are of the same degree. 

Thus, 9 x*^ + 3a:y* — 8 2;*y* is homogeneous, for each term is of 
the lOth degree and has ten dimensions. 

ExAMPLEl. Solvetheequations:|g^,^2^^^^3^.,_^^ J^) 

Process. Let y = v ar, and substitute in both equations. 
From (1), 6x2 + 2 t;2x2 - 5 r a:2 = 12. 

12 
Therefore, "^'^ Q-bv + 2v^ ^^^ 

From (2), 3a;2 + 2 ua;^ = 3 v^x^ - 3. 

3 

Therefore, ^' = 3t;2-2t;-3 ^^^ 

12 3 

Equate (3) and (4), 6-5t; + 2r2 -3„2_2r-3 

Simplify and solve for w, t; = |, or - f . 
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Substitute v = | in (3), 

2 12 

* -6-5X|+2(f)«~^* 

y = f X = ± 3. 



Substitute t; = — { in (3), 

12 25 



x^ = 



6-5X-|+2(-|)«~31 
y = -fa: = TAV3L 



Hotel : 1. In finding the last values of x and y, it will be observed that ± 
values of x gives respectively — and + values of y. This indicates that the 
equations can be satisfied only by making y = — ^ VSl, when a; = + ^ VSl ; 
and when « == — j^ V31, y must be + ^ VSl. 

2. The sign T denotes precedence of the negative value. 

When each Equation is of the Second Degree and Homo- 
geneons. Substitute vx for y in both equations. 

Exercise 128. 

Solve the following equations : 

J (3? + xy = 15. g (x^-3xy + 7/=z--l. 

' \y^ + xy=10. ' \3 2^-xy + 3f:=l3. 

^ (x^-xy'^24:, y (2a?'-5xy+3y^=L 

''' \xy-f = S. ' \3x^-5xy+2y^ = ^. 

' \4xy+ 16^2^228. ' \xy + y^ = IS. 

^ (2x^+3xy = 26. g (o^+3xy=:54. 

' \3f-h2xy = 39. ' \xy + 4:^ = 115. 

g ( 4x^+4xy+4f=13. ^Q fa? + :r.y4- 2.7/2=74. 
* \ 8x^-l2xtj+Sy^=lh ' \2x^+2xy + f=73. 

Queries. What is a homogeneous equation? Into what forms 
may simultaneous quadratic equations, which can be solved, be 
grouped ? What is the degree of the equation arising from eliminat- 
ing one unknown number from two equations, each of the second 
degree? Prove it. How may such equations be solved? 
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Note. In solving tlie following equations the student is cautioned not to 
work at random, but to study the equations until he sees how they may be 
combined in order to produce simple equations, and then perform the opera- 
tions thus suggested. Usually the operations of addition, subtraction, multi- 
plication, division, or factonng will effect a simpliticatiou of the equations. 



Miscellaneous Exercise 129. 

Solve the following equations ; 
^ (x+7/ = 8. 



(x-y = 3. 

g r2? + ?y2 = 113. 

(2^ + y^ = 2U. 
'\x-{-y = 22. 



r f^ + 2^ = 
{ xy = So. 



6. 



7. 



8. 



9. 



ofly — l x = -2, 
(y - 1) 2:2 - 3 a; = 2. 

o(?^y^= 175. 
a; — - y = 5. 

33^ -f 5 7y2 -_ g ^ 

^ •\- xy = 140. 
y^ ■\' xy = 56. 



10. i^-^r!' 



lx^-j-xy-\-y^= l^x^y^. 



2. 



.ly + .125 X = y — X. 
y — .5x = ,7dxy — 3 x. 



^ (.3x + .125y = 3x-y 
i'S X -\-y = —2.25xy. 

a:* 4- 7/ = 706. 
X + y = 2. 

x + y + x^-^y^= 18. 
xy = 6. 



4. 



5. 



6. 



■■{ 



8. 



9. 



20. 



4:(x -i- y) = Sxy. 

x '\- y ■\- x^ -{- y^ = 26. 

a^ + 7/4 = 337. 
a; + y = 7. 

Qc^ + xy ■\- x= i^. 
y^ + xy + y=z 28. 

a?^f = 208. 
xy(x'-y)=z4:8, 

xy + a^y = 12. 
y + a^y = 18. 
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21. 



22. 



a? + y* = dxy. 
x + y = 5. 

2 xy +12 = 3 3^. 
6xy + 12 = 3!*. 



33. 



23. i X ^ y *• 



24.-^ 



xy = 2. 

^x_+y 
1 + xy 



LI - a;.y 

2g ja^ + a?y + y* = 7371. 
( a? — ajy + iy* = 63. 

|a:« + y* = 641. 
Ia;y(ar» + 2r') = 290. 

(a?+3a;y + / = 19. 
'• (a;a + y2 = 10. 

(a?-3a:y + y2 = _5. 
I 3a?-5a-.y+9y2 = 9. 

29.12^-^ = '*' 
I y - a; = a. 

30 j aj* + y* = 14 a^^a. 

( a; + y = a. 

Ix + y = &. 

I a^ — y* = 56. 
^^- la? + a;y + y» = 28. 



34. 






y^ — xy = a^ + l?. 
xy — a^ = 2ah. 

'j»y — y = 21. 

^y — ^y = 6. 
2 3? 480 



+ 



35. S r  y ~ 49 
i^ar» + y" = 65. 



36.^ 



1 I _ x+y 
X y 6 

X + y 5 



a; + y + 1 



37. 



38. 



39. 



40. 



41. 



42. 



43. 



44. 



3?y^ + 5a;y = 84 
a: + y = 8. 



« + y + Va; + y = 12. 
a^ + y* = 41. 



X + y + Vx + y = 12. 
a:8 + y« = 189. 

X + V^ + y = 19. 
a;* + a; y + y^ = 133. 

Va; + Vy = 4. 
V^ + V^ = 28. 

X* ■\- }^ = 6. 
a;} + yi = 126. 

y* — a;* = 4 a 6. 
xy = cfi — V^. 

2a?-3a;y + y" = 4. 
2a!y-3y*-ar' = -9. 
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r 1 1 126 



r 



45. < 



X y b 

▼ 3^ 4 



1 


1 








^ 


"y^" 


= 91. 






1 


i_ 








^*^ 




1. 






a; 


y" 








a; 


— V 


X — 


^ = 


10 


X ' 


« + 


V 


3 



46. -{ a; ' ▼ aj 4 49. 

y — a; = 5. l^a? + y* = 45. 



"^ ^" ~o — o. 



47.^ 



a? y*" 50. ^a + 6 a-ft 

1 + 1 = 21 La:y = a6. 



51. The sum of the squares of the digits composing a 
number of two places of figures is 25, and the product of 
the digits is 12. * Find the number. 

52. There are two numbers whose sum, multiplied by 
the greater, gives 144, and whose difference, multiplied by 
the less, gives 14, Find the numbers. 

53. The sum of the squares of two numbers is a, and 
the difference of their squares is h. Find the numbers. 
Solve for a = 170 and 6 = 72. 

54. A number divided by the product of its two digits 
gives the quotient 2 ; and if 27 be added to the number, 
the digits are reversed. Find the number. 

55. The sum of two numbers is a, and the sum of their 4th 
powers is 6. Find the number. Solve for a = 4 and 6 = 82. 

56. The difference of two numbers is a, and the differ- 
ence of their cubes is 7 a' Find the numbers. 

57. The difference of two numbers is 3, and the differ- 
ence of their 5th powers is 3093. Find the numbers. 

23 
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58. A number consisting of two digits has one decimal 
place ; the difference of the squares of the digits is 20, and 
if the digits be reversed, the sum of the two numbers is 11. 
Find the number. 

59. Find three numbers whose sum is 38, such that the 
difference of the first and second shall exceed the difference 
of the second and third by 7, and the sum of whose squares 
is 634 

60. The small wheel of a bicycle makes 135 revolutions 
more than the larger wheel in a distance of 260 yards ; if 
the circumference of each were one foot more, the small 
wheel would make 27 revolutions more than the large 
wheel in a distance of 70 yards. Find the number of feet 
in the circumference of each wheel. 

61. Find two numbers such that their difference shall 
be a, and the product of their nth roots c. Solve for a = 4, 
c = 2, and n = 5. 

62. Find a fraction such if the numerator be increased 
and the denominator diminished by 2, the result will be its 
reciprocal; wliile if the numerator be diminished and the 
denominator increased by 2, the result will be |f less than 
its reciprocal. 

63. A principal of J 10,000 amounts, with simple in- 
terest, to $14,200 after a certain number of years. Had 
the rate of interest been 1 % higher and the time 1 year 
longer, it would have amounted to $15,600. Find the 
time and rate. 

64. A sum of money at interest amounted at the end of 
the year to $10,920. If the rate of interest had been 1 % 
less, and the principal $100 more, the amount would have 
been the same. Find the principal and rate of interest. 
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CHAPTER XXIV. 

INDETERMINATE EQUATIONS. 

147. Simple Indeterminate Equations are equations of 
the first degree that admit of an unlimited number of 
solutions. 

Thus, in 3a:-2y = 2, if y = 2, x = 2; if y = 3, a: = 2|; ify = 6, 
X = 4; if y = S, x = 6; etc. It is evident that an unlimited num- 
ber of values may be given to y and x that will satisfy the equation. 
Hence, an equation containing two unknown numbers admits of as 
many solutions as we please, and is indeterminate. 

Since the values of the unknown numbers are dependent upon 
each other, they may be confined to a particular limit ; as, for exam- 
ple, suppose the variables to be restricted to positive or negative inte- 
gers, we may thus limit the number of solutions. 

Example 1. Solve 19a5-h5i/=119, in positive integers. 
Solution. Transpose 19 a;, 5 y = 119 — 19 x. 

Therefore. , = 23-3x+4(i^) (1) 

I —X 

Since the value of y is to be integral, then , must be integral, 

although fractional in form; and so also is any multiple of it. 

_ 1 —X 

Let — g— = n, an mteger. 

Therefore, x=l-6n (2) 

Substitute in (1), y = 20 -h 1 9 n (3) 

We must take only such integral values for n as will give positive 

integral values for x and y, 

(2) shows that n may be 0, or have any negative integral value, 

but cannot have a positive integral value. 
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(3) shows that n may be and — I, but cannot have a negative 
integral value greater than 1. 

Therefore, n may be and —1. 

x= 17 ar = 6> 

H«"^'y = 20i'*"^y=ir 

Query. Can n be - 2 or + 1 ? Why ? 

Example 2. Solve 7x— 12y=19, in positive integers. 

Prooess. Transpose and solve for z, a; = 2 + y + 5 [ — =-^ 1 (1) 

1+y 
Let — = — = n, an integer. 

Therefore, y = 7n-l (2) 

Substitute in (1), x = 12 n + 1 (3) 

Evidently x and y will both be positive integers if n have any 
positive integral value. 

Hence, x = 13, 25, 37, 49, ... . 

y= 6, 13,20,27, .... 

Kotei : 1. Having obtained a few of the possible values of x and y, the law 
will become evident. 

2. It will be seen from the above solutions that when only positive integral 
values are required, the number of solutions will be limited or unlimited ac- 
cording as the sign connecting the terms is positive or negative. 

Example 3. Solve 190 a: — 23 y = 708, in least positive integers. 

Prooeas. Solve for y, y = 8 a: - 30 — 6 f —^ ] (1) 

3 — a: 
Let ""qT" ~ **» *^ integer. 

Therefore, a: = 3 - 23 n (2) 

Substitute m (1), y = - 6 - 190 n (3) 

Evidently x and y will both be least positive integers if n be - 1. 
Therefore, n = — 1 , a? = 26, and y = 184. 

Note 3. If the coefficient of the unknown number in the numerator of the 
fraction is not 1, it will be necessary to make several transformations. 

Example 4. Solve 21 x + 17 y = 2000, in positive integers. 
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11 — 4« 
Solution. Solve for y, y= 117 -x-{ r= — (1) 

11 — 4x 
Tninspooe, y + ar-117 = — r= 

Since x and y are to be integral, y + x — 117 will be integral ; 

11— 4a; 
hence, — j= — will be integral. 

T ^ ll-4a: 

l«t; — jy— = n, an integer. 

Therefore, ar = 2 - 4 n + —j— (2) 

3-n 
Now —g — must be int^^ral. 

T * 3-n , 

1^6 —J— = m, <an integer. 

Therefore, n = 3 — 4 wi. 

Substitute in (2), x = 17 m - 10 (3) 

Substitute in (1), y = 130 — 21 m (4) 

(3) shows that m may have any positive integral value, but can- 
not be 0, or have any negative integral value. 

(4) shows that m may have any integral value from to 6, or any 
negative integral value, but cannot have a positive integral value 
greater than 6. 

Therefore, m may be 1, 2, 3, 4, 5, 6, giving the following pairs of 
values : 

x= 7, 24, 41, 58, 75, 92. 

y = 109, 88, 67, 46, 25, 4. Hence, 

To Solve a Simple Indeterminate Equation, Involving Two 
Unknown Numbers, for Integral Values. Find the value of 

one of the unknown numbers. Place the fractional part of this value 
equal to n, an integer, and solve the resulting equation for the other 
unknown number. Substitute this result in the value first obtained. 
Solve the two simple equations thus fonned, by inspection, for inte- 
gral values of n. 

Notes : 4. It is better, in solving the original equation, to solve for the 
unknown number which has the least coefficient. 

5. A little in(:^enuity in arranging the terms will often obviate the necessity 
of a second transformation. 



358 ELEMENTS OF ALGEBKA. 

148. There cau be no integral values of x and y in an 
equation of the form ax±bi/ = c, iHa and b have a com- 
mon factor not common also to c. 

For, suppose d to be any factor of a and also of b, but not of c, 

such that a = md and b = nd. 

c 

Then mdx dtndy = c, or mx -i^ny = -j. 

Since ?» and n are integers, if x and y be also integers, mx ± n^ 
is an integer. But - is a fraction. Hence, no integral values of 

X and y can be found. 

Kotos : 1. If a, b, and c have a common factor, it should be removed by 
division, then proceed as in Art. 147. 

2. The solution of any indeterminate equation of the form ax — hyzz ±<;, 
in which a and h are prime to each other, is always possible, and admits of an 
unlimited number of integral solutions (Ex. 2, Art. 147). If the equation be 
of the form ax-\-hy = c, the number of results will always be limited ; and, 
in some cases, the solution is impossible (Ex. 1, Art. 147)* 

Exercise 130. 

Solve in positive integers : 

1. 2a;+3y = 25; Ux^by-l; 3ar = 87/-16. 

2. 5a;+lly = 254; 9 a; + 13y = 2000. 

3. 15x'-ny=l; 13x-9y = l; 9a;-13y = 10. 
Solve in least positive integers : 

4 3a; + 72^ = 39; 3x + 4:y = S9; 7ic+15y = 225. 

5. 27a?-19y = 43; 2a;+7y=125; 555 y- 22 a: = 73. 

6. 19i»-5y = 119; 17 a: = 49 y- 8. 

Are integral solutions possible for the following? Why? 

7. 3rc+ 21^ = 1000; 7a;+14y = 71. 

8. 323 oj - 527 y = 1000 ; 166 a: - 192 y = 91. 
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9. Solve 7 X + 15y = 145, in positive integers, so that 
X may be a multiple of y. 

« ^ T t 145 , 145 n 

Suggestion. Let x = ny, then y = ^ ^^ , and a: = ^7^X15- 

10. Solve 39 03 ~ 6 y = 12, in positive integers, so that 
y may be a multiple of x. 

11. Solve 20 03 — 31 y = 7, so that x and y may be 
positive, and their sum an integer. 

Suggestion. Put x + y = n, 

149. A problem is indeterminate when it involves less 
conditions than there are unknown numbers. 

Exercise 131. 

1. Find a number which being divided by 3, 4, and 5, 
gives the remainders 2, 3, and 4, respectively. 

Solution. Let x represent the number and y the sum of the 

quotients, then, 

x — 2 05 — 3 X— 4 

-3-+~4-+-5- = y- 

f3-\-y\ 
Simplify and solve for x, a: = y + 2 + 13 [—Tjfr 1 (1) 

3 + y \ ^' / 

Let ~47~ ~ ^» ^^ integer. 

Tfierefore, y = 47 n - 3. 

Substitute in (1). a: = 60 n — 1. 

Hence, n may be 1, 2, 3, 4, etc. 

Therefore, x = 59, 119, 179, 239, etc. 

y = 44, 91, 138, 185, etc. 

2. Find the least number which being divided by 2, 3, 
4, 5, and 6, gives remainders 1, 2, 3, 4, and 5, respectively. 

3. Find two numbers which, multiplied respectively by 
14 and 18, have for the sum of their products 200. 
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4 Divide 142 into two parts, one of which is divisible 
by 9, and the other by 14. 






5. There are two unequal rods, one 5 feet long and the 
other 7. How many of each can be taken to make up a 
length of 123 feet ? 

6. Find two fractions having 5 and 7 for denominators, 
and whose sum is J|. 

7. Find the least number that when divided by 9 and 
17 will give remainders 5 and 12, respectively. 

iV- 5 
Suggestion. Let N represent the number, — ^ — = a:, and 

— j^ — = y. .•. 9ar= 17y + 7. 

8. A farmer bought sheep, pigs, and hens. The whole 
number bought is 125, and the whole price, $225. The 
sheep cost $5, the pigs $2.50, and the hens 25 cents. 
How many of each did he buy ? 

Bolution. Let x = the number of sheep, 

y = the number of pigs, 
and z = the number of hens. 

Then, jc + y + 2 = 126 (1) 

and 5 ar + 2.6 y + .25 2 = 226 ' (2) 

From (1) and (2), y = 86 - 2 x - ^^ (3) 

x-l ^ 

Let Q = n, an integer. 

Therefore, x = 9n+ 1. 

Substitute in (3), y = 84 — 19 n. 

Substitute in (1), 2 = 40 + 10 n. 

Therefore, n may be 0, 1, 2, 3, and 4, giving the following values : 

ar= 1, 10, 19,28,37. 

y = 84, 66, 46, 27, 8. 

z = 40, 50, 60, 70, 80. 
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1 
Queries. How many soIutionB ? In how many different ways 
may the stock he hought? How solve hy means of only two un- 
known numhers? 

9. How can one pay a sum of $1.50 with 3 and 5 cent 
pieces ? 

10. Can a grocer put up the worth of $3.50 in 11 and 
7 cent sugar ? In how many ways can he do it in even 
and odd pounds, respectively ? Find the greatest and least 
number of pounds of the 7- cent sugar he can use. 

11. Is it possible to pay £50 by means of guineas and 
three-shilling pieces only ? 

12. A owes B S5.15. A has only 50-cent pieces and 6 
only 3-cent pieces. How may they settle the account ? 

13. A farmer bought horses at $60 a head and sheep at 
$8, and found that he had invested $4 more in sheep than 
horses. How many of each kind did he buy ? 

14. A farmer invested $1000 in 75 head of cattle, worth 
$25, $15, and $10 per head. Find the number of each 
kind, and the number of ways in which he could buy 
them. 

15. A grocer had an order for 75 pounds of tea at 55 
cents a pound, but having none at that price he mixed 
some at 30 cents, some at 45 cents, and some at 80 
cents. How much of each kind did he use, and in how 
many ways can he mix it? 

16. How many pounds of 20, 35, and 40 cent cofiFee 
must a grocer take to make a mixture of 150 pounds worth 
30 cents a pound ? In how many ways can the mixture 
be made ? 
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17. How many gallons of $1.50, $1.90, and $ 1.20 wine 
must a vintner take to make a mixture of 40 gallons worth 
$1.60 per gallon ? How many ways may the mixture be 
made ? Can an odd number of gallons of each kind be 
taken ? An even number ? 

18. In how many ways can £ 1 be paid in half-crowns, 
shillings, and sixpence, the number of coins in each pay- 
ment being 18 ? 

19. A hardware merchant paid $180 for 20 stoves* 
There were three sizes: one $19 each, another $7, the 
other $6. How many of each size did he buy? 

20. A person having a basket of oranges, containing 
between 50 and 72, takes them out 4 at a time, and finds 1 
over; he then takes them out 3 at a time, and finds none 
over. How many had he ? 

Baggestion. Let N represent the number, — j — = ^> ^^^ ~^ —V' 

1 -\-x I + aj 

-•. y = x-\ — :r-. Put - ^ = n. Then n must be 5 or 6. 

21. A poultry dealer has a basket containing between 
200 and 300 eggs, he finds that when he sells them 13 at a 
time there are 9 over, but when he sells them 17 at a time 
there are 14 over. Find the number of eggs. 

22. Two countrymen together have 100 eggs. If the 
first counts his by eights and the second his by tens, there 
is a surplus of 7 in each case. How many eggs has each ? 

23. A surveyor has three ranging poles of lengths 7 feet, 
10 feet, and 12 feet. How may he take 40 of them to 
measure 113 yards ? In how many ways may the mea- 
surement be made ? 
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CHAPTER XXV. 

INEQUALITIES. 

3.50. Singe a positive number is greater than any negative num- 
ber, the statement that a is algebraically greater than 6, or that a — b 
is positive, is expressed by a > 5 ; that a is algebraically less than b, 
or that a — bis negative, is expressed by a < 6. Hence, 

Au Inequality is a statement that one expression is 
greater or less than another; as, 

9 1 -2a; 

1 — ar > 5 — : m — n < aj. 

or 

The expression at the left of the sign is called the first member, 
and the expression at the right, the second member of the in- 
equahty. 

The form a > 6 > c, means that b is less than a but greater 
than c. 

ITotes : 1. Inequalities are said to subsist in the same sense when the first 
member is the greater in each, or the first member is the less in each ; as, 
3 > 2, 7 > 6, and 5>3; a<b, c < d, and m < n. 

2. Two inequalities are said to subsist in a contrary sense when the first 
member is the greater in one, and the less in the other ; as, 5 > 3 and a < 6 ; 
m < 5 and b> n, 

3. An inequality is said to be solved when the linut to the value of the 
unknown number is found. 

151. Subtract a-\-b from each member of a > 6, 
then, a — (a + 6) > ft — (a + 6). 

Simplify, — 6 > — a, 

or, — a < — b. Hence, 

I. If each member of an inequality has its sign changed, the sign of 
inequality will be reversed. 
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Multiply each member of — 6 < 5 by ~ 2, 

then, 10 > - 10. 

Multiply each member of a > 6 by — m, 

then, — a »i < — 6 m. 

Divide each member of — 6 < 4 by — 2, 

then, 3 > - 2. 

Divide each member of a > 6 by — m, 

a b 

then, ~m^~m' ^®"^' 

II. If each member of an inequality be multiplied or divided by 
the same negative number, the inequality will be reversed. 

Suppose a> hj c> d^ Tn> n, — 

By definition, a — 6, c — rf, m — n, are positive. 

Add, (a-6) + (c — rf) + (in — ?i) f .... is positive, 
or, (a + c + m + . . . .) — (6 + rf + n + — ) is positive. 

Therefore (by definition), a + c -{•m + — > b + d -^ n-\- .... 
Thus, 7 > 3 

5>2 

4>1 

Add, 16 > 6, or divide by 2, 8 > 3. Hence, 

III. If the corresponding members of several inequalities be added, 
the sum of the greater members will exceed the sum of the lesser 
members. 

Suppose a > b and to > n, then a — b and m — n are positive. 
But, (a — b) — (m — n), or (a — m) — (b — n) may be either 
positive, negative, or 0. 

Therefore, a — m>b — n, a — mKb — tif or a — to = b — n. 



Thus, 6 > 3 
3> 2 

Subtract, 2 > 1 



7 > 4 
5> 1 

Subtract, 2 < 3 



8> 7 
6>5 

Subtract, 2 = 2. Hence, 



IV. If the members of one inequality be subtracted from the corres- 
ponding members of another, the resulting inequality will not always 
subsist in the same sense. 
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l-2x 3x 64 
Example 1. Solve 3J ar r — ^ "o' + Tr ^^^ ^® limits of x. 

Solution. Free from fractions and simplify, 

112 X - 6 > 46 X + 128. 
Subtract 46 x - 6, 67 x > 134. 

Divide by 67, x > 2. 

Therefore, x is greater than 2. 



\ 



{ 



Example. 2. Solve the following : 

5x-3y>3x + 6 (1) 

3x + y=:22 (2) 

Solution. Subtract 3 x from (1), 2 x — 3 y > 6 (3) 

Multiply (2) by 3, 9 x + 3 y = 66 (4) 

Add (3) and (4), llx>71. 

Divide by 11, x > 6^^. 

22 -y 
From (4), x = — 5—^ • 

Substitute in (3) and simplify, "~ y > " H* 

Therefore, y < 2^Y (see I) 

Example 3. Solve the inequalities : 

fix — mn > n* — mx (1) 
mx — nx + mn<,m'^ (2) 

Process. Simplify (1) and solve, x > n. 

Simplify (2) and solve, x <rr. 

Hence, x is greater than n and less than m. 

Hote. The principles applied to the solutions of equations may be applied 
to inequalities, except that if each member of an inequality has its sign 
changed, the sign of inequality will be reversed. 



Exercise 132. 

Find the limit of x in the following : 

.^o o o 1 x^ — a a — re 2x a 
2. \^^r\>\x^h -Ti b->T-x 
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3aa; — 26 ax — a ax ^2 
^' 36 '2 r" "^ T" "" 3 ' 

4. If a:* + 4 a; > 12, show that x>2. 

5. If 7a? - 3 a; < 160, show that x<o. 

6. If 4 a; + 12 — aj2 > 0, show that x is included be- 
tween 6 and — 2. 

7. If 9 a; < 20 a^ + 1, show that a; > ^ or < f 

8. If 15 — a; — 2 a;2 > 0, show that x lies between | 
and —3. 

Find an integral value of x in the following : 

g I 2a;>30~4a;. ^^ \^^<l^^^^' 

 1 10 a; < 3 a; + 49. ' 1 6 a? > 24 - 2 a;. 



11 \%(x + 2) + x<^{x-4. 
' \{(x + 2) + ^x>:^(x + 



- 4) + 9. 
l) + i 



Find the limits of x and y in the following : 

-2 (3a; + 5y>121. J7aj + 5y>19. 

• l4aj + 72^ = 168. ^'^' fx-y^l. . 

14. ((^ + 6)aj- (a-6)y >4a6. 

^ I (a - 6) a; + (a + 6) y = 2 (a + 6) (a - 6). 

15. A certain number plus 5, is greater than one third 
the number plus 55 ; while its half plus 2, is less than 41. 
Find the number. 



INEQUALITIES. 367 

16. Find the price of orauges per dozen, when three 
times the price of one orange, decreased by three cents, is 
more than twice its price increased by one cent; and eight 
times the price of one orange, decreased by twenty cents, 
is less than three times its price increased by ten cents. 

152. Since the square of a negative number is positive, if a and b 
represent any two numbers, (a — 6)* must be positive, whatever the 
values of a. and b. Therefore, since every positive number is greater 
than zero, 

(a - by > 0. 
Expand, a^-^ab + b^>0. 

Add 2 a & to each member, a* + 6^ > 2ab, Hence, 

The sum of the squares of two unequal numbers is greater 
than twice their product, 

Hote. The above is a fundamental principle in inequalities. 

Example 1. Show that a^ + b^ -\- c^ > ab + a c + b c, a and b 
positive. 

Froo£ Since a, b, and c are any unequal numbers, 

a'^ + b^>2ab (1) 

a2 + c« > 2 a c (2) 

62 + c«>2&c (3) 

Add the corresponding members of (1), (2), and (3), 

2a2+2 62 4-2c2>2a6-|-2ac + 2 6c. 

Divide by 2, a^ -f- 6* + c^ > a 6 + ac + 6c. 

Query. How if a = 6 = c ? 

Example 2. Show that a» + &» > a^ 6 -f- a b'^. 

Proof. We shall have, a^-^b^> aH^a b^. 

Factor, (a + b) (a^ - ab + b^) > ab(a + b). 

Divide by a + 6, a^-ab + b^>ab. 

Add a 6, a^ + b^>2ab. 

Therefore, a^-^b^>a^b + a h^. 
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ExAMPLB 3. Which is the greater, Kl + W — r- or y'a b 

ProoC We shall have, 

Square each member, 

a«62 .— m«n« , ,-- 

1- 2 \/abmn A t" > or < ab + 2\/abmn + mn, 

mn ^ ab ^ • v » 

, a^ft^ ,„2n2 

Subtract 2 v<'^«*'*» ^" — T" > or < ao + mn. 

Free from fractions and factor, 

(a6 + fiin) (a'6*— a6mn + m^n*) > or < a6mn(a5 + mn). 

Divide by ab -{- mn, 

a^b* — abmn + m^n^ > OT < ab mn. 
Add a&mn, a^b^ + m^n^ > ov <2abmn. 

But, a^b^ + mana > 2 abm n. 

Therefore, y -^ + y -^ > ^ab+ ^mn. 

Exercise 133. 

Show that, the letters being unequal, positive, and 
integral : 

1. a^+3b^>2ab+2V^', ^ + ->- + \. 

0^ a^ a 

3. xy + xz+yz< {x+y-'Zy + (x+z—7/f+'(y+z-x)l 
Which is the greater : 

. O.I 9 , ct + i 2ab m n 11 

4. rfi+l 0T7fl+n; —^ or — -r; "i - 35 ^^ ::;:"«' 

X — y x^ — y^ ^ ^ ^ ' 
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a/2 V^ - - - - 

6. a8+268or3a62; :^or-^; V2 + V7 orV3 + V5 

V3 V5 

Queries. How iu 4 and 6, if a = 6 ? In 4, if » = 1 ? 

7. If a2 + 62 + ca = l, and a? + y» + 2a=l, show that 

Query. How ifa = 6 = c = a; = y = 2? 
If a > 6, show that : 

8. a - 6 > (Va - V^; «» + 7a26 > (^ 4- 6)» 

9. a«6*>a*6«; a^ + 13 aja > 5 aH + 9 i^. 

Miscellaneous. Exercise 134. 

Example 1. Solve the inequalities : 



{: 



V2(a:y + y^) + 4< V(2i/-l)(y + ar) (1) 
2 X + 5 y > 8 (2) 

BolutioD. Square each member of (1) and simplify, 

2xy + 2y^ + 4<2y^+2xy-y-x. 
Subtract 2a;y + 2 y«, 4<-y-x (3) 

Multiply each member of (3) by 2, 

S<-2y-2x (4) 

Add the corresponding members of (2) and (4), 

3y> 16. .-. y >5f 
Multiply each member of (3) by 5, 

20 < - 5 y - 5 a: (5) 

Add (2) and (5), - 3 a: > 28, or 3 a: < - 28. .*. x < - 9J. 

Example 2. Simplify (y + x<m — n) (m^ +mn + n^> y — x). 

Bolutdcn. We are to multiply the corresponding members 
together, (y + x)(y — x) = y^- x\ 

(m — n) (m* + m w -f n^) = m' — n'. 

Therefore, (y+a:<m—n)(m*+mn + w*>y—«) = y^—x^ < m^—nK 

24 
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Example 3. Which is the greater, sfi + y^ or x*y + y^xl 

Proof. We shall have, x^ + y^ '^ ov < x^ y -^ ^ x. 

Subtract x^y -h y^x, re* — a:* y 4- y* — ^* a: > or < 0. 

Factor, (x* — y*) (x — y)> or < 0. 

Now, whether z > or < y, the two factors, x^ — j/* and x — y, will 
have the same sign. Hence, since (x^—y*) (x—y) is always positive, 

(a:4 _ y4) ^x-y)> 0. 

Therefore, x^ -{- y^ ":> x^ y + y* x. 

Example 4. Which is the greater, m* — n* or 4 n* (m — n) when 
m>n'\ 

Proof. We shall have, m* — n* > or < 4w«(m— ?i). 

Divide by m — n, m* 4- m'n -|- m w* + n^ > or < 4 m'. 

Subtract m^ + m^n and factor the resulting inequality, 

n' (m + n) > or < m^3m-n). 
But, m> n (1) 

Square (1), m* > n^ (2) 

Multiply (1) by 2, 2m>2n. 

Add m — n, 3m — n> m + n (3) 

Multiply the corresponding members of (2) and (3), 

m* (3 m — n) > n* (m -f- n). - 
Therefore, 4 w* (m — n) > »w* — n*. 

5. Find the sum of 2? + y>l — a, y^'-2a> 6 + 4, 

6. From a^ + 2a3^ <c 5 take a (a + a?) > t^^ — 1. 

7. From a^ < 3 — a;^ subtract 2x^ >b. 

Multiply : 

8. (a. + 6)2>(a;-y)2by-3; S-f < 5-cfi by a?-]-y^ 

9. Divide a*- 6* > a^+ 62 by «« + 62 
10. Divide lla2 + 88 6 > 121 n^ by - 11. 
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Perform the indicated operations and simplify : 

11. (m-K 5)(m + l< 10); {a < n + b){n-b > c). 



12. (- 2 > - 3)8; (5 > 2) -f- (3 < 4) ; V25 > 9. 

13. [- 243 > - 1024]i ; (» + 1)8 > n' - «« + 4 n. 

14. m8 - 7i8 > (m - n) {rr? + w') ; ^- 64 < 8. 

15. (m* — m* < a?) -5- (J a; > ni + n) ; [— n > y]8. 

Solve: 

16. (a;-2)*>«»+6a!-25; A/(a;-l)a+ 3a?»+ 6 > a;i 

17. a;-2 >V "^o"^ ; V3 - 4 Vi > Vl6 a: - 5. 

jg j3y + 2a;>3. ^g j a; + | > Va? - 3a; + y. 
'i4>4y + a;. 'l5>a; — y. 

2Q j4y-a;>y + 4. ^i. ) 3a: - 1 > a; + 3y. 



6y>l-4y. I 2y-3a:» = 3x-3a:». 

22. 38a!- 7- 15a? <0; 6a? + 7a; + 2<0. 

23. 17a!-6«2-5 <0; 6 a; + 11 - ar' < 2 a;- 10. 

Find integral values of x in the following : 

f3Ja;-.5a;>5. ( a; + 7 < 15. 

I 2.5 a; + Ja; < 8. ( 2a; + 10 > 20. 

2B U^-ia;<3. I 2*- 5 > 31. 

l7a!-15>4a!+30. '' I 3 a; - 20 < 2 a;. 

28. ar«+2a:-15<0; a?« + 16a: + 63 > 0. 
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Show that: 

29. Vl9+V3> VI0 + V7; V5+V14> A/S+SVi 

If a > 6, show that : 



30. Va^ - 63 + Va2 - {a - 6)2 > a. 

31. a» - 68 < 3 a^ (a - 6) and > 3 62(a - 6). 

32. a-6> ^^ and < -4^ • 

If a;* = a2 + 62, 2^2 = c2 4. ^a^ show that: 

33. a?y > ac 4- 6d or ad + 6c. 
Show that : 

34 (a 6 4- a;y) (ax + by) > 4a hxy. 

35. (a + 6) (a + c) (6 + c) > 8 a 6c. 

36. Show that the sum of any fraction and its reciprocal 
is greater than 2. 

37. In how many ways may a street 20 yards long and 
15 wide be paved with two kinds of stones; one kind 
being 3f feet long and 3 wide, the other 4| feet long and 
4 wide ? 

38. A and B set out at the same time to meet each 
other; on meeting it appeared that A had travelled a miles 
more than B, and that A could have gone B's distance 
in n hours, §ind B could have gone A's distance in m 
hours. Find the distance between the two places. Solve 
when a = 18, 71 = 378, and m = 672. 
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CHAPTER XXVL 

SERIES. 

I. A Series is an expression in which the successive 
terms are formed according to some fixed law ; 

As, 1, 2, 4, 8, . . . . , in which each term is double the preceding 
term ; a, a + d, a + 2d, a + 3d, ,..,, in which each term exceeds 
the preceding term by d. 

ARITHMETICAL PROGRESSION. 

154. The expressions 1, 5, 9, 13, 17, ...., and 15, 10, 5, 0, 
— 5, — 10, . . . . , are called arithmetical progressions or series. The 
first is an increasing series, and the second a decreasing series. 
The general form for such a series is, 

€^a + d, a-h^d, a + Sdya + ^dftt-hSd, a + ^d 

in which a is the first term and d the common difference ; the series 
will be increasing or decreasing according as c? is positive or negative. 
Hence, 

An Arithmetical Progression is a series in which the adja- 
cent terms increase or decrease by a common difiference. 

In every arithmetical series the following elements occur, any 
three of which being given, the other two may be found : 

The first term, or a. 

The last term, or I. 

The common difference, or d. 

The number of terms, or n. 

The sum of the terms, or s. 
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By an examination of the general form it is seen that the coefficient 
of d is always 1 less than the number of the term. 
Thus, the 2d term is a + rf, ot a + (2 — I) d, 
3d term is a + 2 </, or a + (3 - 1) rf, 
4th term is o j- 3 d, or a -I- (4 — 1) d, 
12th term is a + 11 rf, or a + (12 — 1) d, and so on. 
In the nth, or last term, the coefficient ofdisn— 1. Hence, 

To Find the Last Term of an Arithmetical Series, when the 
first term, the common difference, and the number of tm^rns 

are given, 

lz=z a+(n-l)d (i) 

Note. The common difference may always be found by subtracting any 
term of the series from that which immediately follows it. 

Example 1. Find the 18th term of the series J, |, f , etc. 

FrocesB. Here, n = 18, a = J, and rf = | — J = J. 
Substitute these values in (i), / = J + (18 — 1) J = 4. 

Example 2. Find the 30th term of the series x -\-y,x,x-y, etc. 

Process. Here, n = 30, d = x — (a; + y) = — y, and a = x-\-y. 
Substitute these values in (i), 1 = a?-f-y+(30— 1) {—y) = a:-28y. 



Exercise 136. 

Find: 

1. The 15th term of 7, 3, - 1, .... 

2. The 27th and 41st terms of 5, 11, 17, . . •. 

3. The 20th and 13th terms of — 3, — 2, — 1, .... 

4. The 37th and 89th terms of - 2.8, 0, 2.8, .... 

5. The 40th term of 2 a - 6, 4 a — 3 6, 6 a — 5 6, .... 

6. The 15th and 8th terms of J, 1, |, .... 
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7. The first term is J, the 102d is 18. Find the com- 
mon difference. 

8. The 21st term is 53, and the common difference is 
— 2J. Find the firet term. 

9. The first term is 5^, and the common difference is 3^. 
What term will be 42 ? 

10. The first term is ^, the common difference is ||, and 
the last term is 17 J^. Find the number of terms. 

11. The 54th and 4th terms are -125 and 0. Find 
the 42d term. 

12. Find three terms whose common difference is \, 
such that the product of the second and third exceeds that 
of the first and second by 1^, 

155. Taking the elements as given in Art. 154 : 

8 = a+(a+d)+(a + 2d)+(a-\-3d)-\-{a+4d) + .... I, 
or 5 = / + (/-rf) + (/-2(0+(/-3</) + (/-4rf)4-.... a. 

Add, 25 = (a+0+(a + 0+(a + 0+(«+0+(«+0 + •••• to n terms, 
or 2s = n{a + t) (1) 

Substitute the value of I from (i) (Art. 154) in (1), 
2 « = 71 [2 a + (n— I) d]. Hence (solve for «), 

To Find the Sum of all the Terms of an Arithmetical Series. 

« = ij(a + l) ^ (ii) 

« = ^[aa + (n-l)<l] (i") 

Example I. Find the sum of an arithmetical series of 17 terms, 
the first term being 5^, and the last term 25j. 

ProoesB. Here, n = 17, a = 5 J, and I = 25J. 
Substitute these values in (ii), s-^{5i + 26^) = 263^. 
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Example 2. Find the sum of the series 3^, 1, — 1^, ...., to 19 
terms. 

Process. Here, n = 19, a = 3^, and d = 1 — 3J = — 2J. 

Substitute these values in (iii), 

*= V [2 X 3i + (19 - 1)(- 2^)] = - 361. 

12 3 

Example 3. Find the sum of m , 3m ,5m , to 

m' m* m* ' 

m terms. 

Process. Here, n = m, a = m — — , and d = 3m— — — (m — -) 

1 ^ 

= 2m — - • 
m 

Substitute in (iii), 

2 m' — m — 1 



= ^[.(»-i).(™-i) (..-!)] = 



2 



Example 4. The first term of a series is 3 m, the last — 35 m, and 
the sum — 320 m. Find the number of terms and the common 
difference. 

Process. Here, s = — 320 m, a = 3 m, and / = — 35 m. 

Substitute in (ii), 

- 320m = 2(3m- 35 m) = — 16mn. .-. n = 20. 

Substitute in (iii), 

-320m = ^[6m+19d]=fK)m+ 190</. .-. J = -2w. 

Example 5. How many terms of the series — &|, — Of, — 6, ... ., 
must be taken to make — 52^ ? 

Process. Here, s= — 52^, a = — 6|, and </ = |. 

Substitute in (iii), - 52^ = ^ [- ^ 4- (n - 1) X f ]. 
Simplify and solve forn, n = 11 or 24. 

Query. Do both of these values satisfy the conditions? In 
explanation write out 24 terms of the series and observe that the 
last 13 terms destroy each other. 
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Exercise 136. 

Find the sum of : 

1. 5, 9, 13, ...., to 19 terms. 

2. 10 J, 9, 7|, ...., to 94 terms. 

3. 3a, a, —a, ...., to a terms. 

4. 3J, 2J, IJ, ...., to n terms. 

w — Im — 2 77fc — 3 

o. , , , ..... to m terms. 

m mm 

^ 2a2-i 3 6ft2-5 

6. , 4a , , ...., to n terms. 

a a a 

^ 4a + & 5a + 2& ^ ^^ ^ 

7. a, — 5 — , 5 , ...., to 19 terms. 

8. The first term is 3f , and the sum of 14 terms is 84J. 
Find the last term. 

9. The sum of 40 terms is 0, and the common difiference 
is — J. Find the first term. 

10. Find the number of terms and common difiference : 

(1) when the sum is 24, the first term 9, and the last — 6 ; 

(2) the sum 49 a, the first term a, and the last 13 a. 

11. The sum of 12 terms is 150, and the first is 5 J. 
Determine the series. 

12. Show that the sum of the first n odd numbers is n^. 

13. Find the sum of all the odd numbers between 100 
and 200. 
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14. The sum of five terms is 15, and the difference of 
the squares of the extremes is 96. Find the terms. 

1 1 1 

15. Find the sum of 7=, :; , ;=, — , 



K a is called the arithmetical mean between a — d and a-\- d. 
Hence, 

An Arithmetical Mean is the middle term of three num- 
bers in arithmetical series. 

If a and h represent two numbers, and A their arithmetical mean, 
the common diflference is il — a, or 6 — -4 . Therefore, 

A — a = b — A. Hence (solve for A), 

To Find the Arithmetical Mean Between two Terms. 

A = ^ (iv) 

If a and I represent any two numbers, and m the number of means 
between them, the whole number of terms is m + 2, or m + 2 = n. 
Substitute this value for n in (i) (Art. 154), 

I = a + (m + I) d. Hence (solve for d), 

To Insert any ITnmber of Arithmetical Means Between two 

Terms. > ^ 

a - (▼) 

This finds d, and the m required means are, 

a + d, a + 2d, a-\-9d, a + ^d, ...., a + tnd. 

Example 1. Find the arithmetical mean between: (1) 27 and 
— 5 ; (2) m^ -f m n — n* and m^ — mn + n^, 

ProceBB. (I) Here, a = 27, 6 = — 5. 

27-6 
Substitute in (iv), A = — - — = 11. 

(2) Here, a = m^ -f- m n - n^, h—rr? — mn-\-n\ 
Substitute m (iv), A = ^ = m\ 
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Example 2. Insert five arithmetical means between 12 and 20. 
Process. Here, a = 12, Z = 20, and m = 5. 

. 20-12 
Substitute in (v), d= ^ , = ly* 

The series is 12, 13^, 14}, 16, 17}, 18}, 20. 

Exercise 137. 

Insert : 

1. 14 arithmetical means between — 7^ and — 2^. 

2. 16 arithmetical means between 7.2 and — 6.4. 

3. 10 arithmetical means between 5 m— 671 and Sti— 6 m. 

4. 4 arithmetical means between — 1 and — 7. 

5. X arithmetical means between a? and 1. 

6. Find the arithmetical mean between —7— and . 

m+n m — n 

7. The arithmetical mean between two numbers is — 9, 
and the mean between four times the first and twelve times 
the second is — 66. Find the numbers. 

GEOMETRICAL PROGRESSION. 

157. The expressions 3, 9, 27, 81, — , and 1, —J, }, — ^, ...., 
are called geometrical progressions or series. The general form for 
such a series is, 

a, avy ar'^, ar^, ar^y ar^, ar«, ar"^, ...., 

In which a is the first tenn, and r a constant factor or ratio. Hence, 

A Oeometrical Progression is a series in which the adja- 
cent terms increase or decrease by a constant factor. 

The Common Batio is the factor by which each term is 
multiplied to form the next one. 
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In every geometrical series the following elements occur; any 
three of which being given, the other two may be found. 

The first term, or a. 
The last term, or I. 
The common ratio, or n 
The number of terms, or n. 
The sum of the terms, or 8, 

By an examination of the general form it is seen that the expo- 
nent of r is always 1 less than the number of the term. 
Thus, the 2d term is a r, 
3d term is a r\ 
4th term is a r*, 
12th term is ar^\ and so on. 
In the nth, or last term, the exponent of r is n — 1. Hence, 

To Find the Last Term of a Geometrical Series, whe7i the 

first term, the coni7/ion ratio, and the number of terms are 

given. 

l^ar^-^ (i) 

Kotes: 1. The common ratio is found by dividing any term by that which 
immediately precedes it. 

2. A geometrical series is said to be increasing or decreasing, according as 
the common ratio is greater than 1, or less than 1. 

3. An arithmetical series is formed by repeated addition or subtraction; a 
geometrical series by repeated multiplication. 

Example 1. Find the 8th tenn of the series .008, .04, .2, etc. 

Process. Here, a = .008, n = 8, and r = .04 -r .008 = 5. 
Substitute in (i), I = .008 X S^-i = 625. 

Example 2. Find the 10th term of — , x, y, — , .... 

y * 

Process. Here, a = — , n = 10, and r :=x -^ — = - • 

* y y X 



Substitute in (i), ^ = - (f ) = ar-^ y« 
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Exercise 138. 

Find: 

1. The 5th and 8th terms of 3, 6, 12, .... 

2. The 10th and 16th terms of 256, 128, 64, .... 

3. The 8th and 12th terms of 81, - 27, 9, .... 

4. The 14th and 7th terms of ^, -^^^ ^, .... 

5. The 6th term of -, — «-> — r . •••• 

y f f 

6. The mth term of x, ofi, ofi, .... 

7. The 3d and 6th terms are ^^ and — |. Find the 
series and the 12th term. 

8. The 5th and 9th terms are f J and J. Find the 
series. 

9. If from a line a inches in length, one third be cut 
oflf, then one third of the remainder, and so on; what part 
of it will remain when this has been done 5 times ? When 
t times. 

158. Taking the elements as given in Art. 157, 

s = a+ar+ar^+ar^-] \-ar^-^i-ar'^-^ (1) 

Multiply (1) by r, 

sr = ar + ar^+ar^-\ -\-ar'^^+ar^~^ + ar (2) 

Subtract (1) from (2), 

sr—s = ai-^—a (3) 

Substitute the value of ar^ from (i) (Art. 157) in (3), and factor 
the result, s(r- I) = rl - a. Hence (solve for s), 

To Find the Sum of all the Terms of a Oeometrical Series. 

s = ^<^"^) (ii) 

r -t 

8 = VAn^ (iii) 
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Example I, Find the 6th term and the sum of — J, ^, - f , . . . . 

ProoesB. Here, a = — J, 71 = 6, and r = — |. 
Substitute in (i) (Art. 157), / = - J x (- |)* = 



Substitute in (iii), s = *J^^^"^* = J^. 



Example 2. Find the least term and the sum of 3, - 9, 27, .... , 
to 7 terms. 

ProoesB. Here, c* = 3, n = 7, and r =t — 3. 
Substitute in (i) (Art. 157), Z = 3 (- 3)« = 2187. 

Substitute in (ii), s = ^ ^^""^^^^ T ^-* = 1641. 

— 0^1 

Exercise 139. 

Find the sum of: * 

1. 3, —1, J, ...., to 6 terms. 

2. — f , J, — f , , to 6 terms. 

^' f» ~J» jV • ••' ^^ ^ terms. 

1 3 

4 —7^, 1, -—=, ...., to 8 terms. 

V3 \/3 

5. 1, 3, 32, ...., to m terms. 

6. 2, —4, 8, ...., to 2m terms. 

7. The 7th and 4th terms are 625 and — 5. Find the 
1st term, and the sum of the 4th to the 7th terms inclusive. 

8. The sum of the first 10 terms is equal to 33 times 
the sum of the first 5 terms. Find the common ratio. 

9. The sum of three numbers in geometrical progression 
is 215, and the first term is 5. Find the common ratio 
and the numbers. 
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159. A Oeometrical Mean is the middle term of three 
numbers in geometrical series. 

If a and b represent two numbers, and G their geometrical mean, 

. . O b 
the common ratio is - , or ^ . Therefore, 

— = >r. Hence (solve for G)y 

To Find the Geometrical Mean Between two Terms 

O = ^ab (iv) 

If a and b represent any two numbers, and m the number of means 
between them, the whole number of terms is m + 2, or m + 2 = n. 
Substitute this value for n iu (i) (Art. 157), 

I z= ar^-^^. Hence (solve for r), 

To Insert any Nnmber of Oeometrical Means Between two 

This finds r, and the m required means are, 

ar, ar^, ar^, ar*, ar^, — , ar*^. 

Example I. Find the geometrical mean between : (1) -— =: and 
3 V3 

— \ (2) Scfiy and I2xfz. 

V^ 1 3 

ProceBB. (1) Here, a = —-^, and 6 = — -= • 

-y 3 \/3 

/'I 3~ 

Substitute in (iv), G=U—^X -7==^- 

(2) Here, a = Sx^y and b = \2xy^z. 

Substitute in (iv), G = ^Sx^y X I2xy^z = 6x^y^ ^z. 

Example 2. Insert six geometrical means between 14 and — ^. 

ProcesB. Here, a = 14, / = - ^\, and m = 6. 

Substitute in (v), r = ^-^\^ = - i- 

Hence, the series is 14, -7, J, - J, J, - ^, ^^ - ^. 
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Exercise 140. 

Find the geometrical mean between : 

1. 7 and 252; «»& and alfi) | and \^\ \ and |f. 

2. ^ and 5^^; 4a;2- 12a; + 9 and 9^?+ 12ic + 4. 

Insert : 

3. 2 geometrical means between 5 and 320. 

4. 2 geometrical means between 1 and \. 

5. 3 geometrical means between 100 and 2^. 

6. 6 geometrical means between 14 and — ^. 

7. 7 geometrical means between 2 and 13,122. 

8. Which is the greater, and how much greater, the 
arithmetical or geometrical mean between 1 and \. 

9. Find two numbers whose sum is 10, and whose geo- 
metrical mean is 4. 

HARMONICAL PROGRESSION. 

160. The expressions 1, J, t, 4^, — , and 4, — |, — |, — 4, ...., 
are called harmonical progressions or series, because their reciprocals 

1 , 3, 5, 7, .... , and ^, — j, — f , — }, , form arithmetical series. 

The general form for such a series is, 

a' a + d' a + 2d' ""' a+{n-V)d' ^®°*^®' 

An Harmonical Progression is a series the reciprocals of 
whose terms form an arithmetical series. 
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Notet: 1. Evidently all questions relating to harmonical progression are 
readily solved by writing the reciprocals of the temis so as to fomi an arith- 
metical series. 

2. There is no general formula for finding the sum of the terms of a har- 
monical series. 

3. The term harmonical is derived from the fact that musical strings of 
equal thickness and tension produce harmony when sounded together, if their 
lengths are represented by the reciprocals of the series of natural numbers; that 
is, by the series 1, ^, ^, 1, J, i, etc. Harmonical properties are also interesting 
because of their importance in geometry. 

Example 1. Find the mth term of the series 3, 1^, 1, f , f , etc. 

Solation. Taking the reciprocals of the terms, we have }, }, 1 , 
^, }, etc. ; an arithmetical series. 

Here, a = J, d = }, and n=^m, 

m 
Substituting in (i) (Art. 154), rf = J + (m- 1)^=3. Taking 

the reciprocal of this value for the required term, we have — . 

ExAMPLB 2. The 12th term is ^, and the 19th term is ^. Find 
the series. 

Process. The 12th and 19th terms of the corresponding arith- 
metical series are 5 and ^. 

From (i) (Art. 154), 5 = a + 11 d, 

y = a + 18 rf, 
Solving for a and (2, a = |^ and rf = J. 

The arithmetical series is, f, f , 2, }, |, 3, J^, 

The harmonical series is, |> |> ii f » |» J» A» — 

161. A Harmonical Kean is the middle term of three 
numbers in harmonical series. 

If a and b represent two numbers, and H their harmonical mean, 
the corresponding arithmetical series is -, jt, t. The common dif- 

.11 1 1 m^ i. 

ference isjj , or t — t^. Therefore, 

1 1 1 1 X, . , . .r 

^ = J, — ji' Hence (solve for // ), 

26 
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To Find fhe Harmonioal Mean Between two Numbers. 

2 a 6 /'v 

Example L Find the harmonical mean between : (1) | and ^^ ; 
(2) X ■\- y and x — y, 

Prooess. (1) Here, o = J and b = ^. 

Substitute in (i), H= \ 

(2) Here, a = x -h y and b = x — y. 

a;2 — yS 
Substitute in (i), H = . 

Example 2. Insert three harmonical means between f and ^, 

Prooess. The terms of the corresponding arithmetical series are 
t and y. 

Here, a = |, / = V, and m = 3. 
Substitute in (v) (Art. 156), rf = J. 
The three arithmetical means are ^, J^, ^. 
The required harmonical means are ^, f , :^. 



Exercise 141. 

1. Find the 8th term of IJ, l^f 2^^, .... 

2. Find the 21st term of 2J, l^f, 1^^^, .... 

3. The 39th term is -^^, and the 54th term is ^, Find 
ttie series. 

4. The 2d term is 2, and the 3d term is J. Find the 
first six terms. 

Insert : 

5. One harmonical mean between 1 and 13. 

6. 3 harmonical means between 2| and 12. 
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7. 4 harmonical means between J and ^. 

8. 6 harmonical means between 3 and ^. 

9. The arithmetical mean of two numbers is 9, and the 
harmonical mean is 8. Find the numbers. 

10. The difiference of the arithmetical and harmonical 
means between two numbers is 1. Find the numbers; one 
being three times the other. 

11. Find two numbers such that the sum of their arith- 
metical, geometrical, and harmonical means is 9|, and the 
product of these means is 27. 

12. The arithmetical mean between two numbera ex- 
ceeds the geometrical by 2J, and the geometrical exceeds 
the harmonical by 2. Find the numbers. 

13. The sum of three terms of a harmonical series is 37, 
and the sum of their squares is 469. Find the numbers. 

14. The sum of three consecutive terms in harmonical 
series is 1^, and the first term is J. Find the numbers. 

15. Arrange the arithmetical, geometrical, and harmoni- 
cal means between two numbers a and h in order of 
magnitude. 

16. If 50 potatoes are placed in a line 3 feet from each 
other, and the first is 3 feet from a basket, how far will a 
person travel, starting from the basket, to gather them up 
singly, and return with each to the basket ? 

17. There are four numbers in geometrical progression, 
the first of which is less than the fourth by 21, and the 
difference of the extremes divided by the difference of the 
means is equal to 3J. Find the numbers. 
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CHAPTEE XXVII. 

RATIO AND PROPORTION. 

162. The Batio of two numbers is their relative magni- 
tude, and is expressed by the fraction of which the first is 
the numerator and the second the denominator. 

Thus, the ratio of 10 to 5 is expressed by the fraction ^ ; the 
ratio of | to J is expressed by the fraction f -7- f (= yis)- 

The ratio of two quantities of the same kind is equal to the ratio 
of the two numbers by which they are expressed. 

Thus, the ratio of $5 to $6 is f ; of 16 apples to 3 apples is ^ ; of 
3| feet to 5^ feet is 3} -r 5J = |f . 

The Sign of ratio is the colon :, -^, or the fractional 
form of indicating division. 

Thus, the ratio of a to 6 is expressed by a : 6, or a -^ 6, or t, any 
one of which may be read "a is to b" or "ratio of a to b" 

The Terms of a ratio are the numbers compared. The 
first term is called the antecedent, the second the conse- 
quent, and the two terms together are called a couplet. 

A ratio is called a ratio of greater inequality, of less 
inequality, or of equality, according as the antecedent is 
greater than, less than, or equal to, the consequent. 

An Inverse Eatio is one in which the terms are inter- 
changed ; as, the ratio of 7 : 8 is the inverse of the ratio 
8 :7. 

A Compound Eatio is the product of two or more simple 
ratios; as, the compound ratio 2 : 3, 5 : 4, 15 : 6, is 150 : 72. 
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Notes : 1. A quantity may be defined as a definite portion of any magni- 
tude. ThuSj any definite number of dollars, poimds, bushels, acres, feet, yards, 
or miles, is a quantity. 

2. To compare two quantities they must be expressed in terms of the same 
unit. Thus, the ratio of 2 rods to 9 inches is expressed by the fraction, 

16i X 2 X 12 _ 396 

9 -T" 

163. Evidently the ratios 4 : 5, 8 : 10, ^ : y, are equal to each 

other. In general, 

a ma 

T = — 7 . Hence, 
h mo ' 

I. If the terms of a ratio are multiplied m* divided by 
the same number, the value of the ratio is not changed. 

The ratio 9 : 7 is compared with the ratio 4 : 3 by comparing ^ 
and f . If = f^, and' f = f J. Therefore, 4 : 3 is greater than 9 : 7. 
Hence, 

II. Ratios are compared by comparing the fractions that 
represent them. 

If to each term of the ratio 5 : 4 we add 16, the new ratio, 21 : 20, 
is less than the ratio 5 : 4, because \ is greater than f ^. If to each 
term of the ratio 4 : 5 we add 16, the new ratio, 20 : 21, is greater 
than the ratio 4 : 5. Hence, 

III. A ratio of greater inequality is diminished, and a 
ratio of less inequality is increased, by adding the same 
number to both its terms. 

If from each term of the ratio 32 : 30 we subtract 24, the new 
ratio, 8:6, is greater than the ratio 32 : 30. If from each term of 
the ratio 28 : 30 we subtract 15, the new ratio, 13 : 15, is less than 
the ratio 28 : 30. Hence, 

IV. A ratio of greater inequality is increased, and a 
ratio of less in^uality is diminished, by taking the same 
number from both terms. 
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a c e g 
Suppose ^ = ^=y=-^ = r. 

Simplify, br = a, d r = c, fr = e, hr = g. 

Add the correspoudiiig members and factor the result, 

mu e a + c + e + g a c e g 

Therefore, "" = b + d +f+ h= 1= d= f= h' ^'^^' 

V. In a series of equal ratios, the sum of t/ie antece- 
dents divided by the sum of the consequents is equal to any 
antecedent divided by its consequent, 

Kotes : 1. The sign : , is an exact equivalent for the sign of division ; and is 
a modification of -r • 

2. A Duplicate Batio is the ratio of the squares ; a Triplicate, of the cubes ; 
a Sabdaplicate, of the square roots ; a Subtriplicate, of the cube roots of two 

numbers. Thus, cfi :b^; a^ '.i^-f Va: Vb; Va : V6 are respectively the 
duplicate, triplicate, subduplicate, and subtriplicate ratios of a to b. 

Example 1. Find the ratio compounded of the duplicate ratio of 
2 a a* .- 
-r- : Tj V ^» ^^^ *^® ^*^o Sax : 2 by. 

r^, , ,. . 2a a2 - . 4a2 6a* 

Process. The duplicate ratio of -r- : Tg v ^ ^^ "p" • 7T~ ' 

. 4a2 6a* , . 12a«x Ua^by 
The compound ratio -p- : -rr- , 3 a as : 2 o t^, is — p — : li — ' 

12 a»a: 12a*6.y 12rt8x I2a*6jy bx 

Example 2. If 15 (2 x^ — y^) = 7 x y, find the ratio x : y. 

Process. From the given equation, x^ — ^xy = \y'^. 
Complete the square and solve for x, 2: = | y, or — f y. 

X 

Therefore, ~ = f , or — |. 

Exercise 142. 

Find the ratio compounded of : 

1. The ratio 2a : 3b, and the duplicate, ratio of 9 6^ : a 6. 

2. The subduplicate ratio of 64 : 9, and the ratio 27 : 56. 
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3. The daplicate ratio of 4 : 15^ and the triplicate ratio 
of 6 : 2. 

4. 1 — 2? : 1 + y, X ^ xy^ : I -f a;^^ and 1 : x — a?, 
a+b a^+V^ (a^h^y^ a2^9a+20 , a^-13a-\-42 

Simplify each of the ratios : 

6. baxi^x; 16xy :20 x^; 2Q?y : \Qfi. 

nin^Viax^ 

7. l(i^y''^o,f\— 2^ la^na?. 

Arrange the following ratios in order of magnitude : 

8. 5 : 6, 7 : 8, 41 : 48, and 31 : 36. 

9. a — 6 : a + 6, and a^ — 6^ . ^2 _|. j2^ when a > &. 

10. For what value of x will the ratio 15 + a; : 17 + ^ 
be equal to the ratio 1 : 12 ? 

11. Find X : y, ifa?+6y^ = 5xy. 

12. Find the ratio of x to y, if the ratio 4:X + 5y : 3a;— y 
is equal to 2. 

13. What number must be added to each term of the 
ratio a : b, that it may become equal to the ratio m ml 

14. What number must be subtracted from the conse- 
quent of the ratio a : 6, that it may become equal to the 
ratio m :7bl 

15. A certain ratio will be equal to 2 : 3, if 2 be added 
to each of its terms; and it will be equal to 1 : 2, if 1 be 
subtracted from each of its terms. Find the ratio. 
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16. It' a : i be in the duplicate mtio oi a -^ x :b + x, 
find X. 

17. Show that a duplicate ratio is greater or less than 
its simple ratio, according as it is a ratio of greater or less 
inequality. 

PROPORTION. 

164. A Proportion is an equality of ratios. Four num- 
bers are in proportion, when the first divided by the second 
is equal to the third divided by the fourth. 

a c 

Thufl, if V = -; , then a, 6, c, rf, are called proportionals, or are said 

to be in proportion, and they may be written in either of the forms : 

a :b::c : </, 
read, "a is to 6 as c is to d ;" 
or a : b = c : d, 

read, "the rat'o of a to & is equal to the ratio of c to (2 ;'' 



or T= 3» 



a _ c 
I'd 



read, ** a divided by b equals c divided by d." 

The Terms of a proportion are the four numbers com- 
pared. The first and third terms are called the antecedents, 
the second and fourth terms, the consequents ; the first and 
fourth terms are called the extremes, the second and third 
terms, the means. 

Thus, in the above proportion, a and c are the antecedents, b and 
d the consequents, a and d the extremes, b and c the means. 

Note 1. The algebraic test of a proportion is that the two fractions which 
represent the ratios shaU be equal. 
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Let a:b ::c :d, 

a c I 

By definition, 6 ~ 5 ' 

Free £1*001 fractions, ad = bc. Hence, 

I. In any proportion the product of the extremes is equal 
to the product of the means. 

Note 2. If any three terms in a proportion are given, the fourth may be 
found from the relation that the product of the extremes is equal to the 
product of the means. 

Let ad = bc, 

a c 
Divide by 6 rf , fc ~ 5 * 

By definition, a : b :: c : d. Hence, 

II. If the product of two numbers is equal to the pro- 
duct of two others, either two may be made the extremes 
of a proportion and the other two the means, 

A Mean Proportional is a number used for both means 
of a proportion ; as, &, in the proportion a :b ::h : c. 

A Third Proportional is the fourth term of a proportion 
in which the means are equal; as, c, in the proportion 
a:b::h:c 

Let a : b :: b : c. 

Therefore I., b^ = ac. 

Extract the square root, b = ^a c. Hence, 

III. A mean proportional between two numbers is equal 
to the square root of their product. 

Let a:b :: c : d. 

Therefore I., ad = be. 

a b 
Divide by c d, ~'~ d' 

By definition, a: c ::b : d. Hence, 
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IV. If four numbers are in proportion, they wUl he in 
proportion by atternation; that is, the first vnll be to the 
third, as the second is to the fourth. 

Let a : b :: c : d. 

Then I., bc = ad. 

b d 
Divide by a c, - = - . 

^ ' a c 

By definition, b : a :: d : c. Hence, 

V. If four numbers are in proportion, they will be in 
proportion by inversion; that is, the second will be to the 
first as the fourth is to the third. 

Let a : b :: c : d, 

<t c 
By definition, fc ~ 5 ' 

a c 

Add 1 to each member, 1+ ^ = 5 + 1> 

a + b c-{-d 
Therefore, a-^b :b :: c + d : d. Hence, 

Vr. If four numbers are in proportion, they will be in 
proportion by composition; that is, the sum of the first 
two vrill be to the bccond as the sum of the last two is to 
the fourth. 

Let a : b :: c : d, 

a c 
By definition, b~ d' 

Subtract 1 from each member, 

a c , 

6-1 = 5-1' 

a—b c—d 
Therefore, a — b:b::c — d:d. Hence, 



a :b :: 


c : d. 


a + 6 
6 "■ 


c + d, 

» 

c 


a — b 
b "" 


c-d 
c 


a + 6 


c-j-d 
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VIL If four numbers are in proportiony they will he 
in proportion by divirion ; that is, the difference of the first 
two wUl he to tlie second as the difference of the last two 
is to the fowrth 

Let 

Then VI., 

also VII., 

Divide, , — , 

' a — b c — d 

By definition, a-\-b -.a — b :: c + d : c — d. Hence, 

VIII. If four numbers are in proportia/i, they will he 
in proportion by composition and division; thai is, the sum 
of the first two vrill be to their difference as the sum of 
the last two is to their differe^ice. 

Let a :b:: c : d, 

e :f::g:h, 

k : I :: m : n. 

a c e g k m 
By definition, j = ^.^=^. ^=-. 

Multiply the corresponding members of the equations together, 

aek cgm 
byi^dhH' 

By definition, aek : bfl:: cgm : dhn. Hence, 

IX. The products of the corresponding terms of tux> or 
more proportions are in proportion. 

Let a:b wc :d. 

a c 

By definition, h~ d' 

a* c* 
Raise each member to the nth power, ^ = - . 
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Therefore, a* : 6» :: c" : d\ 

Extract the nth root of each member, — = -^ . 

ill* 
Therefore, a* : 6* :: c" : cT. Hence, 

X. In any proportion like powers or like roots of the 
terms are in proportion, 

A Continued Proportion is a series of equal ratios ; 

As, 8 : 4 :: 12 : 6 :: 10 : 6 :: 16 : 8 ; a : b :: c : d :: e :f::g:h, read 
"ai8to6ascistac/asei8to/a8^iBto h" 

Note 3. Four numbers are said to form a continued proportion when each 
cousei^uent is the antecedent of the next ratio ; as, a :b ::b :c :: c :d. 

Let a :b :: c : d :: e :f :: g :h, 

a c e g 
By definition, ,= %=>= t • 

a 4- c 4- e •}- a a c e a 
By v., (Art. 163), ^_^^-^= ^ = . ^^= |. 

Therefore, a-\-c-\-e-\-g:h + d +f+ A : : a : 6. Hence, 

XI. In a continued proportion the sum of the ante- 
cedents is to the sum of the consequents as any antecedent 
is to its consequent. 

^, a'^+h'^ ah + hc , . . 

Example 1. If — v— ,— f- = -i^— ; — o , prove that 6 is a mean 

ab + be b^ + c^ ^ ^ 

proportional between a and c. 

Proof. Free the given equation from fractions, transpose and 
factor, (62 -acy = 0, or b^ = a c. 

Therefore II., a : 6 :: 6 : c. 

Example 2. If a : 6 : : c : rf, prove that ma^-\- pb'^-{-nab imc^ 
+ pd^ + ncd y.b^id^. 
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a b ^|v 
Proof. From the given proportion VI., = ~, \*^) 

a d^ ab 

Multiply by-, c« = ^- 

Square both members of (1), cS ~ rfa ' 

_,^ ^ ab nab a^ nab 

By I. (Art. 163), ^= i^r ^' 7^=ncd' 

b^ pb^ a^ pb^ 
Also I. (Art. 163), d^ = ^a » or ^ = ^2 • 

a*^ in a* 
Also I. (Art. 163), ^2 = ^r^- 

m a^ _ /? ft* _ n a 6 _ 6'*^ ^ rt^ 
Hence, ^^ _ -j-^ - --^ _ jj ._ -^ . 

By V. (Art. 163), „,,. + ;a^ + „,a = 5^ " 

Therefore XI., ma'^ + pb^ + nab: mc^ + pd^ + ncd :: b^ : rf*. 

Example 3. Find x when ^m+x-]-^m—x -. \^m+x—^m—x 
:: n : 1. 

Process. By VIII., 2 ^m + a: : 2 -^m— x :: n+1 : n — 1, 
or I. (Art. 163), ^mi-x : ^fm — x :: n + 1 : n — 1, 

By X., m + a: : m-x :: (n+l)* : (n-l)«. 

By L, (m + a:)(n- 1)« = (m-x)(n+l)«. 

Simplify, transpose, and factor, 2 n (n* + 3) a: = 2 m (3 n^-\- 1). 

_m(3n2 + l) 
Therefore, x - ^(^2 + 3) ' 



Exercise 143. 

If a rf = 6 c, prove that : 

1. d:6::c:a; c?:c::i:a; 6:a::d:c. 

2. 6:rf::a:c; c:a::rf:6; c:f^::a:6. 
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Find a mean propoitional between : 

3. 2 and 8; 3andlt; l^andj; 8 and 18; a«6anda63. 

4. (a + 6)2 and (a -6)2; 360 a* and 250 a^ ys 
Find a third proportional to : 

5. I and f ; | and | ; .2 and .4 ; 2 and 3 ; f and ^. 

6. i and VJ; (a - 6)3 and a^ - *«; ? + ?^ and - • 
" o ' \ / y X y 

Find a fourth proportional to : 

7. 2, 5, and 6 ; 4, |, and | ; ^, |, and | ; a, ai, and 6. 

8. a^ ah, and 5a''6: ;-, -s tt, and -« — -r- 

re— 1 ar — x'-hl rr^— 1 

If a : 6 : : c : rf, prove that : 
9. a + h \ a :: c -{■ d : c\ a — b : a :: c — d : c. 

10. ac :hd :: (? :d?\ ah \ cd :: c? \ <?, 

11. 2a + 3c:3a + 2c::26 + 3d:36 + 2rf. 

12. 3a-56:3c — 5rf::5flr + 36:5c + 3rf. 

13. i a : t 6 : : i c : 4 d : — ^ — = = = ~ = , . 

14. 3a + 26:3a-26::3c + 2rf:3c-2rf. 

15. la + mh :pa + qh ::lc -h md :pc + qd. 

16. a8:63::c8:^; a^ . ^2 .. ^2 _ j2 . ^ _ ^ 

17. a^ + c^:ah + cd::ab + cd:IP + ^. 

18. V^T+^i V6:: VM^: VS; - = v/i^'. 

c ^ (^ + d^ 
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If & is a mean proportional between a and c, prove that : 

19. a^-^2h^:a::b^+2c?:c; bz2 :?±^ :,'l:d ^+1 

a a b 

It a :b :: c : d :: e :/, prove that : 

21. rf is a third proportional to a and 6, and c is a third 
proportional to b and a, find a and b in terms of d and c. 

If 7w 4- 71 : ?w — 71 : : a; + 7/ : a; — y, prove that : 

22. x^ + m^ : 3^ " m^ :: y^ + Ti^ : y^ — n^. 

Solve the following proportions : 

24. a? — ^ : (a; — y)^ :: 19 : 1 and a; : 6 :: 4 : y. 

25. If — ^ = = -— , show that a + 6 + c = 0. 

X — y y ^ z z — X 

26. A and B engage in business with different sums. 
A gains $1500, B loses $500, after which A's money is to 
B*s as 3 to 2 ; but had A lost $500 and B gained $1000, 
then A's money would have been to B's as 5 to 9. Find 
each man's investment. 

27. Show that the geometrical mean is a mean propor- 
tional between the arithmetical and harmonical means 
between the two numbers a and b. 

28. When a, 6, c, are in harmonical progression, show 
that a : e:: a — b \b — c. Hence, of three consecutive 
terms of a harmonical series, the first is to the third as the 
first minus the second is to the second minus the third. 



APPENDIX. 



COMPUTATION OF LOGARITHMS. 

Since the logarithms of all composite numbers are foujid by add- 
ing the logarithms of their factors (Art. 122), it is only necessary to 
compute the logarithms of prime numbers. 

The following method for computing logarithms is the one that 
was used when our tables were first made, although it is not the most 
expeditious method now known. 

Example 1. Find the logarithm of 5. 
Since 10° = 1, 

and 101 - 10 (1) 

and as 5 lies between I and 10, its logarithm must lie between and 1. 

Extract the square root of (1), 10-6 = 3.162277+ (2) 

As 5 lies between 10 and 3.162277+ its logarithm lies between 
1 and .5. 

Multiply (2) and (1) together, l()i 6 = 31.62277+. 

Take the square root, 10''*= 5.623413+ (3) 

5 lies between 3.162277+ and 5 623413+ , and its logarithm must 
lie between .5 and 75. 

Multiply (2) and (3) together, 10^-^ = 17.7827895914+. 

Take the square root, 10-626= 4.216964+ (4) 

Since 5 lies between 5.623413+ and 4.216964+ , its logarithm 
must lie between .75 and .625. 

Multiply (3) and (4) together, take the square root of the result, 
and we have lO-*^''* = 4.869674+. Continuing the process to 22 
operations, we have, io-«9897(h- = 5.000000+. 

Therefore, log 5.000000+ = .698970+. 
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Example 2. Find the logarithm of 2. 

log 2 = log i^ = log 10 - log 5 = 1 - .698970 = .301030. 

ISXAMPLE 3. Find the logarithm of 11. 

101 = 10 (1) 

108 = 1000 (2) 

Extract the square root of (2), 10^-* = 31.62277-f (3) 

Multiply (3) and (1) together, l()2-6 = 316.2277+. 

Take the square root, lO^-^s = 17.78278+ (4) 

Multiply (4) and <1) together, lO^-^e = 177.8278+. 

Take the square root, 101.126 = 13.3352I+ (5) 

Multiply (5) and (1) together, lO^^s _ 133.3521-f . 

Take the square root, loioeas = 11.54782- (6) 

Multiply (6) and (1) together, io2««26 = 115.4782-h. 
Take the square root, 101-08125 _ 10.74607+ (7) 

Multiply (7) and (6) together, lo^o^s'^fi = 124.09368+. 
Take the square root, ioi.046876 - n. 13973+ (s) 

Multiply (8) and (7) together, 10* o'si^e - ii9.70845+. 
Take the square root, loiosweas _ io.94113+. 

Therefore, log 10.941 13+ = 1 .0390625. 

Continuing the process, the logarithm of 1 1 may be found with 
sufficient accuracy. 

Example 4. Find the logarithm of 3. 

Take 10° = 1 and lO-^ = 3.162277+, and proceed as before to 14 
operations, and we have log 3.0000+ = .47712+. 

A table of logarithms to four decimal places will serve for many 
practical purposes. In the tables most generally used by computers 
they are given to six places of decimals. Seven to ten place loga- 
rithms are necessary for more accurate astronomical and mathemati- 
cal calculations. 



